The infimum of the Energy of unit vector fields on odd-dimensional spheres

Vincent Borrelli, Fabiano Brito and Olga Gil-Medrano

November 2000

Abstract

We construct a one-parameter family of unit smooth vector fields globally defined on the sphere S^{2k+1} for k ≥ 2, with energy converging to the energy of the unit radial vector field, which is defined on the complementary of two antipodal points. So we prove that the infimum of the energy of globally defined unit smooth vector fields is : ( 2k + 1 2 + k 2k − 1 ) vol (S^{2k+1}).

1 Introduction

Let M be a closed, n-dimensional Riemannian manifold and T^1M be the unit tangent bundle of M considered as a closed Riemannian manifold with the Sasaki metric. The energy of a unit smooth vector field v ∈ χ^1(M ) is : E(v) = 1 2 ∫ M (n + ‖∇v‖^2) dM, where dM is the density defined by the metric and ∇ is its Levi-Civita connection [9].

It is clear that a lower bound for the functional E is given by^n_2 vol (M ). Moreover, it is realized if and only if v is parallel on M. The problem of minimizing the energy E among unit vector fields becomes interesting when M does not admit a global parallel unit vector field, as it has been pointed out in [9]. This is the case for an odd-dimensional sphere.

In [2], the second author established that Hopf vector fields are the unique absolute minima in the case of S^3. The energy of Hopf vector fields on S^{2k+1} is ( 2k + 1 2 + k) vol (S^{2k+1}).

Let us consider a unit vector field T , defined on the complementary of two antipodal points {p, −p}, such that it is tangent to radial geodesics issuing from p.

It is easy to see that E(T ) = (^{2k+1}_2 +^k_{2k−1} ) vol (S^{2k+1}) := c_k and then for k ≥ 2 they have less energy that Hopf vector fields. In fact, in [3] it has been shown that for every unit smooth vector field v (possibly with isolated singularities) E(v) ≥ c_k. Moreover the equality holds if and only if v is geodesic and v^⊥ is integrable and with umbilical leaves. Since the only vector fields with these properties are radial vector fields, this lower bound is not attained on χ^1(S^{2k+1}).

In this paper, we prove the following theorem.

Theorem. { The infimum of E among all globally defined unit smooth vector fields of the sphere S^{2k+1} (k ≥ 2) is ( 2k + 1 2 + k 2k − 1 ) vol (S^{2k+1}).

To obtain the result, we construct a family T_R of unit vector fields such that their energy goes to c_k when R goes to zero. The vector field T_1 (R = 1) is taken equal to T outside a neighbourghood G_1 of one of the geodesic segments joining the two antipodal singularities. The desingularization of T is done inside G_1 by a Riemannian analogue of the ”insertion of a dipole”, a method used by several authors to study the density problem in functional spaces [8]. The whole family (T_R)_{R≤1} is obtained by performing a contraction of G_1 in the directions orthogonal to the geodesic segment. Inside the resulting neighbourghood G_R, the unit vector field T_R is the composition of this contraction with T_1 and outside, T_R is T. At this step, the problem is to carry out this construction while controling the energy. Since V ol(G_R) decreases like R^{2k} when R goes to zero, every odd dimension greater or equal to 5, ‖∇T_R‖^2 should increase only like R^{−α}, α < 4 . This is part of the difficulty and explains the technicalities of the construction.

For the construction of these vector fields it has been very convenient to use stereographic projection from a point situated on the equator determined by the singularities so that the choosen geodesic segment becames a segment in the coordinate axe. In this chart, T has rotational symmetry with respect to this axe and it is obtained by rotating a vector field defined on the plane (except on the two singular points). This symmetry will be preserved by T_R. But, since it is impossible to obtain a unit vector field without singularities on S^2, the construction should be then more delicate and of course it can be only done when the dimension is odd.

This result has been announced in [1]. Variational aspects of E were focused in [7], [9], [4],[5] and [6].

Acknowledgements. { The first and the third authors are grateful to the second for his invitation at the University of São Paulo. During the preparation of this paper, the first author was supported by FAPESP, proj. tem. no. 1999/02684-5. The second author was supported by CNPq Brazil. The third was supported by FAPESP, proc. no. 2000/07143-1.

2 Proof of the Theorem

Last assertion in the statement has been shown in [3], therefore to prove the theorem we have to show :

There exists a family {T_R | R ∈]0, 1]} of smooth globally defined unit vector fields on S^{2k+1} such that : lim_{R→0} E(T_R) = c_k.

Let p be a point of S^{2k+1} ⊂ R^{2k+2} and let T be the unit vector field tangent to radial geodesics from p. The field T is defined on

S^{2k+1} − {−p, p}. Our purpose is to construct a globally defined field

T_R by modifying T in a neighbourhood of one geodesic joining p and −p. Construction of T_R. – Let us assume for simplicity that p = (1, 0, ..., 0). We represent by (x, y) ∈ R × R^{2k} the coordinates corresponding to the stereographic projection from the north pole (0, ..., 0, 1) to the plane tangent to the sphere at the south pole. In this chart p has coordinates (2, 0) and the geodesic segment joining p and −p is just I = [−2, 2] × {0}. Let E_0, E_y be two orthogonal vector fields that are unit with respect to the metric of the sphere and such that E_0 is on the direction of the x-axis and E_y is a radial field on the plane {x = 0}. Of course, since T is invariant by rotation around the x-axis it can be written as : T (x, y) = a(x, ρ)E_0(x, y) + b(x, ρ)E_y(x, y), where ρ(y) = ∑_{2k} i=1 y^2_i . (We have plotted in fig. 1 some trajectories of T ).

Fig.1

For each R > 0 we consider the open subset G_R bounded by the ellipsoide^{x2}_{(2+R)2} +^{ρ(y)}_{R2} = 1. That is : G_R = {(x, y) ∈ R× R^{2k}|d_R(x, y) < 1} where : d_R(x, y) = √ R^2x^2 + ρ(y)(2 + R)^2 R(2 + R) .

The field T_R will be defined such that :

- it is invariant by rotation, - it is equal to T on the complementary of G_R.

Fig. 2

Let f : R → R be a smooth function such that 0 ≤ f ≤ 1, f_{|]−∞,} 1_{10 ]} ≡ 0 and f_{|[} 9_{10 ,∞[} ≡ 1. The function h_R = f ∘ d_R vanishes on G R_{10} and is equal to 1 on the complementary of G 9R_{10} . We are going to use this function to define a smooth vector field U on the complementary of A = {0} × (B 9R_{10} − B R_{10} ) (see fig. 2). Here B_r = {(0, y)| |y| < r} where |y| is the Euclidean norm (we reserve the notation ‖.‖ for the norm of the usual metric of the sphere). Let φ be the angle of T with the horizontal axis so that a = cos φ and b = sin φ. Let G^+_R = {(x, y) ∈ G_R|x > 0}. On G^+_R − {p} the angle φ is between 0 and π. We define U_{|G}+_R to be :

U = cos(h_Rφ)E_0 + sin(h_Rφ)E_y.

According to the definition of h_R, the angle of U with the horizontal axis is 0 near the axis and is φ near the boundary of G_R. On G^−_R = {(x, y) ∈ G_R|x < 0} we define U with the same formula but now the angle φ is taken to be between −π and 0. Notice that on the set {x = 0} our choices do not match together except for {0} × (B R_{10} ∪ (B_R − B 9R_{10} )). Outside G_R the vector field U is taken to be equal to T. So, U is a smooth unit vector field, invariant by rotation, defined on the connected set A^c. In order to overcome this difficulty, we introduce the disc D_R (resp. D_R) on the plane {y_2 = ... = y_{2k} = 0} with center (0, R/2) and radius R/2 (resp.^2_5 R) (see fig. 3).

We are going to modify U on C_R = (D_R − D_R) × S^{2k−1} such that the resulting vector field V has the following properties :

1) V restricted to ∂D_R × S^{2k−1} is U, 2) V restricted to ∂D_R × S^{2k−1} is the outward normal field.

Since V is going to be also invariant by rotation, it is enough to define it on D_R − D_R. To do this, let us use polar coordinates on D_R. On these coordinates, U has the form : U (r, θ) = cos ψ(r, θ)E_r + sin ψ(r, θ)E_θ. Note that ψ(r, θ) ∈] − π, π[. We take V to be :

V = cos(g_Rψ)E_r + sin(g_Rψ)E_θ

where g_R(r, θ) = f(^{10r}_R − 4). By construction, V satisfies conditions 1) and 2).

It remains to define the vector field on D_R×S^{2k−1}. Let X∈ χ^1(S^{2k−1}(1)) and α(r) =^π_2 f(^{10r}_{9R} ). On {(r, θ, s) ∈ R^{2k+1}|r <^{9R}_{10} and |s| =^R_2 } we put : W_R(r, θ, s) = cos α(r)X_R(s) + sin α(r)E_r(r, θ, s) with X_R(s) =^1_λ X(^{2s}_R ) where λ is the conformal factor of the metric on the sphere, that is λ(x, y) = 4/(4 + x^2 + ρ). In particular X_R(s) =^{16+R2}_{16} X(^{2s}_R ).

Now T_R is defined to be W_R on D_R × S^{2k−1}, V on C_R, U on G_R − (D_R × S^{2k−1}) and T otherwise. The figure 4 shows some of the trajectories of the field T_R outside D_R × S^{2k−1}.

Remark. { It is easy to see that the distribution orthogonal to T_R is integrable if X ∈ χ^1(S^{2k−1}) is such that X^⊥ is integrable. The figure below shows the leaves of the orthogonal distribution out of D_R×S^{2k−1}.

Fig. 5

Energy of T_R. – Let T = aE_0 + bE_y with a = cos φ and b = sin φ, then (see Appendix) : ‖∇T ‖^2 = (_1 λ ∂φ ∂x +^{√ρ}_2 )_2 + (_{2√ρ} λ ∂φ ∂ρ −^x_2 )_2

+(n − 2) ( (4 + x^2 − ρ)^{sin φ}_4√_ρ −^x_2 √ ρ cos φ

)_2 . We use this formula to prove the following lemma :

Lemma 1. {One has : ∀R ≤ 1, ∀m ∈ G_1, ‖∇T_R(m)‖^2 ≤ F (R) + 4h^2_R(m)‖∇T (m)‖^2 where T is the unit radial vector field and F (R) is of the form Const_3 R^3 + Const_2 R^2 + Const_1 R + Const_0 . Note that the theorem is a consequence of this lemma. Indeed :

lim_{R→0} ∫ G_R h^2_R‖∇T ‖^2 dM = 0

since ∫ ‖∇T ‖^2 < ∞, and : ∫ G_R F (R) dM ∼ 1 R^3 vol(G_R) ∼ R^{2k−3}. The hypothesis 2k + 1 ≥ 5 implies that :

lim_{R→0} ∫ G_R F (R) dM = 0 and thus : lim_{R→0} E(T_R) = E(T ) = c_k.

Proof of lemma 1.{ Let us compute first ‖∇T_R‖^2 on the domain G_R −(D_R ×S^{2k−1}). Here T_R = cos(φ_R)E_0 +sin(φ_R)E_y with φ_R = h_Rφ and h_R = f ∘ d_R. It is easy to see that on G_1, | ∂d_R ∂x | ≤ 1 2 + R ≤ 1 2 and | ∂d_R ∂ρ | ≤ 1 2R √ ρ . Thus :

(_1 λ ∂φ_R ∂x +^{√ρ}_2 )_2 = (_1 λ ∂d_R ∂x f^′φ +^1_λ h_R^{∂φ}_{∂x} +^{√ρ}_2

)_2 ≤ 2 ( |^1_λ^{∂dR}_{∂x} f^′φ +^{(1−hR )√ρ}_2 |^2 + h^2_R|^1_λ^{∂φ}_{∂x} +^{√ρ}_2 |^2 ) ≤ 2 ( (^π_λ^1_2 sup |f^′| +^{√ρ}_2 )^2 + h^2_R‖∇T ‖^2 ) . On the other hand :

(_2√_ρ λ ∂φ_R ∂ρ −^x_2 )_2 = (_2√_ρ λ ∂d_R ∂ρ f^′φ +^{2√ρ}_λ h_R^{∂φ}_{∂ρ} −^x_2

)_2 ≤ 2 ( |^{2√ρ}_λ^{∂dR}_{∂ρ} f^′φ +^{(hR −1)x}_2 |^2 + h^2_R|^{2√ρ}_λ^{∂φ}_{∂ρ} −^x_2 |^2 ) ≤ 2 ( (^{2π}_{λR} sup |f^′| +^3_2 )^2 + h^2_R‖∇T ‖^2 ) . It remains to bound : (n − 2) ( (4 + x^2 − ρ)^{sin hR φ}_4√_ρ −^x_2 √ ρ cos φ

)_2

. The only non-trivial term is the quotient^{sin hR φ}√_ρ . Let B_R = {ρ ≤ (_R 15 )_3 } ∩ G_1. Of course on B^c_R∩G_1,^{| sin hR φ|2}_ρ ≤

(_{15} R )_3

and on B_R∩G R_{10} ,^{sin hR φ}√_ρ =

0. Thus we have to find a bound of^{sin hR φ}√_ρ on D = G^c_{R10} ∩ B_R ∩ G_1 = D_− ∪ D_+ (see the figure below).

Fig. 6

Note that the hyperboloid of two sheets H = {cos φ = 0} = {x^2 = ρ + 4} (see Appendix) intersects the boundary of G R_{10} at ρ = ( R 10 )_3

4 +^R_{10} (_R 10 )_2

+ (2 +^R_{10} )^2 ≥ 4^{R3}_{1000} (_1 10 )_2 + ( 2 +^1_{10}

)_2 > ( R 15 )_3 . Thus on D_+, 0 ≤ φ <^π_2 and^{| sin hR φ|}√_ρ ≤^{| sin φ|}√_ρ . By the lemma 3 of the appendix : | sin φ|^2 ρ = 4x^2 (4 − x^2)^2 + ρ^2 + 2x^2ρ + 8ρ . It is easily checked that :

min_{∂GR} (4 − x^2)^2 + ρ^2 + 2x^2ρ + 8ρ =

4R^3(2 + R)^2 1 + R , and therefore : min G1−G_R 10 (4 − x^2)^2 + ρ^2 + 2x^2ρ + 8ρ = 4

R^3 10^3

(2 +^R_{10} )^2 1 +^R_{10} ≥ 4R^3 275 . Thus on D_+ and by symmetry on D_−, | sin φ|^2 ρ ≤ 4(2 + 1)^2 275 4R^3 . Finally on G_R − (D_R × S^{2k−1}), we have obtained : ‖∇T_R(m)‖^2 ≤ Const_3 R^3 + Const_2 R^2 + Const_1 R + Const_0 + 4h^2_R‖∇T (m)‖^2 where the Const_i depend on sup |f^′|.

The same method obviously works for the remaining part of G_R. Note that there is a subtility concerning W_R because, in this case, the unit vector field X_R depends on R. So, instead of the function cos α, one must consider the function^{16+R2}_{16} cos α. Anyway, the behaviour of this function near 0 is similar to the other cases. �

3 Appendix

Lemma 2. { Let T (x, y) = a(x, ρ)E_0(x, y) + b(x, ρ)E_y(x, y) as in §2, then : ‖∇T ‖^2 = (_1 λ ∂a ∂x −^{√ρ}_2 b )_2 + (_1 λ ∂b ∂x +^{√ρ}_2 a

)_2 + (_2√_ρ λ ∂a ∂ρ +^x_2 b

)_2 + (_{2√ρ} λ ∂b ∂ρ −^x_2 a )_2

+ (n − 2) (_{4+x2−ρ} 4 √ ρ b −^{xa}_2 )_2 .

Proof. { We have that E_0 =^1_λ^∂_{∂x} , E_i =^1_λ^∂_{∂yi} , for i = 1, . . ., 2k and then

E_y = 1 √ ρ n∑ i=1 y^iE_i. Since the Christoffel symbols in this chart are :

Γ^l_{ij} = − λ 2 ( δ_{il}y^j + δ_{jl}y^i − δ_{ij}y^l ) , then : g(∇_{Ei} E_j, E_l) = 1 2 ( δ_{ij}y^l − δ_{il}y^j ) . Here we take i = 0, . . . 2k and y^0 = x. Now, a straightforward computation shows :

g(∇_{E0} T, E_0) = E_0(a) −^{√ρ}_2 b =^1_λ^{∂a}_{∂x} −^{√ρ}_2 b g(∇_{E0} T, E_l) = y^l (_{E0(b)} √ ρ +^a_2 ) = y^l (_1 λ √ ρ ∂b ∂x +^a_2 ) g(∇_{El} T, E_0) = E_l(a) + y^{l bx}_2√_ρ = y^l (_2 λ ∂a ∂ρ +^{bx}_2√_ρ ) g(∇_{El} T, E_j) = δ_{lj} ( −^{ax}_2 −^{b√ρ}_2 ) + E_l(b)^{yj}√_ρ +bE_l (_{yj} √ ρ ) +^{ylyj b}_2√_ρ = δ_{lj} (_b λ √ ρ −^{ax}_2 −^{b√ρ}_2 ) +^{ylyj}√_ρ (_2 λ ∂b ∂ρ − b^{4+x2−ρ}_{4ρ} ) . By taking the squares of these expressions, adding up and simplifying we get the result. �

Lemma 3. { The expression of the radial vector field is T (x, y) = a(x, ρ)E_0(x, y) + b(x, ρ)E_y(x, y) where : a(x, ρ) =^{λ(x2−ρ−4)} 4 √ 1−λ2x2 b(x, ρ) =^{λ√ρx} 2 √ 1−λ2x2 . Proof.- At a point of coordinates (x, y), the differential of the stereographic projection maps T into the unit vector that is tangent to the circle passing through (2, 0), (−2, 0) and (x, y), oriented from (2, 0) to (−2, 0) and contained in the plane determined by the x-axis and the vector (0, y), if y ≠ 0. If y = 0, this circle degenerates in a line. The proof follows now from elementary arguments. �

References

[1] V. Borrelli, F. Brito and O. Gil-Medrano, An energy minimizing family of unit vector fields on odd-dimensional spheres, to appear in the Contemporary Math volume in memory of Alfred Gray (Marisa Fernandez and Joseph A. Wolf, Editors) [2] F. Brito, Total Bending of flows with mean curvature correction, Diff. Geom. and its Appl. 12 (2000), 157-163.

[3] F. Brito and P. Walczak, On the Energy of Unit vector Fields with Isolated Singularities, To appear in Ann. Math. Polon.

[4] O. Gil Medrano, Relationship between volume and energy of vector fields, Diff. Geom. and its Appl. to appear.

[5] O. Gil Medrano and E. Llinares-Fuster, Second variation of Volume and Energy of vector fields. Stability of Hopf vector fields, Math. Ann. to appear.

[6] D.-S. Han and J.-W. Yim, Unit vector fields on spheres which are harmonic maps, Math Z. 227 (1998), 83-92.

[7] T. Ishihara, Harmonic sections of tangent bundles, J. Math.

Tokushima Univ. 13 (1979), 23-27.

[8] T. Riviere, Dense subset of H^{1/2}(S^2, S^1), Annals of Global Analysis and Geometry 18 (2000), 517-528.

[9] G. Wiegmink, Total bending of vector fields on Riemannian manifolds, Math. Ann. 303 (1995), 325-344.

V. Borrelli Institut Girard Desargues, Université Claude Bernard, Lyon 1 43, boulevard du 11 Novembre 1918 69622 Villeurbanne Cedex, France email : borrelli@desargues.univ-lyon1.fr

F. G. B. Brito Departamento de Matemática - IME - USP Caixa Postal 66281 - CEP 05315-970 São Paulo - SP, Brazil email : fabiano@ime.usp.br

O. Gil-Medrano Departamento de Geometría y Topología, Facultad de Matemáticas Universidad de Valencia 46100 Burjassot, Valencia, España email : Olga.Gil@uv.es