> restart:
with (LinearAlgebra) :
d:=2;
d=2

;We define the Lax matrix using Theorem 4.1

> checkLRedl2:=-t[2*d+1] *1ambda” (2*d) :
for k from 0 to d-1 do checkLRedl2:=checkLRedl2-t[2*d+1]*Qinfty
[2*k] *1lambda” (2*k) : od:
checkLRedl2:=checkLRedl2;
checkLRed12 ==t X — t; Qinfty, X — 15 Qinfty,

> checkLRedl1l:=t00/lambda+t00/Qinfty[0] *1lambda” (2*d-1) :

for k from 1 to d do checkLRedll:=checkLRedll-Pinfty[2*d-2*k]*
lambda“* (2*k-1) : od:

for k from 1 to d-1 do for m from 0 to d-1-k do checkLRedll:=
checkLRedl1l-Pinfty[2*m] *Qinfty[2*k+2*m] *1ambda” (2*k-1) : od: od:
for k from 1 to d-1 do checkLRedll:=checkLRedl1+t00/Qinfty[0]*
Qinfty[2*k] *1lambda” (2*k-1) : od:

checkLRedll:=checkLRedll;

checkLRed22 :=-checkLRedll:
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> NumcheckLRed2lpoleinfinity:=-checkLRedl1*2/checkLRedl2:

for j from d to 2*d do for m from 0 to 2*d-j do
NumcheckLRed2lpoleinfinity:=NumcheckLRed2lpoleinfinity+t[2*d+1-2*
m]*t[2*j+2*m-2*d+1] *1lambda” (2*]j) /checkLRedl2: od: od:
checkLRed2lpoleinfinity:=0:

for i from 1 to 100 do checkLRed2lpoleinfinity:=
checkLRed2lpoleinfinity- (residue (NumcheckLRed2lpoleinfinity¥*
lambda” (-i) ,lambda=infinity) ) *lambda” (i-1) : od:

checkLRed21 :=checkLRed2lpoleinfinity;
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> checkLRedMatrix:=Matrix(2,2,0):
checkLRedMatrix[1l,1] :=checkLRedll:
checkLRedMatrix[1l,2] :=checkLRedl2:
checkLRedMatrix[2,1] :=checkLRed21:
checkLRedMatrix[2,2] :=checkLRed22:
checkLRedMatrix:

;We define the general auxiliary matrix using Theorem 4.1

> checkARedl2:=0:
for i from 0 to d-1 do checkARedl2:=checkARedl2-t[2*d+1l]*nu[2*
i+l]*lambda” (2*d-2*i-1): od:
for k from 1 to d-1 do for i from 0 to k-1 do checkARedl2:=
checkARedl2-t[2*d+1] *nu[2*i+1] *Qinfty[2*k] *1lambda” (2*k-2*i-1) :
od: od:
checkARed1l2;

nu[2*d] :=simplify (-residue (lambda” (2*d-1) *checkARed1l2/checkLl1l2,
lambda=infinity)) ;
3 .
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> checkARedl11:=0:
NumcheckARedl1l:=0:
for i from 0 to d-1 do NumcheckARedll:=NumcheckARedll+ nu[2*i+1l]*
lambda* (-2*i-1) *checkLRedll: od:
for i from 1 to 100 do checkARedll:=checkARedll- (residue
(NumcheckARedll*lambda” (-i) ,lambda=infinity) ) *lambda” (i-1) : od:
checkARedll;

checkARed22 :=-checkARedll:

Piniv. — Pi e 1000my A 100
v, infty, infty, Qinfty, Qinfiy, Vv, [ Qinfiy,

100
Qinfty,

- Pinftyo) +v, [ 6)

- Pinftyoj z

> checkARed21:=(-t00) /t[2*d+1]/ (Qinfty[0]) *2*LQinfty[0]/lambda:
QuantitycheckARed21 :=checkLRedll/checkLRed12*
(checkLRedll/checkLRedl2*checkARedl2-2*checkARedll) :
for i from 1 to 100 do checkARed2l:=checkARed2l- (residue
(QuantitycheckARed21l*lambda” (-i) ,lambda=infinity) ) *lambda” (i-1) :
od:
for i from 0 to 100 do checkARed2l:=checkARed2l+ (residue
(QuantitycheckARed21l*lambda” (i) ,1ambda=0) ) *lambda” (-i-1): od:




AdditionalTermRed:=t00* (1-t00) /t[2*d+1]/Qinfty[0]*2/lambda*nu[2*
d-1]:
for k from 1 to d-1 do AdditionalTermRed:=AdditionalTermRed+t00%*
(1-t00) /t[2*d+1]/Qinfty[0]*2/1lambda*nu[2*k-1]*Qinfty[2*k]: od:
checkARed21 :=checkARed21+AdditionalTermRed:
NumcheckARed21:=0:
for k from d to 2*d-1 do for j from k+l to 2*d do for m from 0 to
2*d-j do NumcheckARed21 :=NumcheckARed21l- t[2*d+1-2*m]*t[2*j+2*
m-2*d+1]*nu[2*j-2*k-1] *lambda” (2*k+1) : od: od: od:
for i from 1 to 100 do checkARed2l:=checkARed2l- (residue
(NumcheckARed21/ (-checkLRed1l2) *1lambda” (-i) ,lambda=infinity)) *
lambda” (i-1) : od:
checkARed21 :=checkARed21:
series (checkARed21,lambda=infinity) ;
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> checkARedMatrix:=Matrix(2,2,0):
checkARedMatrix[1l,1] :=checkARedll:
checkARedMatrix[1l,2] :=checkARedl2:
checkARedMatrix[2,1] :=checkARed21l:
checkARedMatrix[2,2] :=checkARed22:
checkARedMatrix:

[ We define the derivatives of the Lax matrices. The derivative relatively to times and Darboux
| coordinates is specific to d=2 and should be adapted for other values of d.

> dcheckARedMatrixdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dcheckARedMatrixdlambda

[1i,]] :=diff (checkARedMatrix[i,j],lambda): od: od:

> LcheckLRedMatrix:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do
LcheckLRedMatrix[i,j] :=diff (checklRedMatrix[i,]j],t[3])*alpha[3]+
diff (checkLRedMatrix[i,j],t[1l]) *alpha[l]+diff (checklRedMatrix[1i,
31,Qinfty[0]) *LQinfty[0]+diff (checkLRedMatrix[i,j],Qinfty[2])*
LQinfty[2]+diff (checkLRedMatrix[i,j] ,Pinfty[0]) *LPinfty[0]+ diff
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(checkLRedMatrix[i,j],Pinfty[2]) *LPinfty[2] od: od:

[ We define the compatibility equations and solve them. This is the main test for the formulas of
 Theorem 4.1. This part is again specific to d=2 and should be adapted for other values of d

> CompatibilityEquations:=simplify( dcheckARedMatrixdlambda-
LcheckLRedMatrix+Multiply (checkARedMatrix,checkLRedMatrix) -
Multiply (checkLRedMatrix,checkARedMatrix) ):
> simplify (series (CompatibilityEquations[1l,1],lambda=0)) :
series (simplify (series (CompatibilityEquations[1l,1],lambda=
infinity)),lambda=infinity) :
series (simplify (series (CompatibilityEquations[1l,2],lambda=
infinity)) ,lambda=infinity):
series (simplify (series (CompatibilityEquations[2,1],lambda=
infinity)) ,lambda=infinity):
simplify (residue (CompatibilityEquations[1l,1]*lambda,lambda=0)) ;
EQl:=simplify (residue (CompatibilityEquations[1l,1],lambda=0)) ;

simplify (-residue (CompatibilityEquations[1l,1]/lambda”5,lambda=
infinity));

EQ2:=-residue (CompatibilityEquations[1l,1]/lambda”*4,lambda=
infinity);

EQ3:=-residue (CompatibilityEquations[1l,1]/lambda”3,lambda=
infinity);

EQ4:=-residue (CompatibilityEquations[1l,1]/lambda”*2,lambda=
infinity);

EQ5:=-residue (CompatibilityEquations[1l,1]/lambda”1l,lambda=
infinity);

simplify (-residue (CompatibilityEquations[1l,2]/lambda”5,lambda=
infinity));
EQ6:=-residue (CompatibilityEquations[1l,2]/lambda”*4,lambda=
infinity);
EQ7:=-residue (CompatibilityEquations[1l,2]/lambda”3,lambda=
infinity);
EQ8:=-residue (CompatibilityEquations[1l,2]/lambda”*2,lambda=
infinity);
EQ9:=-residue (CompatibilityEquations[1l,2]/lambda”1l,lambda=
infinity);
0
EQI :=- o lfty (tOO (2 Pinfty, Qinfty, Qinfty, v, + 2 Pinfty, Qinfty, v, + 2 Pinfty, Qinfty, v,
in
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BQ2:= —— (-2 v, Qinfiy} + (22 Qinfi} + ( - Pinfiyy — 2 t51,) Qinfiy,
mety()
— 2 Pinfty, Pinfty, + 2 ts t, + t§> v, — 2 Qinfty, tg vy + - Pinfiyg +2 1, ty) vy + LPinftyO>
Qinfiyy — 100 ( Qinfty, v, +v5) (=1 +100))
EQ3:=0

Qiifzf (( (Pinfyg —2t513) v, =215 Vi) Qinfty, + ( (Qinfty, s + ( - Pinfty;
0

—21513) Qinfty, + (-2 Pinfty, Pinftyy +2 ts 1, +13) Qinfty, — 2 Pinfty, (100 +1) ) v, +
Qinfty, 15 v, + (( - Pinftyy =2 1515) v, + LPinftyy) Qinfiy, + ( =2 Pinfiy, Pinfty, + 2 15, +
£3) v, + LQinfty, Pinfty, + LPinfty, ) Qinfty} + 100 ((100 +2) v, +2 Pinfiy, v,

— LQinfty, ) Qinfty, — 100 Qinfty, (Qinfty2 v, + v3) (-1 +100) )

EQ4 =

EQ5:=0
0
EQ6:=0
EQ7 =t ( (2 Pinfty, Qinftyy —3) v, — 2 Pinfty, v, + LQinftyZ)
EQ8:=0
EQ9 := t5 (( (2 Pinfty, Qinfty, + 2 Pinfty,) Qinfty, — Qinfty,) v, + 2 Pinfty, Qinfty, vy — Vv,

i +LQMﬁ%)
> LQinfty[2] :=factor (solve (EQ7,LQinfty[2]));
LQinfty[0] :=factor (solve (EQ9,LQinfty[0])) ;
LPinfty[0] :=factor (solve (EQ2,LPinfty[0])) ;
LPinfty[2] :=factor (solve (EQ4,LPinfty[2])) ;
EQl:=simplify (EQ1) ;
EQ2:=simplify (EQ2) ;
EQ3:=simplify (EQ3) ;
EQ4:=simplify (EQ4) ;
EQ5:=simplify (EQ5) ;
EQ6:=simplify (EQ6) ;
EQ7:=simplify (EQ7) ;
EQ8:=simplify (EQ8) ;
EQ9:=simplify (EQ9) ;
LQinfty, = -2 Pinfty, Qinfty, v, + 2 Pinfty, v, +3 v,
LQinfty, = -2 Pinfty, Qinfty, Qinfty, v, — 2 Pinfty, Qinfty, v, — 2 Pinfty, Qinfty, v, + Qinfty, v,
tv,
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0
Qinfiyy Qinfty, v, 1, ts + 2 Qinftyy Qinfty, v, fz + Pinftyy Qinftyy v, + 2 Pinfty, Pinfty,
Qinftyy v, — 2 Qinfiyg v, 1, ts — Qinftyy v, f; — 2 Qinftyy v, t; 15 + 100° Qinfty, v, + 100° v,
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— 100 Qinfty, v, — 100 v3)

LPinfiy, == - (2 Qinfty; Qinfty, v, 1 + 3 Qinfty, Qinfty; v, 12 — Pinftyy Qinftyy v, —2

Qinftyy v, ty ts — 2 Qinftyy v, s — 4 Qinfity, Qinfiy, v, 3 ts + 2 Qinfty, v, 1, ts + Qinfiyy v, 13
+100° v, + Pinfty, Qinfty, v, — 100 vi)

EQI :
EQ2:
EQ3:
EQ4 -
EQ5 -
EQ6 :
EQ7 =
EQS :
L EQ9:
> series(simplify(series (CompatibilityEquations[2,1],lambda=
infinity) ) ,lambda=infinity) ;
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[ In order to solve the entry (2,1) of the compatibility equations, we need to express the nu's in terms of
| the vector \alpha.
> MRed:=Matrix(d,d,0):
for i from 1 to d do for j from 1 to i do
MRed[i,j] :=t[2*d+1-2*i+2*]j]:
od: od:
MRed;
alphaVector:=Matrix(d,1,0):
for i from 1 to d do alphaVector[i,1l]:=alpha[2*d-2*i+1]/ (2*d-2*
i+l): od:
alphaVector;
nuVector:=Matrix(d,1,0):
for i from 1 to d do nuVector[i,l]:=nu[2*i-1]: od:
nuVector;
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> nuVectorbis:=Multiply (MRed” (-1) ,alphaVector) ;
for k from 0 to d-1 do nu[2*k+1] :=nuVectorbis[k+1l,1]: od:
nul[l] :=null];
nu[3] :=nu[3];
%
nuVectorbis =
t, O o
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> simplify(CompatibilityEquations) ;
00 13)
0 0

This verifies that the relation between nu's and alpha's is correct. We check now that the formulas for
| the Hamiltonians are correct.

> for j from 0 to d-1 do
Hinfty[2*]] :=simplify (-residue (lambda” (-2*j-1) * (checkLRed11"2+
checkLRedl2*checkLRed2l+checkLRedl2*diff (checkLRedll/checkLRedl2,
lambda) ) ,lambda=infinity)): od:
Hinfty[0] :=Hinfty[O0];
Hinfty[2] :=Hinfty[2];
1

Hinftyy = 5. o (- Qinfryy 15 + (15 Qinfiyy + ( - Pinfiyg — 2 15 13) Qinfty, — 2 Pinfty, Pinfty,
+2t5t, + 1) Qinfiyy + (Pinfty, Qinfty, + 3 Pinfty, ) Qinfty, + 100 Qinfty, (-1 +100) )
. 1 . . . . .
Hinfiy, = e ((-2 Qinfty, 15 — Pinftyy +2 t5 1) Qinfiyg + ( Qinftys 15 — 2 t Qinfiys t5 (14)

|+ (2151, +13) Qinfiy, + Pinfiy; + Pinfty,) Qinfty, + 100 — 100)

> HamGeneralRed:=0:
for k from 0 to d-1 do HamGeneralRed:=HamGeneralRed+nu[2*k+1]*
Hinfty[2*k]: od:

HamGeneralRed:=simplify (HamGeneralRed) ;
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HamGeneralRed = N ( - Qinftyg tg o, + (Qinfty2 (Qinfty2 o, —6 (xl) tg + (6 o, 13 (15)

3 2 Qinfty,
+20,1,) o+ ((-Qinfry, Pinftyy — 2 Pinfty, Pinfty, — 13} o, — 3 Pinfty o) 5+
Pinfiyy o) Qinfiyy + (3 Qinfiyy o, 15 — (Qinfiyy 15 04 +6 01 (1 Qinfiy, — 1,) ) Qinfiy, 15
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| +100) 100 ((Qinfy, 05 +3 o) 15—y 1))
> simplify (LQinfty[0]-diff (HamGeneralRed,Pinfty[0])) ;
simplify (LQinfty[2]-diff (HamGeneralRed,Pinfty[2])) ;

simplify (LPinfty[0]+diff (HamGeneralRed,Qinfty[0])) ;
simplify (LPinfty[2]+diff (HamGeneralRed,Qinfty[2])) ;
0
0
0
0 (16)
> HamGeneralRedFunction:=unapply (HamGeneralRed,alpha[l],alpha[3]):
HamRedtl:=simplify (HamGeneralRedFunction(1,0)) :
HamRedt3:=simplify (HamGeneralRedFunction(0,1)) :
VectorHamRed:=Matrix(d,1,0):
VectorHamRed[1l,1] :=1*HamRedt1:
VectorHamRed[2,1] :=3*HamRedt3:
VectorHamRed:
HVectorRed:=Matrix(d,1,0):
for k from 1 to d do
HVectorRed[k,1] :=Hinfty[2*d-2*k]: od:

simplify (VectorHamRed-Multiply (MRed” (-1) ,HVectorRed)) ;
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> series(simplify (checkLRedll) ,lambda) ;
series (simplify (checkLRedl2) ,lambda) ;
simplify (series (simplify (checkLRed21l) ,lambda)) ;
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(Qinfty, 15 + Pinftyy — 2 15 13) Qinfiyy — 2 Pinfty, 100 Qinfty, + 100° 2
+ — s
i t5 Qinftyy
> solve({nul = alpha[3]/(3*t[5]),nu3 = -t[3]*alpha[3]/(3*t[5]"2)+
alpha[1]/t[5]},{alpha[l],alpha[3]});
alpha[l] := nul*t[3]+nu3*t[5];
alpha[3] := 3*nul*t[5];
simplify(nu[l]-nul);
simplify (nu[3]-nu3) ;

{%=W%+W@qf3W%}
o, == VI t;+ 1315
O%==:3VI%
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0 19)

> simplify (series (simplify (checkARedll) ,lambda=0)) ;

simplify (series (simplify (checkARed1l2) ,lambda=0)) ;

simplify (series (simplify (checkARed21) ,lambda=0)) ;
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> HamRedt3bis:=t00* (Qinfty[2]*t[5]-t[3])*(-1+t00)/(3*t[5]"2) /Qinfty
[0]1-(1/3)*t[5]1*Qinfty[0]72-(1/3)*Qinfty[0]* (Qinfty[2]*t[5]-t[3])*
Pinfty[0]*2/t[5]72 -(1/3)*Pinfty[2]72*t[3]/t[5]172-(1/3)*Qinfty[2]
A3%t[3]+(1/3)*(Qinfty[0]*t[5]*2+2*t[3]"2) *Qinfty[2]~2/t[5]+(1/3)*
(-2*Pinfty[0] *Pinfty[2]+2*t[1]*t[5]-t[3]72) *Qinfty[0]/t[5]+
(Pinfty[2])/(t[5])+(1/3) *(Qinfty[2]*t[5]-t[3]) *Pinfty[0]/t[5]*2-
Qinfty[2]*t[3]* (2*t[1]1*t[5]+t[3]72)/(3*t[5]*2);

series (simplify (HamRedt3-HamRedt3bis) ,Pinfty[0]) ;

100 (15 Qinfty, —13) (-1 +100) 15 Qinfty,
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