Introduction to scheme theory

Benjamin Schraen

September 16, 2026

The parts of the text written in wny are complementary material, not discussed
during the lectures.

1 Introduction: the language of algebraic geom-
etry

1.1 Systems of polynomial equations

Let k be a field, for instance C, Q, R, F,, Q(T'), etc. The purpose of algebraic
geometry is to study the sets of solutions of systems of the form
Pl(Xl,...,Xn) = O
: (1)
P.(X1,...,X,) =0
where P, € k[Xy,...,X,]. The case n = 1 suggests considering first the case

where k is algebraically closed. So we assume from now on in this section that k

is algebraically closed. Actually it will be more convenient to encode the system
by an ideal of k[X1,..., X,]. Let I be the ideal of k[X7, ..., X,] generated by
the polynomials Py, ..., P.. That is

I=(P,....,P) ={Q:Pi+ -+ QP | Qu...,Qr € k[X1,..., X.]}.

Let
V() ={(z1,...,2,) EK"|VP €I, P(xy,...,2,) =0}

Then V/(I) is also the set of solutions of the system (). The following defini-
tions are then certainly useful for our problem.
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Definition 1.1. An algebraic subset of k™ is a subset of the form V(I) where
I is an ideal of k[ Xy, ..., X,]. An algebraic subset of k™ is also called an affine
algebraic variety.

Conversely, if W C k™ is a subset, we define

IW)={Pe€k[Xy,....,.X,] | Ve e W, P(x) =0}.

We can easily check that (W) is an ideal of k[Xy,..., X,] and, if W C k" is
an algebraic subset, we have
W =V(I(W)).

Exercice 1.1. Check that, if W C k™ is an algebraic subset, then W = V(I(WW)).

In the other direction, if I is an ideal of k[X1,..., X,,], we have I C I(V(I)).

Exercice 1.2. Check that if [ is an ideal of k[X1,..., X,] then I C I(V(I)). Give
an example where I C I(V(I)).

The case of equality is governed by Hilbert’s Nullstellensatz.
Theorem 1.2. Let I be an ideal of k[X1,...,X,]. Then we have

V) =VI={Pek[X,...,X,]|Im>1, P"el}.

Corollary 1.3. The map which sends an algebraic subset V- C k™ to the ideal I(V)
induces a bijection from the set of algebraic subsets of k™ onto the set of radical
ideals of k[ X1, ..., X,]. The inverse map is given by I — V(I).

If V' is an algebraic subset of k", we say that a map f : V — k is polynomial if
there exists P € k[Xi, ..., X,] such that

VeeV, f(x)=P(x).

Let k[V] be the k-algebra of all polynomial maps from V to k. By definition the
map k[Xi,...,X,] = k[V] sending P to Py is surjective. Its kernel is I(V') so
that we have an isomorphism of k-algebras

K[X1, .. X/ I(V) S k[V].



1.2 Morphisms between affine algebraic varieties

Let V C k™ and W C k™ be two affine algebraic varieties. We define a mor-
phism f :V — W as a collection of polynomial functions f = (f1,..., fi) such
that f(V) € W. By definition each f; is the restriction to V of a polynomial
P € k[Xyq,...,X,]. If h € k[IW] is a polynomial function on W, then ho f is a
polynomial function on V. Namely if h = Fjy for F' € k[X,..., X,], then ho f
is given by the polynomial

F(PU(X),...,Po(X)) € k[X1,...,X,).

We denote by f* : k[W] — k[V] the map sending h to ho f. It is easy to check
that f* is a morphism of k-algebras.

Exercice 1.3. Let W C k™ be an algebraic subset and let f : V — k™ be a
polynomial map given by f = (fi,..., fm) with f; = Pyy. Let o : K[ X4, ..., X;,| —
k[X1,...,Xy] be the morphism of k-algebras sending F' to F'(P, ..., Py,). Check
that f(V)) C W if and only if p(I(W)) C I(V), so that the map ¢ factors through
a map k[X1,..., X,|/I(W) — k[Xy,..., X,]/I(V). Check that it coincides with
[

We have the following result which we give without proof as it will be general-
ized later.

Proposition 1.4. The construction f +— f* induces a bijection from the set
Hom(V, W) of morphisms from V to W to the set Homy_a5(k[W], k[V]) of mor-
phisms of k-algebras from kW] to k[V].

Exercice 1.4. Prove Proposition [I.4]

Let Af f be the category whose objects are affine algebraic varieties and whose
morphisms are polynomial maps between them. Let Alg be the category of reduced
k-algebras of finite type, that is the k-algebras which are isomorphic to a quotient
k[Xi,...,X,]/I for some radical ideal /. Proposition can be reformulated as
follows.

Corollary 1.5. The functor V. — k[V] induces a contravariant equivalence of
categories between Aff and Alg.

Exercice 1.5. Prove Corollary [I.5 Use Proposition [I.4] to prove that the functor
is fully faithful and prove directly that it is essentially surjective.



Let z = (21,...,2,) € V. Then the set {x} is algebraic as {z} = V(m,)
where m,, is the maximal ideal (X; — z1,...,X,, — 2,,) in k[X, ..., X,]. Hilbert’s
Nullstellensatz says that all maximal ideals of k[ X, ..., X,] are of this form for
some (z1,...,x,) € k™. In particular there is a bijection between k™ and the set
of maximal ideals of k[X7,...,X,]. Note that x € V if and only if I(V) C m,.
Therefore this bijection restricts to a bijection between V' and the set of maximal
ideals of k[ X1, ..., X,] containing I(V'), or equivalently a bijection between V' and
the set of maximal ideals in k[V].

If f:V — W is a polynomial map, is there a way to translate the value f(z) in
terms of f*?7 The question is equivalent to finding the elements of k[X;,..., X,
vanishing on f(z). For P € k[Xy,...,X,,], we have

P(f(z)) =0 f1(P)(z) = 0« f1(P) € I({z}) = m,.

Therefore we have
M) = I({f(x)}) = (f) " (ma).
This implies two things:

o we can characterize the effect of f purely in terms of the morphism of k-
algebras f*;

o if p: A — B is a morphism of reduced k-algebras of finite type, then for
every maximal ideal m C B, ¢~ !(m) is a maximal ideal of A.

Therefore we have completely reduced the study of affine algebraic varieties to the
study of reduced k-algebras of finite type, the points corresponding to maximal
ideals.

1.3 Algebraic varieties

In order to motivate the following definitions, let us recall that a differentiable
manifold is a topological space with a collection of “charts” on which we define
the differentiable maps, giving rise to the notion of diffeomorphism, so that the
transition maps between the charts are diffeomorphisms. The charts are usually
modelled on open subsets of R”.

In algebraic geometry the charts are modelled on algebraic subsets, which are
also called affine varieties. In order to continue the analogy with differential
geometry we need to introduce some topology. As the algebraic subsets are defined
by “closed conditions” (being zeros of polynomials), it is expected that they should
be closed subsets. Actually the following result shows that they are exactly the
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closed subsets of a topology. The result will be generalized later so we state it
without proof.

Proposition 1.6. On k™ the set of all subsets of the form k™ ~ V(I), for I an
ideal of k[ X1, ..., X,], is the set of open subsets for a topology on k™.

The topology on k™ whose open subsets are the complements of algebraic sub-
sets is called the Zariski topology.

Example 1.7. If f € k[X4,..., X,,], the subset

D(f) =z e k" | f(z) # 0}

is open for the Zariski topology: this is the complement of V(f).

Not all open subsets of k™ are of the form D(f), but these open subsets form a
base of the topology: an open subset of k™ is a union of open subsets of the form

D(J).

Exercice 1.6. Let U C k™ be an open subset for the Zariski topology. Let = € U.
Prove that there exists some f € k[Xy,...,X,] such that x € D(f) C U.

Now we can define the analogue of differentiable maps in our context.

Definition 1.8. Let f € k[X1,...,Xn]. A map h : D(f) — k is called regular if there exists P € k[X1,..., Xy,] and an integer
m > 0 such that
Ve € D(f), hx) =
T € s x) = .
fz)m
Let U C k™ be an open subset. A map h : U — k is called regular if for all x € U there exists g € k[X1,...,Xp] with

x € D(g) C U such that the restriction of h to D(g) is regular.
Finally if V. C k™ is an affine variety and U C V is an open subset of V, a map h : U — k is called regular if it is, locally on

U, the restriction of a regular map on an open subset of k™.

Remark 1.9. It could appear that our two definitions of regularity on an open subset of the form D(f) are not equivalent.
Actually they are: a map on D(f) which is locally regular is regular. This is a nice exercise, but it will be developed later in a
more general context.

Now we can define an isomorphism between two open subsets of affine varieties U C V C k™ and U’ C V/ C k™. This is a
bijective map F : U — U’ of the form F = (F1, ..., Fy,) such that the F; are regular and such that F~! has the same properties.
‘With this notion of isomorphism, it is possible to define an algebraic variety as a topological space X with a covering by open
subsets (U;);e; and homeomorphisms h; : U; = W, onto open subsets W; C V; C k™i of affine varieties such that for all 4, j,
the map h; (U; NU;) = h;j(U; NU; ) given by hj o h:l is an isomorphism.

This is roughly the starting point of algebraic geometry.

1.4 Why schemes?

We could continue in this way but the purpose of this course is the study of scheme
theory, which is more general. Why do we need this extra generality? Here are
some reasons.



o We would like to consider fields which are not algebraically closed. This can
be achieved by forgetting points altogether and replacing them by maximal
ideals. Namely the polynomial X? + Y2 + 1 has no zeros in R?, but the
R-algebra R[X,Y]/(X? + Y? + 1) has maximal ideals.

« We would also like to do some intersection theory. Let Py, P, € k[X,Y]
be two irreducible polynomials which are linearly independent. They define
algebraic curves V(P;) and V(P,) in k*. They intersect properly and a
famous theorem of Bézout predicts that, in the projective plane and counted
with multiplicities, they intersect in (deg P;)(deg P») points. What are these
multiplicities? Let us take an example with P, = Y — X? and P, = Y.
The intersection of V(P;) and V(P,) is the vanishing locus of the ideal I =
(P) + (P) = (Y — X%Y) = (Y, X?). Then the corresponding algebra is
K[X,Y]/I ~ k[X]/(X?). Tt is not reduced, which means that the ideal I is
not radical, and it has dimension 2 over k. This reflects the fact that V(P;)
and V(P,) intersect with multiplicity 2 at the point (0,0). This suggests that
in order to account for intersection multiplicities, it is reasonable to work not
only with radical ideals but also with non radical ideals.

o We would also like to consider equations with coefficients in rings, not only
in fields. This can be very useful in arithmetic. Let f : Z — Q be the
inclusion. The inverse image of the maximal ideal (0) of @Q is the ideal (0)
of Z, which is prime but not maximal. Therefore the pullback of a maximal
ideal by a morphism of rings is not always a maximal ideal. This is linked
to the fact that Q is not finitely generated as a Z-algebra, but it means that
in order to work with general rings, working with maximal ideals won’t be
enough.

All these considerations lead us to the more general notion of scheme.

2 Affine schemes

2.1 The spectrum of a commutative ring

All rings are assumed to be commutative with unit.

Definition 2.1. Let A be a ring. The spectrum of A, denoted Spec(A), is the set
of prime ideals of A.

Let f : A — B be a morphism of commutative rings. If p € Spec B, then
f7(p) is an ideal of A and f induces a map A/f~*(p) — B/p which is injective
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by construction. As B/p is a domain, the quotient A/f~!(p) is one too and thus
f~Y(p) is a prime ideal of A. We have therefore defined a map °f : Spec(B) —
Spec(A) sending p to f~1(p).

Example 2.2. Let A be a commutative ring and let I C A be an ideal. Let
77 : A — A/I be the quotient map. Then m; : Spec(A/I) — Spec(A) is injective
and its image is the set of p € Spec(A) such that I C p.

Example 2.3. Let k be a field. Then £k has a unique prime ideal, namely (0).
Therefore Spec(k) is a point.

Example 2.4. Let k be a field and let A = k[X]. All ideals of A are principal.
The prime ideals of A are either (0) or (P) where P is an irreducible polynomial.
The maximal ideals are the ones of the form (P) for P irreducible.

Example 2.5. The prime ideals of Z are (0) and (p) for p a prime number. The
maximal ideals are exactly the prime ideals of the form (p) with p prime.

Example 2.6. Let k be a field and let A = k[X]/(X?). The prime ideals of A
are in bijection with the prime ideals of k[X] containing (X?), that is with the
prime ideals containing (X); thus A has only one prime ideal, the image of (X).
Therefore Spec(A) is a point, even if A is not a field. Note that here A is not
reduced.

If p € Spec(A), the ring A/p is a domain. Let k(p) be the fraction field of
A/p. This is a field called the residue field of A at p. The natural map A — k(p)
induces a map Spec(k(p)) — Spec(A) whose image is exactly {p}. If f € A, then
f is to be considered as a function on Spec(A). The image of f in k(p) is denoted
f(p) and is called the value of f at p. Note that f(p) = 0 if and only if f € p.

Example 2.7. Let A = k[X] for k a field and let p be the maximal ideal (X — a)
for some a € k. Then k(p) ~ A/p ~ k. If P € A, the image of P in k(p) is exactly
P(a) so that we have P(p) = P(a) and the notation is consistent.

2.2 Zariski topology

If S is a subset of A we denote

V(S) = {p € Spec(4) | S C p}.

The subset V(S) is the subset of Spec(A) where the elements of S vanish.
Usually we replace S by the ideal I generated by S, we then have V(S) = V(I).



Proposition 2.8. The set of all subsets of Spec(A) of the form V(I), for I C A
an ideal, is the set of closed subsets of a topology on Spec(A).

Proof. We have to check the following facts.

o For I = (0), we have V(I) = Spec(A) and for I = A, we have V(I) = 0.
o Let (I;) be a family of ideals of A. Then we have V (3, I;) = N, V(1;).

e Let I; and I, be two ideals in A. As I, I, C Iy NI, C I, we have
V(L) cV(LNnIy) C V(L)

and similarly
V(L) Cc V(L NIy) C V(L)

so that
V(Il) U V(.[Q) C V(Il N IQ) C V([1]2)

Conversely assume that p ¢ V(1) UV (lz). Then there exist f; € I; and
fo € Iy such that f; ¢ p and f, ¢ p. As p is a prime ideal in A, we have
fife & p so that p ¢ V(I113). Therefore we have

V(L) UV(L) =V(LNL)=V(ILI). O

Definition 2.9. The topology on Spec(A) whose closed subsets are the V(1) with
I an ideal of A is called the Zariski topology on Spec(A).

Let f : A — B be a ring homomorphism. Then the map *f : Spec(B) —
Spec(A) is continuous for the Zariski topology. Namely we have, for I an ideal of
A

Y

(“f)"'(V(I)) = {p € Spec(B) | I  [~(p)}
= {p € Spec(B) | f(I) C p}
= V(1)) = V(Bf(I)).

Note that f(I) is not an ideal of B in general but we have V(f(I)) = V(Bf(I))
where Bf(I) is the ideal of B generated by f(I).

Remark 2.10. If f : A — B and g : B — C are ring homomorphisms, we
have “(g o f) = °f 0 %g. In categorical terms, this means that A — Spec(A) is
a contravariant functor from the category of rings to the category of topological
spaces.



Proposition 2.11. 1. Let p € Spec(A). Then the topological closure of {p}
in Spec(A) is the closed subset V().

2. The closed points of Spec(A) are ezxactly the mazimal ideals of A.

Proof. Let us prove . Let I C A be an ideal such that V(1) = {p}. Asp € V(I),
we have I C p, hence V(p) C V(I). On the other hand V(p) is a closed subset
containing p, so that V(I) = {p} C V(p). We conclude that V(p) = {p} is the
smallest closed subset containing p. This proves . Now {p} is closed in Spec(A)
if and only if V(p) = {p}, i.e. if and only if p is maximal. This proves [2] O

Example 2.12. Let k be a field. If k is algebraically closed, then
Spec(k[X]) ={(X —a) | a € k} U{(0)}.

The closed points of Spec(k[X]) are therefore in bijection with the points of k.
The point (0) is not closed and is dense in Spec(k[X]), since {(0)} = V((0)) =
Spec(k[X]). If k is not assumed to be algebraically closed, the points of Spec(k[X])
are (0) and the (P), where P runs through the monic irreducible polynomials of
k[X]. If k denotes an algebraic closure of k, the closed points of Spec(k[X]) are then
in bijection with the orbits of the group Aut(k/k) acting on k (when k is perfect,
this group is the Galois group Gal(k/k)). As every ideal of k[X] is principal, the
closed subsets of Spec(k[X]) are therefore Spec(k[X]) together with the subsets
consisting of finitely many maximal ideals, and the open subsets are therefore the
empty set together with the complements of finite sets of maximal ideals.

Example 2.13. We have

Spec(Z) = {(p) | p prime} U {(0)}.

The situation is analogous to that of Spec(k[X]). The closed points of Spec(Z)
are in bijection with the prime numbers. The point (0) is not closed and is dense
in Spec(Z). The open subsets are the empty set together with the complements of
finite sets of prime numbers.

Example 2.14. Let k be an algebraically closed field. The prime ideals of k[X, Y]
are of three types. There are the maximal ideals, which are of the form (X —a, Y —b)
with (a,b) € k?, the prime ideals of the form (f(X,Y)) where f(X,Y) is an
irreducible polynomial, and (0). Only the point (0) is dense in Spec(k[X,Y]). If
f(X,Y) is irreducible, the closure of the point (f(X,Y)) in Spec(k[X,Y]) is then

{(fX YY)} ={(f(X.Y)} U{(X —a,Y = b) | (a,b) € k* and f(a,b) = 0}.

Exercice 2.1. List the points of Spec(Z[X]) and determine their closures.
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Let f € A. We write V(f) for V({f}) C Spec(A) and D(f) for the complement
of V(f) in Spec(A). The subset D(f) is an open subset of Spec(A4). Let us
recall that A is the localization of A with respect to the multiplicative subset
{/" | n € N}: it is the ring of elements of the form § for a € A and n > 0, with
the relation

an - fljn S0, f(f a— fb) =0.

We have a ring homomorphism iy : A — A;. The map “i; induces a bijection
between the prime ideals of A; and the prime ideals of A not containing f. In
other words, “i; induces a continuous bijection from Spec(Af) onto D(f). The
open subsets of Spec(A) of the form D(f), for f € A, are called the distinguished

open subsets of Spec(A).
Exercice 2.2. Show that “i; induces a homeomorphism of Spec(Ay) onto D(f).

Lemma 2.15. Let A be a ring. The set of distinguished open subsets of Spec(A)
forms a base of the topology of Spec(A) and is stable under finite intersection.

Proof. Note that if fi, fo € A, we have D(f1f2) = D(f1)ND(f2), which proves that
this set of open subsets is stable under intersection. Now let U be an open subset
of Spec(A) and let p € U. We have to show that there exists f € A such that
p € D(f) C U. Let I be an ideal of A such that V(1) = Spec(A)\U. Asp ¢ V(I),
we have I ¢ p, so we may choose f € I~ p. Then p € D(f), and D(f)NV(I) =10
since every prime ideal containing I contains f; that is, D(f) C U. ]

Lemma 2.16. Let A be a ring.

(i) Let f € A. Then D(f) =0 if and only if f is nilpotent.

(it) Let f,g € A be such that D(f) C D(g). Then there exists some n > 0
such that f™ € (g).

Proof. Let us prove [()] Recall that “iy induces a bijection from Spec(Af) onto
D(f), so that D(f) = 0 if and only if Spec(As) = (). By Krull’s theorem every
nonzero ring has a maximal ideal, which is prime, so that the latter holds if and
only if Ay = 0, that is if and only if % = % in Ay. By definition of Ay this means

that f" = 0 for some r > 0, that is that f is nilpotent.

Now let us prove[(ii)} Let 7 : A — A/(g) be the quotient map. By Example 2.2
the map “r is a bijection from Spec(A/(g)) onto V(g). The inclusion D(f) C D(g)
implies V(g) C V(f), so that every prime ideal of A containing g contains f.
Therefore 7(f) belongs to every prime ideal of A/(g), that is D(w(f)) = 0 in
Spec(A/(g)). By applied to the ring A/(g), the element 7(f) is nilpotent,
which is exactly the desired result. O]
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Proposition 2.17. Let A be a ring. The topological space Spec(A) is quasi-
compact.

Proof. Let (U;);cr be an open covering of Spec(A). As the set of distinguished
open subsets of Spec(A) forms a base of the topology, there is a finer covering of
Spec(A) consisting of distinguished open subsets. We may therefore assume that
U; = D(f;) for all i € I. We then have N;c; V(f;) =V ({f;|i € I}) =10. Let J be
the ideal of A generated by the f;. We then have V(J) = (). Since every proper
ideal of A is contained in a maximal, hence prime, ideal, this implies that J = A,
that is 1 € J. There are therefore finitely many indices i1, ...,4,. € I and elements
a,...,a, € Asuch that 1 =ayf;, +---+ a.f;,. Hence we have

V(fi)n---nV(fi,) =V(fi, ... [i,) =0

that is Spec(A) = D(f;,) U---U D(f;.). We have therefore extracted a finite
covering from our open covering. O]

Exercice 2.3. Let A be a ring. Show that the following conditions are equivalent:

(i) the topological space Spec(A) is disconnected;

(ii) there exist nonzero idempotent elements e, e; € A (i.e. such that €2 = ey,

€2 = ey) such that ejey; = 0 and e; + €5 = 1;

(iii) the ring A is isomorphic to a product A; x Ay of two nonzero rings.

2.3 The structure sheaf of an affine scheme

Let A be a ring. We have defined a topological space Spec(A). Now we want to
define what a function on Spec(A), or on an open subset of Spec(A), is. In geom-
etry, the interesting classes of functions are local: being continuous, differentiable,
holomorphic, etc. are local notions. In other words they are defined by a sheaf.
Similarly we want to define a sheaf of functions Ogpec(a) on Spec(A). It is natural
to require that this sheaf be stable under elementary operations like addition and
multiplication. Therefore we want to define a sheaf of rings Ogpec(a). Another nat-
ural requirement is the characterization of invertible functions: we want a function
[ € Ogpec(a)(U) to be invertible (in the ring Ogpec(a)(U)) if and only if f(p) # 0
for all p € U. Finally, as already observed, we want the elements of A to give rise
to functions defined globally on Spec(A). In view of all these requirements, the
following construction is natural.

Let U C Spec(A) be an open subset and let S;y C A be the subset of elements
s € A such that s(p) # 0 for all p € U. As the relation s(p) # 0 takes place in the
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field k(p), it is clear that Sy is a multiplicative subset in A. Alternatively we can
observe that
SU = m (A N p)?
pev
that A ~ p is multiplicative and that an intersection of multiplicative subsets is
multiplicative. Then we define

/ — a
OSpec(A)(U) = SUlA = {b ’ (a, b) € A X SU}

the localization of A with respect to Sy.

If V C U is an inclusion of open subsets, we have Sy C Sy and a natural ring
homomorphism p’UV : SgtA — St AL Moreover if W C V' C U, we have clearly
Pyw © puy = puw- Therefore we have defined a presheaf U +— O (4)(U) on
Spec(A).

In general, Og;..(4) is not a sheaf and we denote by Ospec(a) the associated
sheaf. The sheaf Ogpec(a) is called the structure sheaf of Spec(A).

If V'C U are open subsets of Spec(A), we denote by py v the restriction map
Ospec(a)(U) = Ospec(a)(V) and, if s € Ogpeca)(U), we will simply denote sy, for
puv(s) and call it the restriction of s to V.

Note also that all the Og,..(4,(U) are rings and that the pf;,, are morphisms of

rings. This implies that Ogpec(a) 1s a sheaf of rings, that is that all the Ogpec(a)(U)
are rings and the pyy are ring homomorphisms.

Spec(A

Remark 2.18. Recall that if f € A, then D(f) is an open subset of Spec(A) which
is homeomorphic to Spec(Ay). Under this homeomorphism, the restriction of the
presheaf OSpeC ) to D(f) is isomorphic to the presheaf Og .. Ap): Namely if U C
D(f) is an open subset we have f € Sy, so that the natural map S;'A — Sy Ay
is an isomorphism. As the restriction of Ogpec(ay to D(f) is the sheaf associated
to the restriction of OSpeC (4) tO D(f), we conclude that the restriction of Ogpec(a)
to D(f) is canonically isomorphic to Ogpec(4;)-

In order to understand this sheaf of rings better, let us compute its ring of global
sections. For any open subset U C Spec(A), there is a natural ring homomorphism
A = Ogee(a)(U) given by a — §. Composed with the natural map Og .. 4)(U) —
Ogspec(a) (U ) this gives us a ring homomorphlsm ty A = Ogpec(a)(U). Applied to
U= Spec(A) we obtain a ring homomorphism

LSpec(A A— OSpec (SpeC(A))

Lemma 2.19. (1) The homomorphism tgpec(a) s injective.
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(i) For all f € A, the homomorphism Ay — Ogpec(a)(D(f)) extending p(y) is
injective.

Proof. Note that A = Og,..(a)(Spec(A4)), since Sspec(a) is the group of units
of A. So we need to prove that the ring homomorphism Og,. 1) (Spec(4)) —
Ospec(a)(Spec(A)) is injective. Let a € A and assume that tgpec(a)(a) = 0. By
definition of the sheaf associated to (’)’Spec( A) this implies that there exists an open
covering (U;)ier of Spec(A) such that pg,a) (1) = 0 for all i € I. Equivalently
that § = 0 in S(}:A for all 4 € I. By definition of S(}:A, this means that, for all
t € I, there exists some s; € Sy, such that s;a = 01in A. As s; € Sy, we must have

U; C D(s;). As Uier Ui = Spec(A), we have U;c; D(s;) = Spec(A) and therefore
% (zm) (O V((s) = 0.
il i€l

Therefore, as every proper ideal of A is contained in a maximal ideal, we must have
Sicr(si) = A, so that we can write 1 = Y,y x;s; for a family (z;);e; of elements
of A with finite support. Then we have

a= insia =0.

iel
This proves . The assertion is then a direct consequence of applied to
the ring Ay and of Remark [2.18 O

Proposition 2.20. The ring homomorphism tgpec(ay 15 an isomorphism.

Proof. By Lemma the homomorphism tgpec(a) is injective, so it remains to
prove that it is surjective. Let s € Ogpec(a)(Spec(A)). By definition of the sheaf
associated to Ogq.(4), there exist an open covering (U;)ier of Spec(A) and, for all
i € I, an element s; € O/Spec(A)(Ui) such that the image of s; in Ogpec(a)(Us) is sjv,.
Here we note that, as the distinguished open subsets form a basis of the topology
(Lemma, we can refine the covering U; by a covering of distinguished subsets.
Moreover as Spec(A) is quasi-compact by Proposition , we can extract from
(U;)ier a finite cover of Spec(A). So from now we assume that [ is finite and that
each Uj; is of the form D(f;) for some f; € A. If we can prove that there exists some
a € A such that s; = ¢ in Opee4)(Us) for all i € I, then we are done. Namely if
a is the image of a in Ogpec(a)(Spec(A)), then we will have @y, = sy, for all i € 1
and then @ = s by the sheaf property.

By definition we have Og . 4)(Ui) = Syl A so that we can write s; = % with

b; € Sy,. Therefore we have U; = D(f;) C D(b;). By Lemma there exists

an integer n; and ¢; € A such that f/" = ¢;b; so that we can write s; = ‘}# As
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moreover D(f") = D(f;), we can, after replacing f; by f"* and a; by ¢;a;, assume
that s; = % for some a; € A.

For i,j € I, we have D(f;f;) = D(f;) " D(f;). As sip(y, is the image of s;, it
follows that sp(s,s,) can be identified with the image of s; via the map

Afi - Afifj — OSPGC(A)(D(fifJ'))

but also to the image of s; via the map

Therefore we conclude from Lemma that s; and s; have the same image
in Ay, ;.. Therefore there exists some integer n;; such that

(faf5)" fiae = (fif;)™ fiay.

As I is finite we can fix an integer n > 0 such that n, ; < n for all 4,5 € I. So we
can assume that, for all ¢, 7 € I, we have

(fifj)nfjai = (fifj)nfiaj-

As in the first part of the proof the equality Spec(A) = U,c; U; implies that we
can write 1 = Y,c; 2, f™ for some z; € A and define a = ¥, z;f""a;. Then we
have, for all j € I,

e = S e = Y e s =
7 )

This implies that the image of a in Ay, coincides Wlth so that the image of a in

Ogpec(a)(U;) coincides with s;. This is exactly the de31red property. O

Corollary 2.21. Let A be a ring. Let f € A. Then the natural homomorphism
Af — OSpec(A) (D(f))

s a ring isomorphism.
Proof. This is a direct consequence of Proposition [2.20] and Remark [2.18] O

We can give some examples.

Example 2.22. Let k be a field, let A = k[X] and let U = Spec(A)\V(P) = D(P)
for some nonzero polynomial P € k[X]. Then we have

Ospsin(©) = Hixlp = { 2 Q) € 1) n > 0,
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Example 2.23. Let A = Z and let U = Spec(Z) \V(n) = D(n) for some nonzero

a

n € Z. Then Ogpec(z)(U) is the subring of Q whose elements are the fractions b
where the prime divisors of d divide n.

Exercice 2.4. Let k be a field and let U = Spec(k[X,Y]) N\ V(X,Y) be the open
subset complementary to the closed point (X,Y’). Show that

k[X, Y] =~ OSpec(k[X,Y])(U)‘

Let A be a ring and let p € Spec(A). We recall that the stalk of Ogpec(a) at p
can be defined as the ring of germs of functions at p or, more algebraically,

OSpec(A),p = hgl’l OSpec(A)(U>-
U>sp

As the family (D(f))s¢p is a basis of open neighbourhoods of p which is stable
under finite intersection, we have

OSpeC(A),P = hgﬁl OSpeC(A)(D(f))'
fép

By Corollary we have therefore

OSpec(a)p = lim Ay
fép

By definition, the images of the elements of A\ p in Ogpec(a),p are invertible so that
the canonical ring homomorphism A — Ogpec(a),, extends to a ring homomorphism
Ap = Ospec(a)p-

Proposition 2.24. The ring homomorphism A, — Ospec(a)p 5 an isomorphism.

Proof. Exercise. m
Exercice 2.5. Prove Proposition [2.24]

Exercice 2.6. Describe the points and the structure sheaves of the following

schemes: Spec(C[X]/(X?)), Spec(C[X]/(X?*—X)), Spec(C[X]/(X3—X?)), Spec(R[X]/(X%+
1)), Spec(Z/247Z).

2.4 Morphisms of affine schemes

We recall that a ringed space is a pair (X, Ox) where X is a topological space
and Oy is a sheaf of rings over X. A morphism from a ringed space (X, Ox) to
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another one (Y, Oy) is a pair (f,0) where f: X — Y is a continuous map and 0 :
Oy — f«Ox is a morphism of sheaves of rings over Y. If V' C Y is an open subset,
we denote by Oy : Oy (V) — Ox(f~'(V)) the corresponding ring homomorphism.
Recall that if F is a sheaf over X, then the presheaf U +— F(f~*(U)) is a sheaf
over Y called the direct image of F by f and denoted f.F.

Note that if (f, ) is a morphism of ringed spaces (X, Ox) — (Y, Oy) and (g,n)
is a morphism of ringed spaces (Y, Oy) — (Z,0z), we can define a morphism of
ringed spaces (h, u) : (X,0x) — (Z,0z) by h = go f and p = g.(0) on. Here we
have used the equality ¢.(f.Ox) = (g0 f)«(Ox).

Exercice 2.7. Check that the ringed spaces and the morphisms of ringed spaces
form a category.

Let (f,0) : (X,0x) — (Y, Oy) be a morphism of ringed spaces and let z € X.
We want to attach to 6 a ring homomorphism from the stalk of Oy at f(z) to the
stalk of Ox at z. Let us first determine the stalk of f.Ox at f(z). This is

(£.0x)s = lim (£Ox)(V) = lm Ox(f(V)),
Vaf(z) Vaf(z)

the inductive limit being taken over the set of all open subsets V' C Y containing
f(x). Note that, as f is continuous, all the f~(V') are open subsets of X containing
x. As a consequence there is a natural ring homomorphism

S5 lim Ox(f/7(V) — lig Ox (1) = Ox...

Vo f(x) Uszx

where U is varying among all the open subsets of X containing z. This provides a
ring homomorphism (f.Ox) ) — Ox,e. As 6 is a morphism of sheaves of rings,
it induces a ring homomorphism

Ov.f@) — (fLOx)f(a)
on the stalks at f(z). Composing it with s, we obtain a ring homomorphism
01, : OyJ(x) — OX,x-

Concretely, if V' C Y is an open subset containing f(x) and if s € Oy (V), then 6,
sends the germ of s at f(z) to the germ of 0y (s) at x.

Exercice 2.8. Let (f,0) : (X,0x) — (Y,0Oy) and (g,7n) : (Y,0y) — (Z,0%) be
two morphisms of ringed spaces and let (h, i) be their composite. Check that, for
all z € X, we have i, = 0, 0 ny@).

16



Let ¢ : A — B be a ring homomorphism. We have constructed a continuous
map “p : Spec(B) — Spec(A). We want to show that it extends to a morphism
of ringed spaces (“¢, %) : (Spec(B), Ospec(n)) — (Spec(A), Ospec(a))- It is easier
to first construct a morphism of presheaves " : Ogpec(a)y = “0xO08,0¢(p)- For any
open subset U C Spec(A), we need to construct a ring homomorphism

9012]7, : O,Spec(A)(U) - O/Spec(B)«a(p)_l(U))’

i.e. a ring homomorphism S;*A4 — S(Z}p)_l(U)B. Note that ¢(Sy) C S(ay)-11) so
there is a unique ring homomorphism S;;' A — S(Tl}p),l(U)B extending ¢. We choose

this morphism as go%},. In order to prove that ¢® is a morphism of presheaves, it
is sufficient to check that, for any inclusion of open subsets V' C U, we have

Plag)=1(U) (o)1 (v) © vt = @i o Puvs

where the restriction map on the left is the one of Oépec( B) and the one on the

right is the one of ngec( 4)- This is left as an exercise.

Now we have a morphism of presheaves Og .4y = “@xOgpee(p)- 1f We apply
the functor “p, to the natural morphism of presheaves Og..(5) = Ospec(n), We
obtain a morphism of presheaves “©. 0,5y = “©+Ospec(p) and by composition
a morphism of presheaves O/Spec( ) 204 Ogpec(B)- AS “0.Ogpec(p) 18 a sheaf, the
universal property of the associated sheaf shows that this morphism extends to
a morphism of sheaves Ogpec(a) — “@«Ospec(p)y Which is compatible with the ring

structures. This is the morphism .

Exercice 2.9. Show that the construction A — Spec(A) and ¢ + (%, ©*) induces
a contravariant functor from the category of rings to the category of ringed spaces,
i.e. that we have the following properties:

(i) for ¢ : A — Band ¢ : B — C, we have (“(¢) o ¢), (¢ 0 ©)*) = (%, ¢*) o
(4, ¥%);
(ii) (“Id4,Id%) = (Id,1d).

Exercice 2.10. Let ¢ : A — B be a ring homomorphism and let (%, o) :
Spec(B) — Spec(A) be the associated morphism of ringed spaces. Let h €
A. Show that (“p)~'(D(h)) = D(p(h)) and that gpﬁD(h) ¢ Ogpec(a)(D(R)) —
Ogspec(B)(D(¢(h))) is the ring homomorphism A, — B, extending .

Let ¢ : A — B be a ring homomorphism, let (%p, ¢*) : Spec(B) — Spec(A)
be the associated morphism of ringed spaces and let p € Spec(B). Recall that
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q == %(p) is the prime ideal ¢ ~!(p) of A. The above construction, applied to the
morphism (%, ¢*), provides a ring homomorphism

gog : Ospec(a),g — Ospec(B) p-

By Proposition , we have canonical isomorphisms A; = Ogpec(a),q and By, —
Ospec(B)ps S0 that cpg can be seen as a ring homomorphism A, — B,.

Exercice 2.11. Check that ¢(A ~\ q) C B\ p and that the ring homomorphism
gog is the unique ring homomorphism A, — B, extending ¢.

Definition 2.25. A locally ringed space is a ringed space (X, Ox) such that, for
all points x € X, the ring Ox, is local. We denote usually by m, its mazimal
ideal.

A morphism of locally ringed spaces is a morphism (f,0) : (X,O0x) — (Y, Oy)
of ringed spaces such that for all v € X the ring homomorphism 0, : Oy p) —
Ox.,z is a local morphism of rings, i.e. it sends my(,) into m,.

The category of locally ringed spaces is the subcategory of the category of ringed
spaces whose objects are the locally ringed spaces and whose morphisms are the
morphisms of locally ringed spaces.

A consequence of Exercise is that a morphism (%p, ¢*) associated to a ring
homomorphism ¢ is a morphism of locally ringed spaces.

Exercice 2.12. Let k be a field and let A = k[ X] be the ring of power series with
coefficients in £ and one variable X.

a) Show that A is a local ring with unique maximal ideal (X).
b) Determine the ringed space Spec(A).

c¢) Construct a morphism of ringed spaces Spec(A) — Spec(A) which is not a
morphism of locally ringed spaces and thus doesn’t come from an endomorphism

of A.

Theorem 2.26. The construction A + (Spec(A), Ospec(a)), ¢ — (Y@, ") is a
fully faithful (contravariant) functor from the category of rings to the category of
locally ringed spaces.

Proof. Let R be the category of rings and let § be the category of locally ringed
spaces. In this proof we simply write Spec(A) for the locally ringed space (Spec(A), Ogpec(a))-
We need to prove that the map o : Homg (A, B) — Homg(Spec(B), Spec(A)) de-
fined by ¢ — (%p, ¢*) is bijective. In order to do this we will construct a map 3 :
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Homg(Spec(B), Spec(A)) — Homg (A, B). If F' = (f,0) € Homg(Spec(B), Spec(A)),

we take

B(F) = Opec(a)y : A = (’)SpeC(A)(Spec(A)) — B = OspeC(B)(Spec(B)).

It is essentially the content of Exercise[2.10] applied with h = 1, that Soa = Id. We
need to prove that ao 3 = 1Id. Let F = (f,0), p = B(F) and G = (%p, ©*) = a(p).

We first prove that “¢ = f. Let p € Spec(B) and let ¢ = f(p). By construction
we have a commutative diagram of ring homomorphisms

A—* B

b b
Oy
Aq » By
where A4 and A\p are the canonical maps. It is important to note that F' is a
morphism of locally ringed spaces so that 6, sends the maximal ideal of A, into
the maximal ideal of B,. As 6, Y(pB,) is then a proper ideal of A, containing the
maximal ideal gA,, we even have

9;1(133;3) = q4,.

Let now a € A. As the inverse image in B of pB, is p and the inverse image in A
of qA, is q, the commutativity of the diagram gives

o(a) € p & Ag(p(a)) € pB, & 0,(Aa(a)) € pB, & Aa(a) € g4, & a € q.

Therefore “p(p) = o 1(p) = q = f(p), that is “p = f.

It remains to prove that o = 6. As the distinguished open subsets form a basis
of the topology of Spec(A) (Lemma [2.15), it is enough to prove that 0p ) = cpﬁD(h)
for all h € A. Namely, if U C Spec(A) is an open subset and s € Ogpec(a)(U), we
can write U as a union of distinguished open subsets D(h;); the sections 6y (s) and
0 (5) of Ospectmy(f1(U)) have then the same restriction to each f~'(D(h;)), and
these open subsets cover f~1(U), so that 0y (s) = ¢ (s) as Ogpec(B) 1s a sheaf.

So let h € A. By Exercise we have f~1(D(h)) = (“¢)"Y(D(h)) = D(p(h))
and gpﬁD(h) . Ay — By is the unique ring homomorphism extending ¢. On the
other hand, the compatibility of § with the restriction maps gives a commutative
diagram of ring homomorphisms

A—% B

0
An =5 By
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where the vertical maps are the canonical ones and where we have used Corollary
to identify Ogpec(a)(D(h)) with Ay and Ogpecny(D(p(h))) with Bypry. The
top arrow is Ogpeca)y = ¢ by definition of . Therefore 0p) is also a ring homo-
morphism A, — B, extending ¢, and the universal property of the localization

implies Op,) = gpuD(h). This proves that oo f = Id and concludes the proof. O]
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