Exercises, May 8, 2025

1) We put R = R[[¢]] and consider its extensions S; = C[[t]] and Sy = R[\/1].
(i) For ¢ = 1,2, show that S; is a free R—module of rank 2 and construct an
R—group homomorphism

fi : H (Gm,5i> — Gm,R
Si/R
such that its precomposite with the diagonal map G, r — [, / r(Gms,) is
t 12
(ii) Describe [] (Gy,s;) Xr R for i = 1,2 and the associated morphisms
S;/R
9i = fi xr R.
(iii) Show that the character go is a square (that is go = 2¢' for some
character ¢') but not fs.

2) Let R be aring and let S be a finite locally free extension of R of constant
degree d > 1 and denote by j: R — S.

(a) Construct a natural linear faithful representation [[ G, s — GL(j.95).

S/R
(b) Assume that R is connected. Show that [[ G,, s is a diagonalizable
S/R

R-group scheme if and only if S = R X --- X R (d times). [Hint: Use (a) and
rank considerations (the rank of an abelian group is the minimal cardinal of
a set of generators)|.

3) (Connection with the definition of smoothness in the book Néron models).
Let S = R[Ty,...,T,]/(f1,..., fc) with 0 < ¢ <n.
(a) Assume that S is standard smooth. For each s € Spec(S), that show that

df1(s), ..., dfc(s) is a free family of the k(s)—vector space Q}%[Tl,...,Tn]/R QR[T,.... Tx] K(5)-

(b) If dfi(s), ..., dfc(s) is a free family of the x(s)—vector space QIR[Tl,n-,Tn]/R QR[TY,....T] K(5)

for each s € Spec(5), show that S is a smooth R-algebra (with the definition
of the lectures).



