Minimal Legendrian submanifolds of S^{2n+1} and absolutely area-minimizing cones

Vincent Borrelli and Claudio Gorodski

November 28, 2003

Abstract

We use minimal Legendrian submanifolds in spheres to construct examples of absolutely area-minimizing cones and we prove a result about Legendrian 2-tori in S^5.

1 Introduction

A Legendrian submanifold of a (2n + 1)-dimensional contact manifold is an n-dimensional integral submanifold of the contact distribution. In this paper we consider the unit sphere S^{2n+1} equipped with the contact structure inherited from its standard embedding in C^{n+1} . To an arbitrary immersion f : M → S^{2n+1} one can associate its cone map f̂ : M × (0, +∞) → R^{2n+2} where f̂(x, t) = tf(x) and we identify C^{n+1} with R^{2n+2} . It turns out that f is a Legendrian immersion if and only if f̂ is a Lagrangian immersion with respect to the standard symplectic structure of R^{2n+2} . We also note that the normal vectors to f in S^{2n+1} at x are exactly the normal vectors to f̂ at (x, t) for t > 0. Furthermore, if the second fundamental form of f in S^{2n+1} with respect to a normal vector ν in x has eigenvalues λ_1, . . . , λ_n, then the second fundamental form of f̂ with respect to ν in (t, x) has eigenvalues tλ_1, . . . , tλ_n, 0. It follows that f is a minimal immersion if and only if f̂ is a minimal immersion.

The manifold of all Lagrangian planes in R^{2n+2} is called the Lagrangian Grassmannian, and it is easy to see that this manifold is diffeomorphic to the homogeneous space U(n + 1)/O(n + 1). To an arbitrary Lagrangian immersion g : P → R^{2n+2} one can now naturally associate a Gauss map G(g) : P → U(n + 1)/O(n + 1). Consider the composition

P^{G(g)}−→ U(n + 1)/O(n + 1)^{det2C}−→ S^1. (1)

The pull-back of the volume form of S^1 under (1) is called the Maslov form μ(g) of g, and the class [μ(g)] it defines is called the Maslov class of g. A result of Morvan [15] states that the Maslov form of g is given by μ(g) = −^{n+1}_π ⟨JH, ·⟩, where H is the mean curvature vector

02000 Mathematics Subject Classification: 53D12, 53C42 0Keywords: Legendrian submanifold, minimal immersion, special Lagrangian cone, Maslov class.

of g, J the complex structure in R^{2n+2} ∼= C^{n+1} and ⟨·, ·⟩ denotes the real inner product. As a corollary, a Lagrangian immersion is minimal if and only if it has a vanishing Maslov form.

Notice that a Lagrangian immersion has a vanishing Maslov form precisely when the tangent planes at any two distinct points differ by an element of SU(n + 1). In [8], section III, Harvey and Lawson define a (n + 1)-dimensional submanifold of R^{2n+2} to be special Lagrangian if the tangent planes at any two distinct points differ by an element of SU(n + 1). As an application of the theory of calibrations introduced in the same paper, they show that special Lagrangian submanifolds have the property of being absolutely area-minimizing. In particular, we conclude from the above discussion that the cone over a compact minimal Legendrian submanifold of S^{2n+1} is absolutely area-minimizing. It is interesting to notice that the same conclusion can be drawn from Proposition 2.17 in [8], which in fact contains a restatement of Morvan’s formula (namely, equation (2.19)).

In section 2 of this paper, we use this conclusion to construct two series of examples of absolutely area-minimizing cones. The first series generalizes Corollary 3.21 and Example 3.22 in [8]. The second series unifies the proofs of the absolute area-minimality of some examples in [4, 5].

In section 3, we prove a result about Legendrian 2-tori in S^5. Any minimal Legendrian 2-torus projects down via the Hopf fibration to a minimal Lagrangian 2-torus in the complex projective plane C P^2 , and there is now a growing literature on minimal Legendrian 2-tori in S^5 using this correspondence, see [2, 10, 12, 14]. The following theorem is a weak form of the converse to the fact that any minimal Legendrian 2-torus of S^5 has a vanishing Maslov class.

Theorem 1. – Let f : T^2 → S^5 be a Legendrian immersion. Then f is regularly homotopic through Legendrian immersions to a minimal Legendrian embedding if and only if [μ(f̂)] = 0.

Part of this work was completed while the first author was visiting Univ. of São Paulo, for which he wishes to thank Prof. Fabiano G. B. Brito for his hospitality and FAPESP for financial suport, and part of it was completed while the second author was visiting Univ. of Lyon, for which he wishes to thank Prof. Jean-Marie Morvan for his hospitality and the CNRS and the Alexander von Humboldt Foundation for their financial support. The authors also would like to thank the referee for many interesting suggestions and comments which improved significantly the text.

2 Examples of minimal Legendrian submanifolds of S^{2n+1}

In this section we present examples of compact homogeneous minimal Legendrian submanifolds of S^{2n+1}. The cones over these submanifolds are area-minimizing. Although some of the examples are already known, they are here presented from a new and unified perspective.

2.1 Twisted normal bundles

In [8] Harvey and Lawson defined a submanifold M of S^n to be austere if the set of eigenvalues of the Weingarten operator of M with respect to any normal vector is invariant under multiplication by −1. Then they showed that for any compact austere submanifold M of S^n, the cone over

Φ : N^1M × S^1 → S^{2n+1}, Φ(ν_x, e^{iθ}) = (cos θ x, sin θ ν_x),

where N^1M denotes the unit normal bundle of M in S^n, is special Lagrangian.

Note that the map Φ fails to be an immersion for sin θ = 0 if the codimension of M in S^{2n+1} is bigger than one, and it fails to be an immersion for cos θ = 0 if 0 is an eigenvalue of the Weingarten operator of M with respect to some unit normal. Therefore we will consider the following variation of this construction. Let M be a submanifold of the unit sphere S^n and NM be the normal bundle of M in S^n. We denote by ~M_+, ~M_− two copies of NM^{≤ π}2 = {ν ∈ NM : |ν| ≤ π/2} and by ~M the double of NM^{≤ π}2 i. e. ~M = ~M_+ ∪ ~M_−/∂ ~M_+ ∼ ∂ ~M_−. Note that if M is a closed hypersurface of S^n then ~M is diffeomorphic to the product M ×S^1. Define

Ψ : ~M → S^{2n+1}, Ψ(ν_x) = { (ϵ cos |ν_x| x, sin |ν_x|^{νx}_{|νx|} ) if ν_x ≠ 0, (ϵx, 0) if ν_x = 0,

where ϵ = ±1 according to whether x ∈ ~M_±. It is easy to see that Ψ has the same image as Φ. Proposition 1. – If 0 is never an eigenvalue of the Weingarten operator of M with respect to any unit normal, then Ψ : ~M → S^{2n+1} is a Legendrian immersion. If in addition M is austere, then Ψ is minimal.

Proof. – We will first compute the differential of Ψ at a normal vector ν_{x0} . Near x_0 we choose an orthonormal frame field e_1, . . . , e_p and a normal frame field ν_1, . . . , ν_q where p + q = n and e_1, . . . , ν_q is positively oriented. Without loss of generality, we may assume that (∇ν_k)^N_{x0} = 0 where ()^N denotes the orthogonal projection onto the normal space N_{x0} M. We can also take e_1, . . . , e_p to be the eigenvectors of the Weingarten operator A^{ν1} , namely A^{ν1} (e_k) = λ_ke_k. Upon a linear change of coordinates we may further assume that at x_0 the vectors x_0, e_1, . . . , ν_q give the standard basis of R^{n+1} ⊃ S^n ⊃ M.

If ν_{x0} ≠ 0 we may assume ν_1 =^{νx0}_{|νx0 |} . The differential of Ψ at ν_{x0} is then given by

Ψ_∗(e_j) = (ϵ cos |ν_{x0} | e_j , −λ_j sin |ν_{x0} | e_j ) for 1 ≤ j ≤ p and

Ψ_∗(ν_j) = { (−ϵ sin |ν_{x0} | x_0, cos |ν_{x0} |^{νx0}_{|νx0 |} ) if j = 1, (0, sin |ν_{x0} |^{νj}_{|νx0 |} ) if 2 ≤ j ≤ q.

If ν_{x0} = 0 we have Ψ_∗(e_j) = (ϵe_j , 0) for 1 ≤ j ≤ p and

Ψ_∗(ν_j) = (0, ν_j) for 1 ≤ j ≤ q.

In these formulae the fields e_j, ν_j are evaluated at x_0.

The above calculation immediately shows that Ψ is an immersion (if λ_j ≠ 0 for 1 ≤ j ≤ p) and Legendrian (since ⟨Ψ_∗(v), JΨ(ν_{x0} )⟩ = ⟨Ψ_∗(v), JΨ_∗(v^′)⟩ = 0 where each of v, v^′ is one of e_1, . . . , ν_q and J : R^{2n+2} → R^{2n+2} is given by J(x, y) = (−y, x)). Next we compute the

Maslov form of the cone over Ψ. For this purpose, we view R^{2n+2} as C^{n+1} and J as the multiplication by i, and we represent G(Ψ̂)(ν_{x0} ) by a unitary matrix which we specify by its column vectors and then compute the squared determinant. If ν_{x0} ≠ 0 the matrix has as columns the unit vectors

ϵ cos |ν_{x0} | x_0 + i sin |ν_{x0} |ν_1,^{ϵ cos |νx0 |−iλ1 sin |νx0 |}

cos^2 |ν_{x0} |+λ^2_1 sin^2 |ν_{x0} | e1, . . . , ϵ cos |ν_{x0} |−iλ_p sin |ν_{x0} | cos^2 |ν_{x0} |+λ^2_p sin^2 |ν_{x0} | ep,

−ϵ sin |ν_{x0} | x_0 + i cos |ν_{x0} | ν_1, iν_2, . . . , iν_q.

Therefore

(det)^2G(Ψ̂)(ν_{x0} ) = ϵ^2i^{2q} [_p ∏ j=1 (ϵ cos |ν_{x0} | − iλ_j sin |ν_{x0} |)^2 (cos^2 |ν_{x0} | + λ^2_j sin^2 |ν_{x0} |)^2 ] (det)^2(x_0, e_1, . . . , e_p, ν_1, ν_2, . . . ν_q).

If M is austere this expression equals (−1)^q (because

(ϵ cos |ν_{x0} | − iλ sin |ν_{x0} |)(ϵ cos |ν_{x0} | + iλ sin |ν_{x0} |) = cos^2 |ν_{x0} | + λ^2 sin^2 |ν_{x0} |

for λ ∈ R). If ν_{x0} = 0 we get:

(det)^2(ϵx_0, ϵe_1, . . . , ϵe_p, iν_1, . . . , iν_q) = ϵ^{2p}i^{2q}(det)^2(x_0, e_1, . . . , e_p, ν_1, . . . , ν_q) = (−1)^q.

Thus (det)^2G(Ψ̂) is a constant map. This implies that the Maslov form of Ψ̂ vanishes, hence Ψ is minimal. □

2.2 Twisted normal bundles of isoparametric submanifolds

We shall now apply the construction discussed in section 2.1 to certain leaves of certain isoparametric foliations of spheres. An isoparametric hypersurface M^{n−1} of S^n is a hypersurface with constant principal curvatures. A good introduction to the theory of isoparametric hypersurfaces in spheres can be found in chapter 3 of [3], and a comprehensive survey, including generalizations, can be found in [21]. It follows from the formulae for Weingarten operators of tubes that if M is isoparametric, then so are all of its parallel hypersurfaces. A parallel submanifold of an arbitrary submanifold M is a submanifold of the same dimension obtained by exponentiating a parallel normal vector field in M, and a focal point of M is a critical value of the exponential map restricted to the normal bundle of M. The focal set of M, which is the set of all the focal points of M, need not have a manifold structure. However, in the case of an isoparametric hypersurface, the exponential map has constant rank along a parallel normal vector field, and this can be used to show that the focal set of a complete isoparametric hypersurface decomposes into a union of submanifolds (see [17]).

Let M be an isoparametric hypersurface of S^n. Münzner [16], generalizing previous work by Cartan, showed that the distinct principal curvatures λ_1 > · · · > λ_g of M satisfy λ_k = cot(θ + (k − 1)π/g) for k = 1, . . . , g, where 0 < θ < π/g, and the multiplicities m_1, . . . , m_g satisfy m_1 = . . . = m_g if g is odd, and m_1 = m_3 = . . . = m_{g−1}, m_2 = m_4 = . . . = m_g if g is even. Münzner’s computation also shows that the focal manifolds must be minimal. Beginning with these facts, he proved that the isoparametric parallel hypersurfaces of M can be represented as open subsets of level hypersurfaces in S^n of a homogeneous polynomial F of degree g on R^{n+1} which satisfies the Cartan-Münzner differential equations:

|gradF (x)|^2 = g^2|x|^{2g−2}, ΔF = g^2(m_2 − m_1) 2 |x|^{g−2}, where g is the number of distinct principal curvatures and m_1, m_2 are the two (possibly equal) multiplicities of the principal curvatures. This result implies that any piece of isoparametric hypersurface can be extended to a compact isoparametric hypersurface. His construction also shows that there are only two focal manifolds, even though there may be more than two principal curvatures; these correspond precisely to the only two singular levels of the polynomial F ; and they sit apart at a distance of π/g. Further, each element of the family of isoparametric parallel hypersurfaces divides the ambient sphere into two ball bundles over the respective focal submanifolds. From this topological information, he was able to determine the cohomology rings of the hypersurfaces and the focal submanifolds, and then by using delicate cohomological and algebraic arguments, he obtained the splendid result that the number g of distinct principal curvatures must satisfy g = 1, 2, 3, 4 or 6.

A large class of examples of isoparametric families of hypersurfaces in spheres is provided by the orbital foliations induced by orthogonal representations of compact Lie groups that have cohomogeneity two in Euclidean space. These examples are of course homogeneous, and, in fact, a classification of homogeneous isoparametric families follows from the classification of orthogonal representations of cohomogeneity two that is given in [9]. Examples of inhomogeneous isoparametric hypersurfaces are known only in the case g = 4, see [18, 19, 7]. So far no complete classification of isoparametric hypersurfaces is known, although Cartan classified the case g ≤ 3, and in the case g = 6 the unsolved problem is whether there exists an inhomogeneous isoparametric hypersurface with m_1 = m_2 = 2. See section 1 in [21] for more details.

Let {M_t} for 0 < t < π/g be an isoparametric family of parallel hypersurfaces of S^n with g distinct principal curvatures, and let M_0 and M_{π/g} denote the focal manifolds; here t is the distance from M_0 to M_t. Then the principal curvatures of M_t are λ_k(t) = cot(t + (k − 1)π/g) for k = 1, . . . , g, and the principal curvatures of the focal manifold M_0 (resp. M_{π/g}) with respect to any unit normal are λ_k(0) for k = 2, . . . , g (resp. λ_k(π/g) for k = 1, . . . , g − 1), with the multiplicities satisfying the same identities as above. As we said before, our aim is to apply the construction of section 2.1 to some element of {M_t}. A moment’s thought shows that we can find t ∈ [0, π/g] such that M_t is austere with no zero principal curvature with respect to any unit normal if and only if m_1 = m_2. So we make this assumption from now on, and we proceed as follows.

1. If g is odd then the focal manifolds are congruent under the antipodal map of S^n.

Since m_1 = m_2, they are compact austere submanifolds of S^n, and since they have no principal curvature equal to zero, the construction of section 2.1 yields an example of a minimal Legendrian embedding of ~M into S^{2n+1}. The global structure theorem of Münzner says that each compact isoparametric hypersurface divides S^n into two manifolds with boundary, each of which is a normal ball bundle over one of the two focal manifolds. It follows that ~M is diffeomorphic to the sphere S^n.

2. If g is even, it follows from m_1 = m_2 that the isoparametric hypersurface M_{π/2g} is a compact austere submanifold of S^n all of whose principal curvatures are nonzero. Therefore the construction of section 2.1 yields an example of a minimal Legendrian immersion of ~M into S^{2n+1}. It is easy to use the fact that M_{π/2g} is invariant under the antipodal map of S^n to show that this immersion induces a minimal Legendrian embedding of ~M/Z_2 ≃ M_{π/2g} ×_{Z2} S^1 into S^{2n+1} (the nontrivial element of Z_2 acts on each factor of the product M_{π/2g} × S^1 by the antipodal map).

Next, we consider all the known examples of isoparametric foliations of S^n that satisfy m_1 = m_2 = m. It turns out that these are homogeneous, namely the orbital foliation induced on S^n by an orthogonal representation ρ of a compact connected Lie group G on R^{n+1} of cohomogeneity two. Some of these examples are discussed in detail in section 7 of chapter 3 of [3]; see also [22]. According to whether g is odd or even, we have possibility 1 or 2, as described above.

g=1: Here m = n − 1. The foliation is by umbilic hypersurfaces, namely the hyperspheres parallel to the equator. The focal manifolds are points and ~M is a totally geodesic totally real S^n ⊂ S^{2n+1}.

g=2: Here n is odd and m =^{n−1}_2 . The foliation is by hypersurfaces parallel to the Clifford torus M_{π/4} = S^{n−1}2 (1/ √ 2) × S^{n−1}2 (1/ √ 2) ⊂ S^n, and ~M/Z_2 is diffeomorphic to (S^{n−1}2 × S^{n−1}2 ) ×_{Z2} S^1. In particular we get a minimal Legendrian immersion

S^1 × S^{n−12} × S^{n−12} → S^{2n+1}.

This example first appears in [8], Example 3.22.

g=3: Here m = 1, 2, 4, 8. Let G be the group of 3 × 3 F-unitary matrices, where F = R, C , H (quaternions), O (octonions), according to whether m = 1, 2, 4, 8. Note that G = O(3), U(3), Sp(3), F_4, respectively. Let V be the real vector space of 3 × 3 traceless F-Hermitean matrices. Note that dim V = 3m + 2. Now ρ : G → O(R^{3m+2} ) is conjugation. The focal manifolds are the so called standard embeddings of the projective planes, namely RP^2 , C P^2 , H P^2 and O P^2 . The construction gives minimal Legendrian embeddings

S^4 → S^9, S^7 → S^{15}, S^{13} → S^{27}, S^{25} → S^{51}.

Since these embeddings are not totally geodesic (in fact, a simple computation shows that Ψ can be totally geodesic in S^{2n+1} only if M is totally geodesic in S^n), they are not congruent to the standard embedding S^n ⊂ R^{n+1} ⊂ C^{n+1} of the unit sphere. The case S^4 → S^9 first appears in [8], Example 3.21.

g=4: Here m = 1, 2. If m = 1 then the representation ρ : U(2) → O(R^6 ) is on the space of 2 × 2 complex symmetric matrices and is given by ρ(A)X = AXA^t. The isoparametric hypersurfaces are diffeomorphic to U(2)/Z^2 and ~M/Z_2 is diffeomorphic to (U(2)/Z^2) ×_{Z2} S^1. Since U(2) is diffeomorphic to S^1 × S^3, in particular we get a minimal Legendrian immersion

S^1 × S^1 × S^3 → S^{11}.

If m = 2 then ρ : Sp(2) → O(R^{10} ) is the adjoint representation. The isoparametric hypersurfaces are diffeomorphic to Sp(2)/T^2 where T^2 ⊂ Sp(2) is a maximal torus and ~M/Z_2 is diffeomorphic to Sp(2)/T^2 ×_{Z2}S^1.

g=6: Here m = 1, 2. If m = 1 then ρ is the only almost faithful real irreducible 8- dimensional representation of SO(4). The isoparametric hypersurfaces are diffeomorphic to SO(4)/Z^2 and ~M/Z_2 is diffeomorphic to (SO(4)/Z^2) ×_{Z2} S^1. Since SO(4) is finitely covered by S^3 × S^3, in particular we get a minimal Legendrian immersion^1

S^1 × S^3 × S^3 → S^{15}.

If m = 2 then ρ : G_2 → O(R^{14} ) is the adjoint representation. The isoparametric hypersurface are diffeomorphic to G_2/T^2 where T^2 ⊂ G_2 is a maximal torus and ~M/Z_2 is diffeomorphic to G_2/T 2 ×_{Z2} S1.

2.3 Orbits of isotropy representations of Hermitian symmetric spaces

We shall now show that certain orbits of the isotropy representations of certain Hermitian symmetric spaces give rise to examples of Legendrian submanifolds in spheres. The results quoted without proof can all be found in [11] and [13]. Let X be an Hermitian symmetric space of compact type, G its connected group of isometries and K the isotropy subgroup. So X = G/K is a product of compact irreducible Hermitian symmetric spaces, and G is the product of the corresponding simple groups of isometries. Write g = k + p for the decomposition of the Lie algebra g of G into the ±1-eigenspaces of the involution, which will be denoted by σ. Here k is the Lie algebra of K and p is naturally identified with the tangent space of X at the base point. Let g^c be the complexification of g. We choose a Cartan subalgebra h in k (this is possible, since k is of maximal rank in g). Then h^c is a Cartan subalgebra in g^c. The roots of g^c which are also roots of k^c are called compact roots. Introduce an ordering in the system of roots. To each root α we define the coroot H_α ∈ h^c by the rule α(H) = (H_α, H) for all H ∈ h^c (here (·, ·) denotes the Cartan-Killing form of g^c) and we associate a root vector X_α so that

(X_α − X_{−α}), i(X_α + X_{−α}) ∈ g and [X_α, X_{−α}] = 2H_α |α|^2 . There exists an element Z in the center of k such that, for every noncompact positive root α, [Z, X_α] = −iX_α and [Z, X_{−α}] = iX_{−α}. The restriction of ad(Z) to p is a complex structure, which will be denoted by J. By means of this J, we view p as C^{dim X} . The roots α, β are

1This immersion is of course different from the immersion of S^1 × S^3 × S^3 in S^{15} given above in the case g = 2, n = 7, because their images are not diffeomorphic.

called strongly orthogonal if α ± β are not roots. There exists a set Δ of strongly orthogonal noncompact positive roots such that the real subspace a spanned by the i(X_α +X_{−α}), α ∈ Δ, is a maximal abelian subalgebra of g contained in p.

Define the Cayley transform c = exp^π_4 ∑ α∈Δ i(X_α +X_{−α}) ∈ G and let τ = ad(c)^2, viewed as an automorphism of g. Then τ^4 = 1 and the following are equivalent (see [13], Remark 1, p. 286 and Proposition 4.4, p. 273):

• the noncompact dual X^∗ of X is of tube type; • τ(Z) = −Z; • τ(k) = k;

• τ^2 = 1.

Hereafter we shall assume that the Hermitian symmetric space X^∗ is of tube type, that is, holomorphically equivalent to the tube domain over a self-dual cone. Since τ is an involution of g which preserves k, and p is the orthogonal complement of k in g, we have that τ also preserves p, and this yields the splittings k = k^+ + k^−, p = p^+ + p^− into the ±1-eigenspaces of τ. Now ad(c) preserves k^+ and p^+, and interchanges k^− with p^−, and J interchanges p^+ with p^−. Note that Z ∈ k^− and define p = ad(c)Z ∈ p^−. Let ρ : K → U(p) be the linear isotropy representation of X and consider the K-orbit through p. The tangent space T_pK(p) is

[k, p] = ad(c)[ad(c)^{−1}k, Z] = ad(c)[ad(c)^{−1}k^+, Z] + ad(c)[ad(c)^{−1}k^−, Z] = ad(c)[k^+, Z] + ad(c) J ad(c)^{−1}k^− = 0 + ad(c) J p^− = ad(c) p^+ = p^+.

Now [k, p] is a Lagrangian subspace of p. Let k^′ be the Cartan-Killing orthogonal complement of Z in k and let K^′ be the analytic subgroup of K corresponding to k^′. Since [k, p] = [k^′, p] ⊕ R[Z, p] = [k^′, p] ⊕ RJp, we have that [k^′, p] ⊕ Rp is also a Lagrangian subspace of p. So the tangent space T_pK^′(p) is a Legendrian subspace of p. At this point, we assume that X is irreducible. Then ρ(K^′) ⊂ SU(p), so that K^′(p) is a Legendrian submanifold and its Maslov form vanishes. Hence K^′(p) is a compact minimal Legendrian submanifold of the unit sphere in p ∼= C^{dim X} . The remark after Proposition 4.4 in [13] can be interpreted as saying that X^∗ being of tube type is equivalent to the system of restricted roots of X^∗ being reduced (compare p. 456 in [11]). According to the classification of Hermitian symmetric spaces (see, for example, section 8.11 in [23]), one sees that there are five types of irreducible compact Hermitian symmetric spaces X whose noncompact duals are of tube type. These are listed in the table below, which also describes in each case the diffeomorphism type M of K^′(p).

X M ⊂ S^{dim X−1} SO(n + 2)/SO(2) × SO(n) (n ≥ 3) S^{n−1} ⊂ S^{2n−1}

SU(2n)/S(U(n) × U(n)) (n ≥ 2) SU(n) ⊂ S^{2n2−1}

SO(4n)/U(2n) (n ≥ 2) SU(2n)/Sp(n) ⊂ S^{4n2−2n−1}

Sp(n)/U(n) (n ≥ 3) SU(n)/SO(n) ⊂ S^{n2+n−1}

E_7/SO(2)E_6 E_6/F_4 ⊂ S^{53}

The first four minimal Legendrian embeddings in the table are given as follows: S^{n−1} ⊂ S^{2n−1} is totally real; SU(n) ⊂ S^{2n2−1} comes from the standard inclusion of SU(n) into the n × n complex matrices; SU(n)/SO(n) ⊂ S^{n2+n−1} is the SU(n)-orbit {AA^t : A ∈ SU(n)} in the space of n × n complex symmetric matrices; SU(2n)/Sp(n) ⊂ S^{4n2−2n−1} is the SU(2n)-orbit {A ( 0 −I I 0 ) A^t : A ∈ SU(2n)} in the space of 2n × 2n complex skew-symmetric matrices.

In [4, 5], these examples are discussed, with the curious exception of SU(2n)/Sp(n) for n ≠ 3, on a case by case basis (note however the misprint in the title of [5]).

2.4 Yet another example

Consider the 4-dimensional complex irreducible representation of SU(2), namely ρ : SU(2) → SU(4) (ρ can be realized as the natural action of SU(2) on the space of homogeneous complex polynomials of degree 3 in two variables z_1, z_2). Upon suitable choices of basis elements, we can write

ρ ( α β −β̄ ᾱ ) = α^3 √ 3αβ^2 β^3 √ 3α^2β √ 3αβ̄^2 αᾱ^2 − 2ᾱββ̄ √ 3ᾱ^2β ββ̄^2 − 2αᾱβ̄ −β̄^3 − √ 3ᾱ^2β̄ ᾱ^3 √ 3ᾱβ̄^2 − √ 3α^2β̄ 2αᾱβ − β^2β̄ √ 3ᾱβ^2 α^2ᾱ − 2αββ̄ ,

where α, β ∈ C , |α|^2 + |β|^2 = 1. Therefore the induced representation on the Lie algebra level maps the basis elements of the Lie algebra su(2) ( i 0 0 −i ) , ( 0 1 −1 0 ) and ( 0 i i 0 ) , respectively into

3i 0 0 0 0 −i 0 0 0 0 −3i 0 0 0 0 i , 0 0 0 √ 3 0 0 √ 3 −2 0 − √ 3 0 0 − √ 3 2 0 0

and 0 0 0 i √ 3 0 0 i √ 3 2i 0 i √ 3 0 0 i √ 3 2i 0 0 .

Let M be the orbit through the point p = (1, 0, 1, 0) ∈ C^4 , which is the quotient of S^3 by a cyclic subgroup of order 3. The easily seen identities ⟨Xp, iY p⟩ = ⟨Xp, ip⟩ = 0 for X, Y ∈ su(2) show that the tangent space of M at p is a Legendrian subspace. Since ρ[SU(2)] ⊂ SU(4), it follows that M is a Legendrian submanifold of S^7 with vanishing Maslov form. Therefore it is minimal and the cone over M is absolutely area-minimizing. Observe that this example is not the twisted normal bundle over a compact minimal surface in S^3 because of its topology.

3 Legendrian 2-tori in S^5

In this section we prove Theorem 1 which was stated in the introduction.

Let λ be the Liouville form. We denote by I_{Leg}(T^2, S^5) the space of Legendrian immersions of T^2 into S^5 and by Mono_λ(T T^2, T S^5) the space of bundle monomorphisms σ : T T^2 → T S^5 such that λ_{|σ(F )} = 0 and dλ_{|σ(F )} = 0 for each fiber F of T T^2. (These two spaces are provided with the compact-open topology). The h-principle for Legendrian immersions implies that the map:

I_{Leg}(T^2, S^5) −→ Mono_λ(T T^2, T S^5) g −→ dg, is a weak homotopy equivalence (see [6], p. 144).

Lemma. – π_0(I_{Leg}(T^2, S^5)) ≃ H^1(T^2, Z) and the identification is given by half the Maslov class.

Proof of the lemma. – A 2-frame of T_xT^2 is said to be Legendrian if the plane it spans is Legendrian. The space of all Legendrian 2-frames can be identified with GL(3, C ). Let R = (e_1, e_2) be a global section of the frame bundle π : F T^2 → T^2. There is a bijection:

Ψ : Mono_λ(T T^2, T S^5) −→ C^0(T^2, GL(3, C )), σ −→ Ψ(σ) = f_σ,

where f_σ is the map x → (σ(π(R_x)), σ(e_1(x)), σ(e_2(x))). Thus

π_0(I_{Leg}(T^2, S^5)) ≃ [T^2, GL(3, C )] ≃ [T^2, U(3)],

since U(3) is a deformation retract of GL(3, C ). Consider the projection det : U(3) → U(1) and let u be the pull back of the (normalized) volume form w of U(1). The class u is a generator of H^1(U(3), Z) and, since π_1(U(3)) = Z, π_2(U(3)) = 0, the degree map:

deg : [T^2, U(3)] −→ H^1(T^2, Z) f −→ f^∗u is a bijection (see [20], p. 451 or [1], p. 510 for example). Let g ∈ I_{Leg}(T^2, S^5) and let ĝ be its associated cone map ĝ : T^2 × (0, ∞) → C^3 given by ĝ(t, x) = tg(x). Let p : U(3) → U(3)/O(3) be the projection. The Gauss map of ĝ at (x, 0) is given by G(ĝ)(x, 0) = p ∘ r ∘ (g(x), dg(e_1(x)), dg(e_2)(x)) = p ∘ r ∘ f_{dg}(x, 0), where r : GL(3, C ) → U(3) is a retraction. Hence [μ(ĝ)] = (det^2 ∘ G(ĝ))^∗w = f^∗_{dg} ∘ r^∗ ∘ p^∗ ∘ (det^2)^∗w.

It is readily checked that p^∗ ∘ (det^2)^∗w = 2u and, of course, r^∗ = id so [μ(ĝ)] = 2f^∗_{dg}u. Thus π_0(I_{Leg}(T^2, S^5)) is classified by half the Maslov class. □ The proof of the Theorem 1 is a consequence of this lemma combined with the fact that there actually exists a minimal Legendrian embedding of the 2-torus into S^5.

References

[1] G. E. Bredon, Topology and Geometry, GTM 139, Springer, 1993. [2] I. Castro and F. Urbano, New examples of minimal Lagrangian tori in the complex projective plane, Manuscripta Math. 85 (1994), 265–281.

[3] T. E. Cecil and P. J. Ryan, Tight and Taut immersions of Manifolds, Research Notes in Mathematics 107, Pitman, Boston, 1985.

[4] B. Cheng, Area-minimizing cones and coflat fibrations, Indiana J. of Math. 3 (1988), 196–213.

[5] B. Cheng, The special Lagrangian cones over E_6/F_4 and SU(9)/Sp(3), Yokohama Math. J. 42 (1994), 103–105.

[6] Y. Eliashberg and N. Mishachev, Introduction to the h-principle, GSM vol. 48, AMS 2000.

[7] D. Ferus and H. Karcher and H. F. Muenzner, Cliffordalgebren and neue isoparametrische Hyperflaechen, Math. Z, 177 (1981), 479–502.

[8] R. Harvey and H. B. Lawson, Calibrated geometries, Acta Math. 148 (1982), 47– 157.

[9] W. Y. Hsiang and H. B. Lawson, Minimal submanifolds of low cohomogeneity, J.

Differential Geom. (1971) 5, 1–38.

[10] M. Haskins, Special Lagrangian cones, arXiv:math.DG/0005164, 2000, to appear in Amer. J. Math.

[11] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Pure and Applied Mathematics 80, Academic Press, New York-London, 1978.

[12] D. Joyce, Special Lagrangian 3-folds and integrable systems, arXiv:math.DG/0101249, 2001.

[13] A. Korányi and J. A. Wolf, Realization of Hermitian symmetric spaces as generalized half-planes, Ann. Math. 81 (1965), 265–288.

[14] I. McIntosh, Special Lagrangian cones in C^3 and primitive harmonic maps, arXiv:math.DG/0201157, 2002, to appear in J. London Math. Soc.

[15] J.-M. Morvan, Classe de Maslov d’une immersion lagrangienne et minimalité, C. R. A. S. série I, 292 (1981), 633–636.

[16] H. F. Münzner, Isoparametrische Hyperflächen in Sphären, I: Math. Ann. 251 (1980), no. 1, 57-71; II: Math. Ann. 256 (1981), no. 2, 215–232.

[17] K. Nomizu, Some results in É. Cartan’s theory of isoparametric families of hypersurfaces, Bull. Amer. Math. Soc. 79 (1973), 1184–1188.

[18] H. Ozeki and M. Takeuchi, On some types of isoparametric hypersurfaces in spheres, I, Tôhoku Math. J. 27 (1975), 515–559.

[19] H. Ozeki and M. Takeuchi, On some types of isoparametric hypersurfaces in spheres, II, Tôhoku Math. J. 28 (1976), 7–55.

[20] E. H. Spanier, Algebraic Topology, McGraw Hill, New-York, 1966.

[21] G. Thorbergsson, A survey on isoparametric hypersurfaces and its generalizations, Handbook of Differential Geometry, vol. 1, Eds. F. J. E. Dillen and L. C. A. Verstraelen, Elsevier Science, 2000.

[22] R. Takagi and T. Takahashi, On the principal curvatures of homogeneous hypersurfaces in a sphere, Differential Geometry in honor of K. Yano, Kinokuniya, Tokyo, 1972, 469–481.

[23] J. A. Wolf, Spaces of Constant Curvature, 5th ed., Publish or Perish, 1975.

V. Borrelli Institut Girard Desargues, Université Claude Bernard, Lyon I 43, boulevard du 11 Novembre 1918 69622 Villeurbanne Cedex, France email : borrelli@igd.univ-lyon1.fr

C. Gorodski Departamento de Matemática Universidade de São Paulo Rua do Matão, 1010 São Paulo, SP 05508-090 Brazil email : gorodski@ime.usp.br