> restart:
with (LinearAlgebra) :
d:=1;
L d=1 1)
| We define the Lax matrix using Theorem 2.2
> checkLl2:=-t[2*d+1] *1lambda” (2*d) :
for k from 0 to 2*d-1 do checkLl2:=checkLl2-t[2*d+1]*Qinfty[k]¥*
lambda’“k: od:
checkLl2:=checklLl2;

checkLI2 = -1, X’ — t, Qinfiy, \. — t; Qinfiy, @)

> checkL1l1l:=t00/lambda+t00/Qinfty[0] *1ambda” (2*d-1) :
for k from 0 to 2*d-1 do checkLll:=checkLll-Pinfty[2*d-1-k]¥*
lambda“k: od:
for k from 0 to 2*d-2 do for m from 0 to 2*d-2-k do checkLll:=
checkLll-Pinfty[m] *Qinfty[k+1+m] *1lambda“k: od: od:
for k from 1 to 2*d-1 do checkLll:=checkLl1l+t00/Qinfty[0]*Qinfty
[k] *1lambda” (k-1) : od:
checkLll:=checkLl]l;

checkL22:=-checkLll:
100 Qin
checkLI] := tiO + Qt?:l)fty;o — Pinfty, — Pinfty, A — Pinfty, Qinfty, + ﬁ (€)]
> NumcheckL2lpoleinfinity:=-checkLl11*2/checkLl2:
for j from 2*d-1 to 4*d do for m from 0 to 4*d-j do
NumcheckL2lpoleinfinity:=NumcheckL2lpoleinfinity+t[2*d+1-m]*t[j+
m-2*d+1] *lambda”j/checkLl2: od: od:
checkL2lpoleinfinity:=0:
for i from 1 to 100 do
checkL2lpoleinfinity:=checkL2lpoleinfinity- (residue
(NumcheckL2lpoleinfinity*lambda” (-i) ,lambda=infinity) ) *lambda”
(i-1): od:

checkL2lpolezero:=simplify (- (residue (NumcheckL2lpoleinfinity,
lambda=infinity) ) /lambda) :
checkL2l:=checkL2lpolezero+checkL2lpoleinfinity;
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> checkLMatrix:=Matrix(2,2,0):

checklMatrix[1l,1] :=checkLll:

checklMatrix[1l,2] :=checkLl1l2:

checklMatrix[2,1] :=checkL21:

checklMatrix[2,2] :=checkL22:

checklMatrix:

;We define the general auxiliary matrix using Theorem 2.2

> checkAl2:=0:
for i from 0 to 2*d-1 do checkAl2:=checkAl2-t[2*d+1]*nu[i]*
lambda” (2*d-i) : od:
for k from 1 to 2*d-1 do for i from 0 to k-1 do checkAl2:=
checkAl2-t[2*d+1] *nu[i] *Qinfty[k] *1lambda* (k-i): od: od:
checkAl2;

nu[2*d] :=simplify (-residue (lambda” (2*d-1) *checkAl2/checkLl2,
lambda=infinity)) ;
2 .
v, == Qinfty, v, — Qinfty, v,
> checkAll:=0:
NumcheckAll:=0:

(-i) *checkLll: od:

lambda” (-i) ,lambda=infinity) ) *lambda” (i-1) : od:
checkAll;

checkA22 :=-checkall:

vy ( - Pinfty, — Pinfty, Qinfty, + 100

Qinfi A

100 Qinﬁyl J Ly ( t00
1

Qinfty, Qinfty, —Pinftyo) i (

-—PMﬂ%jl

> checkA21l:=(-t00)/t[2*d+1]/ (Qinfty[0])~2*LQinfty[0]/lambda:

-2*checkAll) :

—21

for i from 0 to 2*d-1 do NumcheckAll:=NumcheckAll+ nu[i] *lambda*

for i from 1 to 100 do checkAll:=checkAll- (residue (NumcheckAll*

QuantitycheckA2l:=checkLll/checkLl2* (checkLll/checkLl2*checkAl2

C))
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for i from 1 to 100 do checkA2l:=checkA2l- (residue
(QuantitycheckA2l*lambda” (-i) ,lambda=infinity) ) *lambda” (i-1): od:
for i from 0 to 100 do checkA2l:=checkA2l+ (residue
(QuantitycheckA2l*lambda” (i) ,lambda=0) ) *1lambda” (-i-1) : od:
AdditionalTerm:=t00* (1-t00) /t[2*d+1]/Qinfty[0]*2/lambda*nu[2*d-1]

for k from 1 to 2*d-1 do AdditionalTerm:=AdditionalTerm+t00* (1-
t00) /t[2*d+1]/Qinfty[0]*2/1lambda*nu[k-1]*Qinfty[k]: od:

checkA2l :=checkA21+AdditionalTerm:

NumcheckA21:=0:

for k from 2*d to 4*d do for j from k to 4*d do for m from 0 to
4*d-j do NumcheckA21l:=NumcheckA21l- t[2*d+1-m]*t[j+m-2*d+1]*nu[]j-
k]*lambda“k: od: od: od:

for i from 1 to 100 do checkA2l:=checkA2l- (residue (NumcheckA21l/
(-checkLl2) *lambda” (-i) ,lambda=infinity) ) *1lambda” (i-1) : od:
checkA21 :=checkA21l:

series (checkA2l,lambda=infinity) ;
2
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> checkAMatrix:=Matrix(2,2,0):

checkAMatrix[1l,1] :=checkAll:

checkAMatrix[1l,2] :=checkAl2:

checkAMatrix[2,1] :=checkA21:

checkAMatrix[2,2] :=checkA22:

checkAMatrix:

[ We define the derivatives of the Lax matrices. The derivative relatively to times and Darboux
| coordinates is specific to d=1 and should be adapted for other values of d.

> dcheckAMatrixdlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dcheckAMatrixdlambdali,
_ j] :=diff (checkAMatrix[i,j],lambda): od: od:
> LcheckLMatrix:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do




LcheckLMatrix[i,j] :=diff (checkLMatrix[i,j],t[2])*alpha[2]+diff
(checklMatrix[i,j],t[1]) *alpha[l]+diff (checkLMatrix[i,j],Qinfty
[0]) *LQinfty[0]+diff (checkIMatrix[i,j],Qinfty[1l]) *LQinfty[1]+diff
(checklMatrix[i,j],Pinfty[0]) *LPinfty[0]+ diff (checkLMatrix[i,j],
Pinfty[1l]) *LPinfty[1l]: od: od:

[ We define the compatibility equations and solve them. This is the main test for the formulas of
| Theorem 2.2. This part is again specific to d=1 and should be adapted for other values of d

> CompatibilityEquations:=simplify (
dcheckAMatrixdlambda-LcheckLMatrix+Multiply
(checkAMatrix,checkLMatrix)-Multiply (checkLMatrix,checkAMatrix)
) :
> simplify(series (CompatibilityEquations[1l,1],lambda=0)) :
series (simplify (series (CompatibilityEquations[1l,1],lambda=
infinity)) ,lambda=infinity) :
series (simplify (series (CompatibilityEquations[1l,2],lambda=
infinity)) ,lambda=infinity) :
series (simplify (series (CompatibilityEquations[2,1],lambda=
infinity) ) ,lambda=infinity) :
EQl:=residue (CompatibilityEquations[1l,1],lambda=0) ;
EQ2:=-residue (CompatibilityEquations[1l,1]/lambda”*2, lambda=
infinity);
EQ3:=-residue (CompatibilityEquations[1l,1]/lambda”*l, lambda=
infinity);
EQ4:=-residue (CompatibilityEquations[1l,2]/lambda”*2,lambda=
infinity);
EQ5:=-residue (CompatibilityEquations[1l,2]/lambda”*l, lambda=
infinity);

EQI = (=2 100 Pinfiy, Qinfiyg Qinfiy, v, —2 100 Pinfty, Qinfiy§ v, —2 100 Pinfty,

Qinfry;
Qinftyy v, + 100 Qinfty, Qinfty, v, — 100 LQinfty, Qinfty, + 100 Qinfty, vi)
1 . . . .
— ( ( (4 Qinfty, £z — 4 1, t3> vy~ 2 tgvl) Qinfry, + ( ( - Qinfiy, ; + 2 t, Qinfty: t,
Qmﬁy()
+ (- Pinftyy — 2 t, t; — 1) Qinfty, — 2 Pinfiy, Pinfty, +2 ty1, + 2 t,1,) v, + 3 Qinfiy £V,
— 41,13V, Qinfiy, + (- Pinfiy§ + 21, t; + 1) v, + LPinftyy) Qinfiyg — 100 ( Qinfiy, v,
+v) (-1 +100))
1 . : . .
EQ3 = g (2v, 2 Qinfiyy + ( (Qinfty} & + Pinfiyg — 21, 1;— 1) vy +4 13V, (13 Qinfry,
124} 0
—1)) Qinfty, + ((- Qinfty{ 15 + 2 Qinfty) t, ty + (- Pinftyg — 2 1, t; — ;) Qinfty| + (
-2 Pinfty, Pinfty, +2 ty1, + 2 t, 1,) Qinfty, — 2 100 Pinfty, — Pinfty,) v, — Qinfty} v, +2

EQ2 =




Qinfty: 1, 1 v, + ( ( ~Pinftys — 21, 1, — t%) v, + LPinftyO) Qinfty, + (-2 Pinfty, Pinfty,
+2651,+21, tl) v, + LQinfty, Pinfty, + LPinftyl) Qinftyé + ( (r00 + 1) Vo + 2 Pinfty, v,
- LQinftyl) 100 Qinfty, — 100 Qinfty, (Qinfty1 Vo + Vl) (-1 +100) )
EQ4 =1, ( (2 Pinfty, Qinfty, —2) v, — 2 Pinfty, v, + LQinftyl)
EQ5 =1, ( ( (2 Pinfty, Qinfty, +2 Pinftyl) Qinfty, — Qinftyl) Vo + 2 Pinfty, Qinfty, vV, —V, 8
|+ LQinftyO)
> LQinfty[0] :=factor (solve (EQ1l,LQinfty[0])) ;
ILQinfty[1l] :=factor (solve (EQ4,LQinfty[1])) ;
LPinfty[0] :=factor (solve (EQ2,LPinfty[0])) ;
LPinfty[1l] :=factor (solve (EQ3,LPinfty[1])) ;
EQl:=simplify (EQ1) ;
EQ2:=simplify (EQ2) ;
EQ3:=simplify (EQ3) ;
EQ4:=simplify (EQ4) ;
EQ5:=simplify (EQ5) ;
LQinfty, := -2 Pinfty, Qinfty, Qinfty, e 2 Pinfty, Qinfty,, v, — 2 Pinfty, Qinfty, Vo + Qinfty, Vo
+Vv,
LQinfty, == -2 Pinfty, Qinfty, v, + 2 Pinfty, v, +2 v,
1

LPinfty, = ——— (Qinfiy Qinfty; vy 15 — 4 Qinfiy Qinfiy, v, 13 2 Qinfi; Qinfiy vy 1, 1
Qinfi Yy

— 3 Qinfty, Qinfty; v, £ + Pinftyy Qinfty; Qinfty, v, + 4 Qinftyy v, t, t, + 2 Qinftyy v, £ +2
Qinftyy Qinfty, v, 1, t; + Qinftyy Qinfty, v, ; + 4 Qinftyy Qinfty, v, t, t, + Pinftyg Qinftyy v,
+2 Pinfty, Pinfty, Qinftyy v, — 2 Qinftyy v, 1o ty — 2 Qinftyy vy t; t, — 2 Qinftyg v, t; 1, —
Qinftyy v, 65 + 1007 Qinfty, v, +100° v, — 100 Qinfty, v, — 100V, )

1 : : . . :
—— (-3 Qinftyy Qinfiy; v, f; — 4 Qinfty, Qinfty, v, 5 + 2 £; Qinfty, v, + 4
anfty()

Qinftyy Qinfty, vy t, t; + 6 Qinfty; Qinfty, v, £ + 6 Qinfty, Qinfiy; v, t, t; — Pinfty; Qinftyy v,y
— 2 Qinftyy v, 1, t; — Qinftyy vy £ — 4 Qinftyy v, t, t; — 4 Qinfty, Qinfiy, v, 1, 1,

—2 Qinfty, Qinfty, v, 6, + 2 Qinfty, v, 1y ty + 2 Qinftyy v, t, t, + 100° v, + Pinfty, Qinfty, v,,
— 100 Vo)

LPinfty, = -

= ()
= ()
=0

EQ
EQ
EQ

L EQS5 = 9
> series(simplify (series (CompatibilityEquations[2,1],lambda=
infinity) ) ,lambda=infinity) ;
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[ In order to solve the entry (2,1) of the compatibility equations, we need to express the nu's in terms of
| the vector \alpha.

> solve(-4*nu[0]*t[3]*2+2*alpha[2]*t[3],nu[0]);
solve (2*nu[l]*t[3]*2-2*%alpha[l]*t[3]+alpha[2]*t[2] ,nu[l]);

el
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> M:=Matrix(2*d,2*d,0) :

for i from 1 to 2*d do for j from 1 to i do
M[i,j]:=t[2*d+1-i+j]:
od: od:
M;
alphaVector:=Matrix(2*d,1,0):
for i from 1 to 2*d do alphaVector[i,l]:=alpha[2*d-i+1]/(2*d-i+1)
: od:
alphaVector;
nuVector:=Matrix(2*d,1,0):
for i from 1 to 2*d do nuVector[i,l]:=nu[i-1]: od:
nuVector;
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_> nu[0] :=alpha[2]/ (2*t[3]) ;
nu[l] :=(2*alpha[l]*t[3]-alpha[2]*t[2])/(2*t[3]"2);




simplify (Multiply (M,nuVector)-alphaVector) ;
3
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2
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> simplify (CompatibilityEquations) ;

0 0 14)
i 0 0

[ This verifies that the relation between nu's and alpha's is correct. We check now that the formulas for
| the Hamiltonians are correct.
> HOl:=simplify (residue( checkLl1l”2+checkLl2*checkL2l+checkL12*diff
(checkLll/checkLl1l2,lambda) ,lambda=0)) ;
for j from 0 to 2*d-2 do
Hinfty[]j] :=simplify (-residue (lambda” (-j-1) * (checkLl1”2+checkLl2*
checkL2l+checkL12*diff (checkLll/checkLl2,lambda)), lambda=
infinity)): od:
Hinfty[0] :=Hinfty[0];
HOI = — ((2 Qinfty, 5 =2 1, 13) Qinfiyy + ( - Qinfiy; &3 + 2 1, Qinfty; t; + ( - Pinfty;
Qinfty, 13 213 0 13 2 13 0
—21t;— tg) Qinfty, — 2 Pinfty, Pinfty, +2 t,1,+ 2 1, tl) Qinfty + 100 (-1
+100) Qinfty, )
Hi _ a3 L2224 pep 2 2\ g2
infy, = Qi (-3 Qinfiyy + (3 Qinfiy; 13 — 4 Qinfiy, t, 1; — Pinfiy; + 2 1, ty + 1) Qinfiyy ~ (15)
+ ( - Qinfty, &z + 2 Qinfty, t, 1, + ( -2t 1y — t%) Qinfty; + (2131 +2 1, 1,) Qinfty, +
Pinfty; + Pinfty,) Qinfty, + 100> — 100)
> HamGeneral:=0:
for k from 0 to 2*d-2 do HamGeneral:=HamGeneral+nul[k+1l]*Hinfty[k]
: od:
HamGeneral : =HamGeneral+nu[0] * (HO1+2*d*Pinfty[2*d-1]) :
for k from 0 to 2*d-2 do HamGeneral :=HamGeneral+nu[0]* (k+1) *
Qinfty[k+1]*Pinfty[k]: od:
HamGeneral :=simplify (HamGeneral) ;

1 . 3 2\ o3 . .3
IMmGawmh=-——————-[ 2 Qinfty, o, —2 0, ) t; — 1, O, ¢ Qmﬁy+[ - Qinfty, «. (16)
2Qinftyot§ (( 1% 1) 37 h 23) 0 ( 1%
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+((( - Pinftyy + 3 15) Qinfty, — 2 Pinfty, Pinfty, ) o, +2 6 &, — 2 Pinfty; o) 1+
Pinfiyg t, — tg) 0‘2) Qinfty, + ( -2 Qinfty, o, 15 + (Qinfzyf o, +4 0 (Qinfzyf ty
—1, Qinfty, +1,) ) Qinfty, 6+ ((-2 Qinfty} 15 +2 Qinfiyi 1, t, + (-2 141
+ Pinftyy) Qinfty, +2 Pinfty,) o, +2 &, (- Qinfty| £ +2 Qinfty, 1, t, + Pinfty]
+ Pinfiyy) ) 1y = 1,0 ( - Qinfty; 15 + 2 Qinfty, t, t, + Pinfty| + Pinfty, ) ) Qinfiy,
+100 ((Qinfiy 0, +20y) 15— 0y 1y) (-1 +100) )
> simplify (LQinfty[0]-diff (HamGeneral,Pinfty[0])) ;
simplify (LQinfty[1l]-diff (HamGeneral,Pinfty[1l]))
simplify (LPinfty[0]+diff (HamGeneral,Qinfty[0])) ;
simplify (LPinfty[1]+diff (HamGeneral,Qinfty[1l])) ;
0
0

0
0

HamGeneralFunction:=unapply (HamGeneral,alpha[l],halpha[2]):
Hamtl :=simplify (HamGeneralFunction(1,0)) ;

Hamt2:=simplify (HamGeneralFunction(0,1)) ;
VectorHam:=Matrix (2*d,1,0):

VectorHam[1l,1] :=1*Hamt1l:

VectorHam[2,1] :=2*Hamt2:

HVector:=Matrix(2*d,1,0) :

for k from 1 to 2*d-1 do

HVector[k,1] :=Hinfty[2*d-1-k]: od:

HVector[2*d,1] :=H01+2*d*Pinfty[2*d-1]:

for k from 0 to 2*d-2 do HVector[2*d,1l] :=HVector[2*d,1]+ (k+1)*
Qinfty[k+1]*Pinfty[k]: od:
HVector([2*d,1] :=simplify (HVector[2*d,61]) :

simplify (VectorHam-Multiply (M” (-1) ,HVector));

. 1 2 . .3 ) . 2 .2
Hamtl = T iny (=173 Qinfiyy + (3 Qinfiy; f3 + (-4 1, Qinfiy, +2 1,) 15 + 1, — Pinfiy;)
Qinftyy + ( - Qinfty, 15 + 2 Qinfty, (Qinfty] t, — 1, Qinfty, + 1)) t; — Qinfiy| 1,
+2 Qinfty, 1, t, + Pinfty; + Pinfty,) Qinfty, + 100 — 100)
1 . 3 2 . 3 . .33 )
Hamt2 .= —— ( (2 Qinfty, ; — 1, t5) Qinfty, + ( - Qinfty, t; + ( - Qinfty; t
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+2 Pinfty, ) t; + 6, Qinfty; — 2 1, 1; Qinfty, — 1, (Pinfty; + Pinfty,) ) Qinftyy — 100 (
-3 Qinfiy, +1,) (-1 +100) )

) (18)
i 0
> series (checklLl2,lambda) ;
series (checkLll, lambda) ;
series (checkL21l,lambda) :
expand (simplify (residue (checkL21l,lambda=0))) ;
. : 2
- Qinfty, t; — t, Qinfty, A — t; A
1 . . . 100 Qinfty, 100 .
t00 A~ + - Pinfty, — Pinfty, Qinfty, + Qinfiy, ( Qinfiy, metyo) A
.3 . . .2 P”VB%Qﬁﬁwl . .
ty Qinfty; — 2 Qinfty, t; Qinfty, — 2 Qinfty| 1, + . + 2 Qinfty, t, + 2 t, Qinfty, 19)
3
& Qinfty, 2100 Pinfty, Qinfty, 2 Pinfty, Pinfty, 26,1, 100° Qinfry,
+ — - + —21t — +
A Qinfty, t 1 0 A 0 ,-nﬂyg 1
2 100 Pinfty,
Qinfty, t;

> solve({nu0 = alpha[2]/(2*t[3]) , nul = (2*alpha[l]*t[3]-alpha[2]*
t[2]1)/(2*t[3]*2)},{alpha[l],alpha[2]});
alpha[l] := nuO*t[2]+nul*t[3];

alpha[2] := 2*nu0*t[3];

simplify (nu[0]-nu0) ;
simplify(nu[l]-nul) ;

checkAl2:=simplify (checkAl2):

checkAll :=simplify (checkAll):

checkA2l :=simplify (checkA2l) :

series (checkAl2,lambda) ;

expand (series (checkAll,lambda)) ;

expand (series (checkA2l,lambda)) ;

simplify (residue (checkA21,lambda=0)) ;
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> expand (series (Hinfty[0],Qinfty[0])) ;
(100 — 100) Qinfty,™" + - Qinfty, £; + 2 Qinfty, t, t; — 2 Qinfiy, 1, t; — Qinfty; 15 (21)

+2 Qinfiy, 1yt 2 Qinfiy, 1, t, + Pinfty] + Pinfty, + (3 Qinfty; 15 — 4 Qinfty, t, t; — Pinfiy;

| +25%+é)Qmmb—éQmmf

_> expand (series (HO1,Qinfty[0])) ;

(100° Qinfty, — 100 Qinfty, ) Qinfty, ™" + ( - Qinfty} £ + 2 t, Qinfty t, — Pinfiy; Qinfty, (22)
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