> restart:

with (LinearAlgebra) :

d:=2;
L d=2 §))
| We define the Lax matrix using Theorem 2.2
> checkLl2:=-t[2*d+1] *1lambda” (2*d) :

for k from 0 to 2*d-1 do checkLl2:=checkLl2-t[2*d+1]*Qinfty[k]¥*

lambda“k: od:

checkLl2:=checkLl2;

checkLI2 =1, X' — 1, Qinfiy, X’ — t; Qinfty, X — 15 Qinfty, A — 15 Qinfy, @)

> checkL1l1l:=t00/lambda+t00/Qinfty[0] *1ambda” (2*d-1) :

for k from 0 to 2*d-1 do checkLll:=checkLll-Pinfty[2*d-1-k]¥*

lambda’“k: od:

for k from 0 to 2*d-2 do for m from 0 to 2*d-2-k do checkLll:=

checkLll-Pinfty[m] *Qinfty[k+1+m] *1lambda“k: od: od:

for k from 1 to 2*d-1 do checkLll:=checkLl1l+t00/Qinfty[0]*Qinfty

[k] *lambda” (k-1) : od:

checkLll:=checkLl]l;

checklL22 :=-checkLll:

3
checkL1] = 100 | 100% Pinfty, — Pinfty, . — Pinfty, X' — Pinfiy, \. — Pinfty, Qinfty, 3)
A Qinfi A%

— Pinfty, Qinfty, — Pinfty, Qinfty, — Pinfty, Qinfty, A — Pinfty, Qinfty, A — Pinfty,, Qinfty, z
100 Qinfty, 100 Qinfiy, k. 100 Qinfty, X’

] Oinfry, | Qinfry, | Qinfiy,

> NumcheckL2lpoleinfinity:=-checkLl11*2/checkLl2:

for j from 2*d-1 to 4*d do for m from 0 to 4*d-j do

NumcheckL2lpoleinfinity:=NumcheckL2lpoleinfinity+t[2*d+1-m]*t[j+

m-2*d+1] *lambda”j/checkLl2: od: od:

checklL2lpoleinfinity:=0:

for i from 1 to 100 do

checkL2lpoleinfinity:=checkL2lpoleinfinity- (residue

(NumchecklL2lpoleinfinity*lambda” (-i) ,lambda=infinity) ) *1lambda“*

(i-1): od:

checkl2lpolezero:=simplify (- (residue (NumcheckL2lpoleinfinity,
lambda=infinity) ) /lambda) :
checkL2l :=simplify (checkL2lpolezero+checkL2lpoleinfinity) ;

@




checkL2] = m ( (A 2 —2 12 Qinfry, + 2 1 t) Qinfty, + ( - 24 ts (Qinfty 15
—21,) & + (£ (- Qinfi + Qinfiy,) + (2 1, Qinfiy, — 2 1, 15— £ + Pinfid) X + (£ (
Qinftys — 2 Qinfty, Qinfty, + Qinfty ) + (-2 Qinfty; 1, + 2 Qinfty, t, + 2 t; Qinfty, — 2 ) Is
+ (Pinftyg + ;) Qinfty, + 2 Pinfty, Pinfty, —2 1, 1;) X ( (- Qinfty; + 3 Qinty, Qinfty
— 2 Qinfty, Qinfty, — Qinftys ) 15 + (2 Qinfiyy t, — 2 t; Qinfty; + (-4 Qinfiy, 1,
+2 1)) Qinfty, + 2 Qinfty, t, + 2 Qinfty, t; =2 1,) ts — £, Qinfty; + (2 Pinfty, Pinfty,
+2 1,13 Qinfty, + 1 Qinfty, + Qinfty, Pinftyy + Pinfty; + 2 Pinfty, Pinfty, = 2 t,t, = ) A
+ (Qinfty; — 4 Qinfty, Qinfty + 3 Qinfty, Qinfty; + 3 Qinfty, Qinfty, — 2 Qinfty, Qinfty, ) 15
+ (-2 Qinfiys 1, +2 Qinfiy ty + (6 Qinfry, t, — 2 1,) Qinfty; + (-4 Qinfry, t, — 4 Qinfiy, 1
+21)) Qinfty; — 2 Qinftys t, + 2 Qinfty, t; +2 Qinfty, t, — 21,) 15 + Qinfiyy f; — 2 1, 13
Qinfty; + (-2 1; Qinfty, 2 Pinfty, Pinfty, + Pinfty} +2 t, 1, + 13 ) Qinfty; + 1, Qinfty,
+ (2 Qinfty, t; = 21,) 1, + 2 Pinfty, Qinfty, Pinfty, + Qinfty, Pinftyg + 2 Pinfty, Pinfty,
+2 Pinfty, Pinfiy, — 2 t;1,) Qinfis}, — 2 100 (Pinfiyy X' + ( Pinfiy, Qinfiy, + Pinfiy,) X’
+ (Pinftyo Qinfty, + Pinfty, Qinfty; + Pinﬁyz) A + Pinfty, Qinfty, + Pinfty, Qinfty,
|+ Pinfiy, Qinfry, + Pinfiy, ) Qinfiy, + 100> (X’ + X" Qinfiy, + A Qinfiy, + Qiniy, ))
> checklMatrix:=Matrix(2,2,0):
checklMatrix[1l,1] :=checkLll:
checklMatrix[1l,2] :=checkL1l2:
checklMatrix[2,1] :=checkL21:

checklMatrix[2,2] :=checkL22:
checklMatrix:

;We define the general auxiliary matrix using Theorem 2.2

> checkAl2:=0:
for i from 0 to 2*d-1 do checkAl2:=checkAl2-t[2*d+1]*nu[i]*
lambda“* (2*d-i) : od:
for k from 1 to 2*d-1 do for i from 0 to k-1 do checkAl2:=
checkAl2-t[2*d+1]*nu[i] *Qinfty[k] *1lambda* (k-i): od: od:
checkAdl2;

nu[2*d] :=simplify (-residue (lambda” (2*d-1) *checkAl2/checkLl2,
lambda=infinity)) ;

-5V, k4 — 15V, Qinfty, k3 — 15V, k3 — 15V, Qinfty, kz — 15V, Qinfty, kz — 15V, kz
— 15V, Qinfty, A — 15V, Qinfiy, L — 15V, Qinfty; A — 15V, A
v, == Qinfty, v, — Qinfty, v, — Qinfty, v, — Qinfty; v,

@

C))



> checkAll:=0:
NumcheckAl1l1l:=0:
for i from 0 to 2*d-1 do NumcheckAll:=NumcheckAll+ nu[i] *lambda*
(-i) *checkLll: od:
for i from 1 to 100 do checkAll:=checkAll- (residue (NumcheckAll*
lambda” (-i) ,lambda=infinity) ) *lambda” (i-1) : od:
checkAll;

checkA22:=-checkAll:
Vo | ~Pinfty; — Pinfty, Qinfty, — Pinfty, Qinfty, — Pinfty, Qinfty; +

100 Qinfty,
Qinfi A

— Pinftyo) — [ -V, ( - Pinfty,

100 Qinfty,
—— | +v, (6)

Qinfi %)
- Pinfty, — Pinfty, Qinfty, — Pinfty, Qinfty, + - Pinfty,

100 Qil’lfly3 J Ly ( t00
3

—|—v2

— Pinftyo Qinfty3 +

Qinfi A% Qinfi o
100 Qinffty,
— Pinfty, Qinfty, — Pinfty, Qinfty, + W J —V, [ - Pinfty, — Pinfty, Qinfty,
o
100 Qinftys ) 00 . v - pine — pi .
Qinfiy, | 2 [ Qinfry, " %J Yo | TN T PR D
100 Qinfty, 100 ) 2 100 . 3
+ Oinfon o, ) -V, [ Qinfry, —metyo) A+, ( Qinfiy, —Pmﬁ)’o] A

> checkA21l:=(-t00)/t[2*d+1]/ (Qinfty[0])*2*LQinfty[0]/lambda:
QuantitycheckA2l :=checkLll/checkLl2* (checkLll/checkLl2*checkAl2
-2*checkAll) :
for i from 1 to 100 do checkA2l:=checkA2l- (residue
(QuantitycheckA2l*lambda” (-i) ,lambda=infinity) ) *lambda” (i-1): od:
for i from 0 to 100 do checkA2l:=checkA2l+ (residue
(QuantitycheckA2l*lambda“” (i) ,1lambda=0) ) *1lambda” (-i-1) : od:
AdditionalTerm:=t00* (1-t00) /t[2*d+1]/Qinfty[0]*2/lambda*nu[2*d-1]

for k from 1 to 2*d-1 do AdditionalTerm:=AdditionalTerm+t00* (1-
t00) /t[2*d+1]/Qinfty[0]*2/lambda*nu[k-1]*Qinfty[k]: od:

checkA2l :=checkA21+AdditionalTerm:

NumcheckA21:=0:

for k from 2*d to 4*d do for j from k to 4*d do for m from 0 to
4*d-j do NumcheckA21l:=NumcheckA21l- t[2*d+1-m]*t[j+m-2*d+1]*nu[]j-
k]*lambda“k: od: od: od:

for i from 1 to 100 do checkA2l:=checkA2l- (residue (NumcheckA21l/
(-checkL1l2) *lambda” (-i) ,lambda=infinity) ) *lambda” (i-1) : od:
checkA2l :=checkA2l:

series (checkA2l,lambda=infinity) :



> checkAMatrix:=Matrix(2,2,0):
checkAMatrix[1l,1] :=checkAll:
checkAMatrix[1l,2] :=checkaAl2:
checkAMatrix[2,1] :=checkA21:
checkAMatrix[2,2] :=checkA22:
checkAMatrix:

[ We define the derivatives of the Lax matrices. The derivative relatively to times and Darboux
| coordinates 1s specific to d=2 and should be adapted for other values of d.

> dcheckAMatrixdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dcheckAMatrixdlambdal[i,

j] :=diff (checkAMatrix[i,j],lambda): od: od:

> LcheckLMatrix:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do
LcheckLMatrix[i, j] :=diff (checklMatrix[i,j],t[4])*alpha[4]+diff
(checklMatrix[i,j],t[3])*alpha[3]+diff (checkLMatrix[i,j],t[2])*
alpha[2]+diff (checkLMatrix[i,j],t[1])*alpha[l]+diff (checklMatrix
[1,3],Qinfty[0]) *LQinfty[0]+diff (checklMatrix[i,j],Qinfty[1])*
LQinfty[1]+diff (checkLMatrix[i,j],Qinfty[2])*LQinfty[2]+diff
(checkIMatrix[i,j],Qinfty[3]) *LQinfty[3]+diff (checklLMatrix[i, j],
Pinfty[0]) *LPinfty[0]+ diff (checkLMatrix[i,j],Pinfty[1l]) *LPinfty
[1]+ diff (checklMatrix[i,j],Pinfty[2])*LPinfty[2]+ diff
(checklMatrix[i,j],Pinfty[3]) *LPinfty[3]: od: od:

[ We define the compatibility equations and solve them. This is the main test for the formulas of
| Theorem 2.2. This part is again specific to d=2 and should be adapted for other values of d

> CompatibilityEquations:=simplify (
dcheckAMatrixdlambda-LcheckLMatrix+Multiply
(checkAMatrix,checkLMatrix)-Multiply (checkLMatrix,checkAMatrix)

L )¢

> simplify (series (CompatibilityEquations[1l,1],lambda=0)) :

series (simplify (series (CompatibilityEquations[1l,1],lambda=

infinity)) ,lambda=infinity):

series (simplify (series (CompatibilityEquations[1l,2],lambda=

infinity)),lambda=infinity) :

series (simplify (series (CompatibilityEquations[2,1],lambda=

infinity)) ,lambda=infinity) :

simplify (residue (CompatibilityEquations[1l,1]*lambda, lambda=0)) ;

EQl:=simplify (residue (CompatibilityEquations[1,1],lambda=0)) ;

simplify (-residue (CompatibilityEquations[1l,1]/lambda*5, lambda=
infinity)) ;

EQ2:=-residue (CompatibilityEquations[1l,1]/lambda”*4,lambda=
infinity);




EQ2 =

EQ3:=-residue (CompatibilityEquations[1l,1]/lambda”3, lambda=
infinity);
EQ4:=-residue (CompatibilityEquations[1l,1]/lambda”*2,lambda=
infinity);
EQ5:=-residue (CompatibilityEquations[1l,1]/lambda”*l, lambda=
infinity);

simplify (-residue (CompatibilityEquations[1l,2]/lambda”5, lambda=
infinity));

EQ6:=-residue (CompatibilityEquations[1l,2]/lambda”*4,lambda=
infinity);

EQ7:=-residue (CompatibilityEquations[1l,2]/lambda”3,lambda=
infinity);

EQ8:=-residue (CompatibilityEquations[1l,2]/lambda”*2,lambda=
infinity);

EQ9:=-residue (CompatibilityEquations[1l,2]/lambda”*l, lambda=
infinity);

0

EQI =~ Qirllftyo [2 [ ( (PinﬁyO Qinfty, + Pinfty, Qinfty, + Pinfty, Qinfty; + Pinfty3) Vo

+ (Pinfty, v, + Pinfiy, v, ) Qinfiy, + (Qinfiy, v, +V,) Pinfty, +V, Pinfty, +v, Pinfiy,
Qinfty, v Qinfty, v Qinfty, v v LQin
1Yo 2 Vq 32 s f%]tOOJ

Onfiyy=—% " 2 T 2 "2 2
0
1 . 2 2\ 3 L5002
5 ((4 Qinfiy; Vs — 4V 1,15 =2V, t5) Qinfty, + (—mety3 Vo ls + (2 Vo iy Is

Qinfiy;
+v, 13) Qinfiyy + ( (4 Qinfiy, vy =V,) 15+ (=2 Vg 1y =2 v, 1) 15 — 1, V,) Qinfiyy + ( (
=3 Qinfiy, vy =3 Qinfiy, v, +3 ;) 13 + (=6 Qinfiy, vy 1, + 2 Vo 1, +2V, 5, + 2V, 1,) 15 +
6V, +21,15vy) Qinfid + (=3 Qinfiy vy +4 v, Qinfiy, +4 v, Qinfiy, ) 15+ ( (4 v, 15
+4v, 1) Qinfiy, + (4 Qinfiy, t, =2 1)) Vg =2V, 1, =2V, 5, =4V, 1) 15+ 2 Qinfiy, v, 0
+ (-2 Pinfty, Pinfty, — Pinfty; =2 t, 1, — 1) vy + (-2 Pinfty, Pinfty, — 2 1,15) v, =V, (
Pinftyy +1;) ) Qinfiy, + (v, Qinfty; + (2 Qinfty, vy — 2 v3) Qinfiy, — 2 v, Qinfty,) o+ (2
Qinfiyy V1, + (=2 Vo, = 2V, 1y — 4V, 1,) Qinfiy, + (=2 Qinfiy, 1y +215) vy + (
-4 Qinfty, 1, +21,) V) + 2V, 1y + 2V 13) 15+ (( =2 Pinfty, Pinfty, — 2 1,13) vy =V, (
Pinftyg + 13 ) Qinfiy, + ( - Qinfiy, Pinfty; — f; Qinfty, — 2 Pinfty, Pinfty, — 2 Pinfty, Pinfty,
+ 21,1, + 2131, v, + (-2 Pinfty, Pinftyy — Pinfty{ +2 1,1, + ;) v, — 2 v, Pinfty, Pinfty,



+2v, 131, — v, Pinftyg + v, 1y + LPinfty, ) Qinfty — 100 (Qinfy, vy + Qinfiy, v,
+ Qinfiy, v, + v3) (100 — 1) )

EQ3 =

; 2 2 . 2 ) 5
Qinfty(z) ( (anﬁy3 VoI5 +2 Qinfty; v, 15 + (2 Qinfty, v, —2 Vz) L+ ( -2y, 14
—4v, ) 15+, (Pinfig —13) ) Qinfiy, + (—mezyg Vo fa +2 Qinftyy v, 1,15 +4 (Ql.nﬁyz

1 1 . . . .
tg R L ey IZ) Vo Qmﬁy§ + (( -3 Qinfty, v, + Qinfty, v, _V3) tg —6 (t4 Qinfty,

1
_ ?2 J Vols +21,1 vo) Qinfty; + ( ( -3 Qinfty, v, =2V, Qinfty, =2 v, Qinftyz) r

+ (4 Vo1 =2V, 1,) Qinfiy, + (4 Qinfty, 1, =2 1) Vo +2 v, 1,) 15 +2 Qinfiy, vy 13+ (
-2 Pinfty, Pinfty, — Pinfty; —2 1,1, — 5) v, — 2 v, Pinfty, Pinfty, — v, Pinfty(z)) Qinfty;
+((-2v, Qinfty, + (2 Qinfty, vy +4 v, Qinfiy, +2 v, Qinfiy, £+ (2 Qinfty, vy t, + (
2Vt +2v 5 t+4y, t4) Qinfty, + ( -2 Qinfty, t; +2 to) v, t4v, Qinfty 1, —2 v, t3) [
+ (=2 Pinfiy, Pinfiy, =2 1,15) vy + ( - Pinftyy + 13 v,) Qinfiy, + (- Qinfty, Pinfiy; —
f; Qinfty, — 2 Pinfty, Pinfty, — 2 Pinfty, Pinfty, + 21,1, + 21, t,) v, + (-4 Pinfty, Pinfty,
—2 Pinfiy]) v, — 4 v, Pinfty, Pinfty, — v, Pinftyy — v, 1, + LPinfty, ) Qinfiy,

+ (4 Qinfiy, Qinfiy, v, +3 Qinfty, v, — 2 Qinfty, Vi) f+ (2v, Qinfiys t, + (-2v,1,
—4v, 1, =4 v 1,) Qinfty, + (-4 Qinfty, ty + 2 15) V| — 4V, Qinfty, 1, + 2V, 1; + 2V, 1))
ts + ( (-2 Pinfty, Pinftyy —21,1) v, — 2 f vz) Qinfty, + ( -2 100 Pinfty, — 3 Pinfty,) v,
+ (-2, Qinfty, — 2 Pinfty, Pinfty, — 2 Pinfty, Pinfty, + 21,1, + 2 1;1,) v, + (2,1,
+2v, 1) 1, + (-2 Pinfiy, Pinfty, — Pinfty} +13) v, + (=2 v, Pinfiy, + LQinfiy;) Pinfty,
+ LPinfty, Qinfry; + ((2 v, Pinfty, +2v, Pinfty,) Qinfty; +2 v, Pinfty, Qinfty, + (100
+3) v, +2v, Pinfty; + 2V, Pinfty, +2 v, Pinfty, — LQinfty3) 100 Qinfty,

— 100 Qinfty (Qinfty, vy + Qinfty, v, + Qinfty; v, +v5) (100 1))

EQ4 =

Qinfiy; ((Qinfiyy vy s + (=2 Vg tyts + v, 15) Qinfiys + (215v, + 215 15v + v, (
0

Pinfty; + ti) ) Qinfty; + (2 Qinfty, vy — 2 v,) o+ (-2vot, =2V 15— 4v, 1) 15

+ (2 Pinfty, Pinfty, — 2 t,13) v, +v, (Pinftyy — ti)) Qinfry, + (—Qinﬁygvl f+ (-

tgvo Qinfty, +2 1 t4v1) Qinfty, + ((5 Qinfiy, v, +v3) o+ (2 Qinfiy, v, 1, =2V, t3) ts —
r vi) Qinfty; + ((4 Qinfty; vy, — 2 v, Qinfty, + v, Qinfiy, ) f+ ((~2Vy15

=8V, 1,) Qinfty, +2v, 1, = 2v;1,) 15— Qinfty, v, L+21,1 v,) Qinfty, + ((-6v,
Qinfty; + (=3 Qinfty, vy — 3 v,) Qinfiy, — 2 v, Qinfy,) f+ (-6 Qinftys v, 1, + (2vy1,
+6V, 13 =2V, 1) Qinfty, + (2 Qinfty 1, —21,) v, +2vy13) 15+ (21,1, v + 3



EQ5 =

v 1) Qinfty, + (-2 Pinfty, Pinfty, — Pinftys —2 1,1, — tg) v, =2V, Pinfty, Pinfty, + Vv, tﬁ)
Qinfry; + ((-3 Qinfty; v,y + 2 Qinfty, Qinfty, v, — 2 Qinfty, v, + 4 Qinfty, V) r

+ (4 V13 +6 v, 1) Qinfiyy + ( (4 Qinfiyy 1, = 21,) Vg =4V, 1, +2V, 15

+4vy1,) Qinfiy, +4 v, Qinfiy, 1, + 2V, 1y = 2 V3 1,) 15+ 2 Qinfiyy vy 1y + ( (

-2 Pinfty, Pinfty, — Pinfty] —2 1,1, — ) v, + (-4 Pinfty, Pinftyy— 4 1, 13) v, — v, Pinfty,
+1 v, ) Qinfty, =2 Pinfiy, (100 + 1) v + (=2 Pinfty, Pinfty, —2 Pinfty, Pinfty, +2 1, 1,
+215)) v, =2V, 131, + (-4 Pinfty, Pinfty, — 2 Pinfty; ) v, — 2 Pinfty, Pinfty, v,

+ LPinfiy, ) Qinfiy, + (v, Qinfty, + (2 Qinfiy, v, +v,) Qinfty, + 4 v, Qinfty, Qinfty,
+2v, Qinfiy}) 15 + (2 Qinftyy vy 1y + (=2 Vo 1, = 2V, 15+ 2 v, 1,) Qinfiyy + ( (

-2 Qinfty 13+ 21,) Vo + 2V, 1, =2V, 1, —2 v, t3) Qinfty, —2 v, Qinfty, t, — 4 v, Qinfty, t;
—4v, Qinfiy, 1, + 2,15+ 2V, 1,) t5 + (-2 Pinfty, Pinfiyy =2 1,13) Vg =V, (Pinfiyg +
) ) Qinfty, + ((-Qinfiy, Pinftyy — 1, Qinfty, — 2 Pinfty, Pinfty, — 2 Pinfty, Pinfty, + 21, 1,

+2151)) v, + ( -2 Pinfty, Pinfty, — Pinfty; +2 1,1, + 13) v, — 2 v, Pinfty, Pinfty,

— 2V, ty 1, — v, Pinftyy — v, 1, + LPinfty, ) Qinfty, =2 Pinfty, (100 + 1) v, + (

-2 1,13 Qinfty, — 2 Pinfty, ( - Pinfty, Qinfty, +100 + 1)) v, —2 Qinfiy, v, £ + (2v,1
+2V31,) 1, + (-2 Pinftyy Pinftyy — 2 Pinfty, Pinfty, + 2 t6,) v, + v, G+ (-2 v, Pinfty,
+ LQinfty, ) Pinfiy, — Pinfty; v, + LQinfty, Pinfty, + LPinfty, ) Qinfty} + 100 ((2v, Pinfiy,
+2v, Pinftyz) Qinftyg + (2 v, Pinfty, Qinfty, + (100 +2) v, + 2 v, Pinfty; + 4 v, Pinfty,
+2v, Pinftyl) Qinfty; + ( -2 Pinfty, Qinfty, + 100 + 2) v, + 2V, Pinfty; + 2 v, Pinfty,

— LQinfty, ) Qinfiy, — 100 Qinfty, ( Qinfiy, v, + Qinfiy, v, + Qinfiy; v, +v,) (100 — 1))

1 ) . . |
Qinfty2 2 anﬂyg Vo é + ( - Qmﬂyg1 Vo é + (2 Volyts +V, tg) anftyg + ( (3 Qinfty, v,
0

+V,) o+ (-2vo13 =2V, 1) 15 —tivo) Qinfty; + (4 v, + (-4 Qinfiy, vy 1, +2 v, 1y
+2V, 1) 15+ (2 Pinfiy, Pinfiy, +2 t,13) Vo +v, (Pinfiyg + 1) ) Qinfiys + (- Qinfiy; v,
+2v, Qinfty, +2 v, Qinfty,) £+ (2 Qinfty, Vyt; =2 Vo 1y =2V, 1, =2V, 1, =4V 1,) 15
+v, (Pinftyy + 1) Qinfty, + (2 Pinfty, Pinfty, + Pinfty; — 21,1, = 13) v,

+ (2 Pinfty, Pinftyy — 2 t,13) v, + v, Pinftyg — 1, v,) Qinfty, + | - Qinfrv, 13

— ((Qinfty, vy + Qinfty, v, +V3) 15 =2 v, 1,) 15 Qinfiy} + (4 v, Qinfiy, 15



+ (2 Qinfty, vy 1, +2 Qinfiy, v, 1, = 2V, 1y + 2 v, 1) 15— 1, V,) Qinfiy + ( (4 v, Qinfry;
+ (4 Qinfty, vy + 4 v,) Qinfiy, =3 v, Qinfiy, ) 15+ (=2, 1, =6 v, 1,) Qinfiy,

=2 Qinfty, Vo1, + 2V, 1, = 2V, 13) 15 — 1y (Qinfty, Vo1, + Qinfiy, v, 1, =2V, 1+ v, 1,) )
Qinfty, + [ (-3 Qinfty; v, — 3 Qinfty, Qinfty, v, — 3 Qinfty; v, — 3 Qinfty, Vi) o+ (-6v,
Qinfiys t, + (=6 Qinfiy, Vo 1y, + 2V, 1y + 4V, 1, =6 v, 1,) Qinfty, +4 v, Qinfiy, 1,

+2 Qinfty, Vg ty = 2V, 1, + 25 1) 15+ (21, 15V, +2 15 V,) Qinfy, +2 Qinfiy, Vo 1y 1, + (

Pinfiy: t_§

5 )vzj Qinfiy; + ( (-3 v, Qinfty,

+ (=3 Qinfiy, vy =3 v;) Qinfty; +2 v, Qinfy, Qinfiy, ) o+ ((4vy5+2v,1) Qinfty,

-2V, +2 v, z3) 1, —2 [Pinfzy2 Pinfty, +

+ (4 Qinfty, vyt + (4 Qinfty 1y —21) v, =2V, 1, +4 v, t3) Qinfty, + (4 Qinfzyf I
— 2 Qinfty, tl) Vo =2V, Qinfiy, ty +4 v, Qinfty, 1, +2 v, 1, =2V, tl) ts + 2 Qinfty, v, r
+ (2 Qinfiy, v, f; + (-2 Pinfty, Pinfty, — Pinfty; — 2 t, 1, — ;) v, — 2 v, Pinfty, Pinfty,
—2V, 11,42V, tﬁ) Qinfty, + (-2 1,1, Qinfty, + (-2 Pinfty, Pinfty, — Pinfty; —
;) Qinfty, — 2 100 Pinfty, — Pinfty, ) v, + (=2 100 Pinfty, — Pinfty)) v, — Qinfty, v, 1,
+ (2 vyt =2V, zz) 1, — Pinﬁy§ Qinfty, v, + ( -2 Pinfty; Pinfty, — 2 Pinfty, Pinfty,
+2 t31)) v, — 2 Pinfty, Pinfty, v, — Pinfty; v, — v, 13 + LPinfty, ) Qinfiy,
+2 Qinfty, Qinfty, ( Qinfiy, v, + Qinfiy, v, +V,) s =2 (- Qinfiy; t, + Qinfiy, 1
+ Qinfiy, t, — 1y) (Qinfiy, Vo + Qinfiyy v, +Vy) 1 =2 v, ((Pinfiy, Pinfiy, + 1, 1;) Qinfiyy
+ ( ( -2 t, t; Qinfty, — 2 Pinfty, (Pinftyl Qinfty, + 100 + % ) ) vy + (- Qinfiy, Pinfiy; —
f Qinfty, — 2 Pinftyy Pinfty, — 2 Pinfty, Pinfty, +2 1, t, + 2 ;1)) v, — 2 Pinfty, Pinfty, v,
—2v 1+ LPinftyl) Qinfty, + (-2 Qinfi? +2 1,1, Qinfty, — Pinft} Qinfty? + (
-2 Pinfty, Pinfty, — 2 Pinfty, Pinfty, +2t, fz) Qinfty, — 2 100 Pinfty, — Pinfzyz) Vo + (
-2 100 Pinfty, — Pinfty,) v, — Qinfty, v, 1 +2 v, 1, 1, + (-v4 Pinfty; + LPinfty,) Qinfiy,
+ (=2 100 Pinfty, — Pinfiyg) vy +2 V31, 1+ ( =2 v, Pinfty; + LQinfty, ) Pinfiy,



— 2 Pinfty, Pinfty, v, + LQinfty, Pinfty, + LQinfty; Pinfty, + LPinfty3> Qinftyg
+ (2 v, Pinfty, Qinfty; + ((2v, Pinfty, +2 v, Pinfty,) Qinfty, + (-2 Pinfty, Qinfty, + 100
+ 1) v, +2v, Pinfty; +2 v, Pinftyz) Qinfty; +2 v, Pinfty, Qinﬁy§ + ( (100 +1) v,
+2 v, Pinfty; +2 v, Pinftyl) Qinfty, — 2 v, Pinfty, Qinfty, — 2V, Pinfty, Qinfty, + (100
+1) v, +2 v, Pinfty, — LQinfzyl) 100 Qinfty, — t00 Qinfty, (Qinfzy1 v, + Qinfty, v,
+ Qinfiy; v, +v5) (100 — 1))
0
EQ6 :=-21, ( (v, Pinfty, + v, Pinfty,) Qinfty; + (Pinfty, Qinfty, + Pinfty;) v, + v, Pinfty,

. . . LQinﬁy3
+ v, Pinfty, — v, Pinfty, Qinfty, — > +2v,

3v

EQ7:=-21, ( (v2 Pinfty, +v, Pinfty2> Qinﬁy§ + [ (Pinfty, Qinfty, + Pinfty;) v, + TO

+ v, Pinfty, + 2 v, Pinfty, — Vv, Pinfty, Qinftyoj Qinfty; + ( - Pinfty, Qinfty,

LQinfty,
2

— Pinfty, Qinfty, + % ) v, + v, Pinfty, + v, Pinfty; — Pinfty, Vo Qinfty, —
EQ8 :=-21s (VZ Pinjty, Qinﬁyg + ( ( - Pinfty, Qinfty, — Pinfty, Qinfty, + Pinfty, Qinfty,

+ 1) v, + Pinfty, Qinfty, v, = Pinfty, v, Qinfty, + vy Pinfty, + v, Pinfty;) Qinfty,

+ ((Pinfty, Qinftyy — Pinfty, Qinfty — Pinfty, Qinfty, + Pinfty Qinfty,) v, + (- Pinfty, v,

—V, (Pinfty, Qinfty, + Pinfty,) ) Qinfty, + ( -V, Qinfty, + Qinfty, V3) Pinfty, + v, Pinfty,

LQinfty,
> + v,

+ Qinfty, v, —
A%
2

5 J Qinfiy + (( ™

EQ9:=-21, ( ( - Pinfty, v, Qinfty, + ( - Pinfty, v, — Pinfty, VO) Qinfty, +

Qinfty,

~ Pinfty, Qinfty, = Pinfty,) Qinfty, + — )v1+((—Qinfzy2vo—v2) Pinfty, + (
LQinfty, V3+ Qhﬁbﬁvoj

~Pinfty, Qinfty, — Pinftys) v, — V5 Pinftyy ) Qinftyy = ———— + — 2

> LQinfty[3] :=factor (solve (EQ6,LQinfty[3])) ;
LQinfty[2] :=factor (solve (EQ7,LQinfty[2])) ;
ILQinfty[1l] :=factor (solve (EQ8,LQinfty[1])) ;
LQinfty[0] :=factor (solve (EQ9,LQinfty[0])) ;
LPinfty[0] :=factor (solve (EQ2,LPinfty[0])) ;
LPinfty[1l] :=factor (solve (EQ3,LPinfty[1l])) ;
LPinfty[2] :=factor (solve (EQ4,LPinfty[2])) ;




LPinfty[3] :=factor (solve (EQ5,LPinfty[3])) ;
EQl:=simplify (EQ1) ;
EQ2:=simplify (EQ2) ;
EQ3:=simplify (EQ3) ;
EQ4:=simplify (EQ4) ;
EQ5:=simplify (EQ5) ;
EQ6:=simplify (EQ6) ;
EQ7:=simplify (EQ7) ;
EQ8:=simplify (EQ8) ;
EQ9:=simplify (EQ9) ;
LQinfty, = -2 v, Pinfty, Qinfty, + 2V, Pinfty, Qinfty, + 2 Pinfty, Qinfty; v,
+ 2 Pinfty, Qinfty; v, +2 v, Pinfty, +2 v, Pinfty, +2 v, Pinfty; +4 v,
LQinfty, == -2 Pinfty, Qinfty, Qinfty; v, + 2 Pinfty, Qinfty, Qinfty; v, + 2 Pinfty, Qinﬁyg v,
+ 2 Pinfty, Qinftyg Vv, — 2 Pinfty, Qinfty, v, — 2 Pinfty, Vo Qinfty, — 2 v, Pinfty, Qinfty,
+ 2 Pinfty, Qinfty; v, + 4 Pinfty, Qinfty; v, + 2 Pinfty; Qinfty; v, + 2 v, Pinfty,
+ 2V, Pinfty; + 3 Qinfty; v, +3 v,
LQinfty, := -2 Pinfty, Qinfty, Qinfty, v, — 2 Pinfty, Qinfty, Qinfty; v,
— 2 Pinfty, Qinfty, Qinfty; v, — 2 Pinfty, Qinfty, Qinfty; v, +2 v, Pinfty, Qinfty%
+ 2 Pinfty, Qinfty, Qinfty; v, + 2 Pinfty, Qinfty, Qinfty; v, + 2 v, Pinfty, Qinftyg
— 2 Pinfty, Qinftyy v, — 2 Pinfty, v, Qinfty, — 2 v, Pinfty, Qinfty, + 2 Pinfty, Qinfty, v,
— 2 Pinfty, Qinfty, v, — 2V, Pinfty, Qinfty, + 2 Pinfty, Qinfty; v, + 2 Pinfty; Qinfty, v,
+ 2 Pinfty, Qinfty; v, +2 v, Pinfty; +2 Qinfty, v, + 2 Qinfty; v, + 2 v,
LQinfty, = -2 Pinfty, Qinfty, Qinfty, v, — 2 Pinfty, Qinfty, Qinfty, v,
— 2 Pinfty, Qinfty, Qinfty; v, — 2 Pinfty, Qinfty, Qinfty, v, — 2 Pinfty, Qinfty, Qinfty; v,
— 2 Pinfty, Qinfty, Qinfty; v, — 2 Pinfty, Qinfty, v, — 2 Pinfty, Qinfty,V,
— 2 Pinfty, Qinftyy v, — 2 Pinfty; Qinfty, v, + Qinfty, v, + Qinfty, v, + Qinfty; v, + v,

LPinfty, = ] (Qmﬁy(z) Qinfty; v, 12 — 4 Qinftyy Qinfty, Qinfty, v, 1z — 2 Qinfty;
0

Qinfty v, t, ts — Qinftyy Qinftys v, 15 + 3 Qinfty; Qinfty, Qinfty; v, £z + 3 Qinfty;

Qinfty; Qinfty; v, 15 + 6 Qinftyy Qinfty, Qinfty; vy t, ts + 3 Qinfiyy Qinfty, Qinfiy; v, fs +2
Qinftyy, Qinftyy v, ts + Qinftyy, Qinftyy v, 1y + 2 Qinftyy Qinfty; v, t, ts + Qinftyy Qinfty; v, 15
— 4 Qinfty, Qinfty, v, 1 — 2 Qinfty, Qinfty, Qinfty, v, 1z — 4 Qinftyy Qinfty, Qinfty, v, 1, 15

— 4 Qinfty; Qinfty, Qinftyy v, t; — 2 Qinftyy Qinftys v, t, ts — Qinftyy Qinftys v, 13 — 4
Qinftyy Qinfty, Qinfty; v, t ts — 2 Qinftyy Qinfty, Qinfty, v, 1y — 4

Qinfiy; Qinfty, Qinftyy v, 1, ts — 4 Qinfty; Qinfty, Qinfty, v, tz — 2 Qinftyy Qinfiy v t, ts — 2



Qinftyy Qinfty v, t 1, — 2 Qinftyy Qinfty; v, t, ts — Qinftyy Qinfiy v, £; — 2 Qinfry;

Qinfty; v, t, ts — 3 Qinfty, Qinfty; v, 15 + Pinfty Qinftyy Qinfty, v, + Pinfty; Qinftyy Qinfty, v,
+ Pinftyy Qinfty, Qinfty; v, + 2 Pinfty, Pinfty, Qinfty; Qinfty, v, + 2 Pinfty, Pinfty,

Qinfty; Qinfty; v, + 2 Pinfty, Pinfty, Qinftyy Qinfty, v, + Pinfty; Qinfty Qinfty; v, + 4
Qinftyy vy ty ts + 2 Qinftyy v, 15 + 2 Qinftyy Qinfiy, v, t3 ts + Qinftyy Qinfty, v, 1, + 4

Qinfiyy Qinfty, v, 1, ts + 2 Qinftyy Qinfty, v, fz + 2 Qinfty, Qinfty, v, t, 5 +2

Qinfty; Qinfty, v, ty t, + 2 Qinftyy Qinfty, v, t; ts + Qinftyy Qinfty, v, t; + 4

Qinfiyy Qinfty, v, 1, ts + 2 Qinftyy Qinfty, v, 13 + 2 Qinftyy Qinfty, v, t, t5 +2

Qinfty; Qinfty; vy 1, t, + Qinftyy Qinfty; v, 3 + 2 Qinftyy Qinfty; v, 1, ts + 2

Qinfiyy Qinfty, v, 1, t, + 2 Qinftyy Qinfty, v, ty ts + Qinftyy Qinfty; v, f; + 4

Qinftyy Qinfty, v, 1, ts + Pinftyy Qinftyy v, + 2 Pinfty, Pinfty, Qinftyy v, + 2 Pinfty, Pinfty,
Qinfiyy v, + 2 Pinfty, Pinfty; Qinfty; v, + Pinfty| Qinftyy v, + 2 Pinfty, Pinfty, Qinftyy v, — 2
Qinftyy vy o ts — 2 Qinfty v, 1, t, — 2 Qinfiyg Vo ty t; — 2 Qinftyg v, 1, ts — 2 Qinfryg v, 1, 1, —
Qinftyy v, £ — 2 Qinfiyy v, t, ts — 2 Qinftyg v, ty 1, — 2 Qinftyy vy ty 15 — Qinftyg v, 1y

+100° Qinfty, v, + 100> Qinfty, v, + 100° Qinftyy v, + 100° v, — 100 Qinfty, v,

— 100 Qinfty, v, — 100 Qinfty; v, — 100 v3>

1 7 . . . . .
Qinfiy ( - Qinfty, Qinfty; v, &2 ++ 4 Qinfty, Qinfty, Qinfty; v, &2 + 2 Qinfty,
0

Qinftyy v, 1, 15 + Qinfty, Qinftyy v, 2 — 3 Qinfty} Qinfty; v, 3 — 6 Qinfty, Qinfty, Qinfiy; v, 13
— 3 Qinfty, Qinfty; Qinfty, v, fz — 6 Qinfty, Qinfty, Qinfty; v, 1, ts — 6 Qinfty, Qinfty,
Qinfty; v, 12 — 2 Qinfty, Qinfty; v, t, ts — Qinfty, Qinfty; v, £; — 2 Qinfty, Qinfty, v, 1, 15

— 4 Qinfty, Qinfty; v, 15 + 2 Qinfty, Qinfty, v, 1z + 4 Qinfty; Qinfty, v, 1, s + 4

Qinfty; Qinfty; v, 13 + 4 Qinfty, Qinfty, Qinfty, v, 1 + 8 Qinfty, Qinfty, Qinfty, v, 1, 15

+4 Qinfty, Qinfty, Qinfty; v, 15 + 2 Qinfty, Qinfty, v, t, ts + 3 Qinfity, Qinfty, v, 15

+ 4 Qinfty, Qinfty, Qinfty; v, t; ts + 2 Qinfty, Qinfty, Qinfty; v, ti

+8 Qinfty, Qinfty, Qinfty; v, t, 15 + 6 Qinfty, Qinfty, Qinfty; v, 15 + 2 Qinfty, Qinfty; v, 1, 15
+2 Qinfty, Qinfty; v, t; 1, + 2 Qinfty, Qinfty; v, t; ts + Qinfty, Qinft; v, 1; + 6 Qinfty,
Qinftys v, 1, ts — Pinftyy Qinftyy v, — Pinfty; Qinfty, Qinfty; v, — 2 Qinfty v, t5 15 —

Qinftyy v,y 1 — 4 Qinftyy v, 1, 15 — 2 Qinfiyy v, 1 — 4 Qinfiy, Qinfty, v, t; 1

—2 Qinfty, Qinfty, v, t; — 4 Qinfty, Qinfty, v, t, ts — 2 Qinfty, Qinfty, v, fs

— 2 Qinfty, Qinfty, v, t, ts — 2 Qinfty, Qinfty, v, t t, — 4 Qinfty, Qinfty, v, t; ts

—2 Qinfty, Qinfty, v, t; — 4 Qinfty, Qinfty, v, t, ts — 2 Qinfty, Qinfty; v, 1, 15

— 2 Qinfty, Qinfty; v, t, t, — Qinfty, Qinfty; v, tg — 2 Qinfty, Qinfty; v, t, ts

LPinfty, = -



— 2 Qinfty, Qinfty; v, t; t, — 4 Qinfty, Qinfty; v, t5 ts — 2 Qinfty, Qinfty; v, ti —

Pinfty% Qinfty, v, — 2 Pinfty, Pinfty, Qinfty, v, + 2 Qinfty, v, iy t5 + 2 Qinfty, v, 1, 1
+2 Qinftyy v, t, 13 + 2 Qinfty, v, t; ts + 2 Qinfty, v, 1, 1, + Qinfty, v, tg +2 Qinftyy v 1, 1
+2 Qinfty, v, t; t, + 100 v, + v, Pinfty, Qinfty, — 100 Vo)

1 ] i 7 . . .
Qinfty ( - Qinfty, anftyg v, tg +4 anftyé anfzyg A tg + 4 Qinfty, Qinfty,
0

Qinfty, v, 12 + 8 Qinfty, Qinfty, Qinftyy v, f2 + 2 Qinfty, Qinfty, v, 1, t5 + 5 Qinfty, Qinftys v,
1z — 6 Qinfty, Qinfty, Qinfty; v, s — 6 Qinftyy Qinfty: v, 1, ts — 3 Qinfty Qinfty; v, fs

— 6 Qinfiy, Qinfty, Qinfty, Qinfty; v, 15 — 6 Qinfiy, Qinfty, Qinfiy; v, 1, ts — 6 Qinfty, Qinfty,
Qinfty; v, 3 — 9 Qinfty, Qinfty; Qinfty, v, tz — 12 Qinfty, Qinfty, Qinfty; v, 1, 15

— 12 Qinfty, Qinfty, Qinfty; v, z — 2 Qinfty, Qinfty; v, t, ts — Qinftyy Qinfty; v, 1

— 8 Qinfty, Qinfty; v, 1, ts + 2 Qinftyy Qinfty, v, 15 + 4 Qinfty Qinfty, v, t, ts +2

Qinftyy Qinfty, v, 13 + 4 Qinftyy Qinfiy, v, 3 15 + 2 Qinftyy Qinfty; v, £ + 4

Qinfiy, Qinfty, v, 1, ts + 4 Qinftyy Qinfty, v, f2 + 2 Qinfty, Qinfty; v, 15

+ 4 Qinfty, Qinfty, Qinfty, v, 1, ts + 6 Qinfty, Qinfty, Qinfty, v, tg

+4 Qinfty, Qinfty, Qinfty, v, t; ts + 2 Qinfty, Qinfty, Qinfty, v, 1,

+8 Qinfty, Qinfty, Qinfty; v, t, 15 + 6 Qinfty, Qinfty, Qinfty, v, 1z + 6 Qinfty, Qinftys v, 1, 15
+3 Qinfty, Qinfty, v, 15 + 8 Qinfty, Qinfty, Qinfty, v, t, ts + 4 Qinfty, Qinfty, Qinfty; v, f,
+ 12 Qinfty, Qinfty, Qinfty, v, t, ts +2 Qinfty, Qinfty; v, t, t5 + 2 Qinfty, Qinfr; v, 15 1,
+6 Qinfty, Qinfty, v, t, s + 3 Qinfty, Qinfty; v, t; — Pinfty; Qinftyy v, — 2 Pinfty, Pinfty,
Qinfty v, + 2 Pinfty; Qinfty, Qinfty, v, + Pinfty; Qinfty, Qinfty, v,

+2 Pinfty, Pinfty, Qinfty, Qinfty; v, — 2 Qinfty, v, ty ts — 2 Qinftyy v, t; 1, — 2 Qinftyy v, 13 15
— Qinftyy v, 1; — 4 Qinfiyy v, 1, ts — 2 Qinftyy v, 3 — 2 Qinfty, Qinfty, v, 1, 15

— 2 Qinfty, Qinfty, v, t, t, — 4 Qinfty, Qinfty, v, t; ts — 2 Qinfty, Qinfty, v, 1,

— 4 Qinfty, Qinfty, v, 1, ts — 4 Qinfty, Qinfty, v, 1, ts — 4 Qinfty, Qinfty, v, 13 1,

— 4 Qinfty, Qinfty, v, t, ts — 2 Qinfty, Qinfty, v, 1, — 2 Qinfty, Qinfty; v, 1, 15

— 2 Qinfty, Qinfty; v, t, t, — Qinfty, Qinfty; v, tg — 4 Qinfty, Qinfty; v, 1, ts

— 4 Qinfty, Qinfty, v, t; t, + Pinfty; Qinfty, v, + 2 Pinfty, Pinfty, Qinfty, v,

+2 Qinfty, v, ty 15 + 2 Qinfty, v, 1, t, + 2 Qinftyy v, t, t; + 2 Qinftyy v, 1, 15

+2 Qinfty, vy ty 1, + Qinftyy v, & + 100° v, + Pinfty, Qinfty, v, + 2 Pinfty, v, Qinfty,

— 100V, )

LPinfty, = -

1
Qinf Yy

LPinfty, = - (=5 Qinfiy;, Qinftys vy 15 — 5 Qinfty, Qinfty, Qinfiyy v, 15



— 5 Qinfty, Qinfty, Qinftyy v, f2 — 6 Qinfty, Qinfty3 v, 5 + 12 Qinftyy Qinfty, Qinfty; v, 13
+ 8 Qinfiyy Qinfty, v, 1, ts + 4 Qinftyy Qinfty; v, f2 + 12 Qinfty, Qinfty, Qinfty, Qinfty; v, fs
+ 8 Qinfty, Qinfty, Qinftyy v, 1, ts + 4 Qinfty, Qinfty, Qinfty, v, s + 12 Qinfty, Qinfty,
Qinfty; v, t5 + 8 Qinfty, Qinfty, Qinfty; v, t, ts + 20 Qinfty, Qinfty, Qinfty, v, fz + 10 Qinfty,
Qinftyy v, t, ts — 6 Qinftyy Qinfty, Qinfty; v, 15 — 3 Qinftyy Qinftys v, fs — 12
Qinfiy; Qinfty, Qinfty, v, t, ts — 6 Qinfty; Qinfty, Qinfty, v, s — 6 Qinftyy Qinfty; v, ty ts — 3
Qinfty; Qinfty v, ; — 6 Qinftyy Qinfty; v, 1, 15 — 3 Qinfiyy Qinfiy; v, f2 — 6 Qinfry,
Qinfty; Qinfty, v, f5 — 3 Qinfiy, Qinfty, Qinfiy, v, 15
— 12 Qinfty, Qinfty, Qinfty, Qinfty; v, 1, ts — 12 Qinfty, Qinfty, Qinfty, Qinfty; v, tg
— 6 Qinfty, Qinfty, Qinftyy v, t; ts — 3 Qinfty, Qinfty, Qinfty; v, £; — 6 Qinfty, Qinfty,
Qinfty; v, t, ts — 12 Qinfty, Qinfty, Qinfty; v, 1z — 3 Qinfty, Qinfty v, s — 12 Qinfty,
Qinftys Qinfty; v, 1, ts — 12 Qinfty, Qinfty; Qinfty, v, 5 — 6 Qinfty, Qinfty, Qinfty; v, t; 1s
— 3 Qinfty, Qinfty, Qinfty v, f, — 24 Qinfty, Qinfty, Qinfty; v, t, ts — 8 Qinfty, Qinfty, v, t; 15
— 4 Qinfty, Qinfty, v, 1y + 2 Qinftyy v, 1z + 4 Qinftyy Qinfty, v, 1, ts + 4 Qinftyy Qinfty, v, 15
+4 Qinfty] Qinfty, v, t, s + 2 Qinftyy Qinfty, v, 1; + 4 Qinftyy Qinfty, v, 1,15 + 4
Qinfiyy, Qinfty, v, 15 + 4 Qinftyy Qinfty, Vo t, ts + 4 Qinftyy Qinfty, v, 11, + 4
Qinfiy, Qinfty, v, 1, ts + 2 Qinftyy Qinfty, v, f, + 4 Qinfiyy Qinfty, v, 1, 15 + 6
Qinfiyy Qinfty; v, 15 + 4 Qinfty, Qinfty; v, t, ts + 2 Qinfty, Qinfty; v, 15
+ 4 Qinfty, Qinfty, Qinfty, v, t; ts + 2 Qinfty, Qinfty, Qinfty, v, ti
+ 8 Qinfty, Qinfty, Qinfty, v, t, ts + 6 Qinfty, Qinfty, Qinfty, v, 15
+ 4 Qinfty, Qinfty, Qinfty; v, 1, ts + 4 Qinfty, Qinfty, Qinfty; v, t; 1,
+4 Qinfty, Qinfty, Qinfty, v, t; ts + 2 Qinfty, Qinfty, Qinfty, v, £,
+ 12 Qinfty, Qinfty, Qinfty, v, t, ts + 4 Qinfty, Qinfty, v, t, s + 2 Qinftyy Qinftys v, 1
+6 Qinfty, Qinfty, v, 1, ts + 4 Qinfty, Qinfty, Qinfty, v, t 5
+ 4 Qinfty, Qinfty, Qinfty; v, t; t, + 12 Qinfty, Qinfty, Qinfty; v, 13 15
+6 Qinfty, Qinfty, Qinfty; v, 1, + 6 Qinfty, Qinfty v, 1, ts + 6 Qinfty, Qinfty; v, t 1, —
Pinfty; Qinfty, v, — 2 Pinfty, Pinfty, Qinfty v, — 2 Pinfty, Pinfty, Qinfty, v, — Pinfty;
Qinfiy, v, — Pinfty; Qinfty, Qinfty, v, + Pinfty| Qinfty, Qinfty, v,
+ 2 Pinfty, Pinfty, Qinfty, Qinfty, v, + 4 Pinfty, Pinfty, Qinfty, Qinfty; v, +2
Pinfty, Qinfty, Qinfty, v, — 2 Qinfty, v, t; ts — 2 Qinftyy v t, t, — Qinftyy v, 3 — 2
Qinftyy v, ty ts — 2 Qinftyy v, 1y t, — 2 Qinfiyy v, ty ts — Qinftyg v, 1 — 4 Qinftyg vy 1, 5
— 2 Qinfty, Qinfty, v, 1, ts — 2 Qinfty, Qinfty, v, t, t, — Qinfty, Qinfty, v, f;



— 2 Qinfty, Qinfty, v, t, ts — 2 Qinfty, Qinfty, v, t; t, — 4 Qinfty, Qinfty, v, t; 15

— 2 Qinfty, Qinfty, v, 1; — 2 Qinfty, Qinfty, v, 1, t; — 2 Qinfty, Qinfty, v, 1, 1,

— Qinfty, Qinfty, v, tg — 4 Qinfty, Qinfty, v, t, ts — 4 Qinfty, Qinfty, v, 1 1,

— 4 Qinfty, Qinfty, v, 1, ts — 4 Qinfty, Qinfty, vy t, t, — 2 Qinfty, Qinfty, v, 13

+ 2 Pinfty, Pinfty, Qinfty, v, + 2 Pinfty, Pinfty; Qinfty,v, + 2 Pinfty% Qinfty, v,

+ 2 Pinfty, Pinfty; Qinfty, v, + 2 Qinfty, v, 1y ts + 2 Qinftyy v, t, t, + 2 Qinfty, vy 1, 13

+ 100 v, + Pinfty, Qinfty, v, + 2 Pinfty, v, Qinfty, + 3 Pinfty, Qinfty, v, — 100 Vz)
EQI :
EQ2 :
EQ3:
EQ4 -
EQ5 -
EQ6 :
EQ7 :
EQS :
L EQ9 :
> series(simplify (series (CompatibilityEquations[2,1],lambda=
infinity) ) ,lambda=infinity) ;
3
(—8 t§v0+2 oc4t5) A

1 | | T A T
cCoocoocOoOoOO

Is
((8 Qinfiyy vy = 6,) 2+ (-2 Qinfryy 0, — 14V 1, + 2 0) 15 +2 0, 1,) A

5

1 _ _ | |
+ 5 (-8 Qinfis vy +8 Qinfiy, vy +6 Qinfiys vy — 4 v,) f5+ (2 Qinfiyy 0y + (14 vy 14

. . . 2
-2 oc3) Qinfty; —2 Qinfty, o, — 12 v t; =10 v, 1, +2 ocz) ts — 2 Qinfty; 0, 1, — 6 A
1 . 23 .2 .
+2o,0+20, t3) x) - 75((8 Qinfty; vy — 6 v, Qinfty; + (- 16 Qinfiy, v,

+4,) Qinfty, +8 Qinfiy, v, +6 Qinfiy, v, —2 V) o+ (-2 Qinfty; o, + (~14vy1,
+2 04 Qinfiyy + (4 Qinfty, o1, + 12V, 15+ 10V, 1, =2 o)) Qiniy, + (14 Qinfiy, v,
~6,) 1, =2 Qinfiy, 0y — 2 &, Qinfiy, = 10V 1, =8V, 1, +2 01, ) 15 +2 Qinfty; o, 1,
+ (6 Gvy =201, =20, 13) Qinfiy; =4 13V, + (=2 Qinfiy, o, — 10V 1y +2 0,) 1
2055 +20,0) + tj ((~8 v, Qinfiys; + 6 Qinfiy; v, + (24 Qinfiy, v, —4v,)

Qinfty; + (- 16 Qinfiy, v, — 12 Qinfiy, v, +2v;) Qinfiy, + (-8 Qinfty; + 8 Qinfty, ) v,
+6v, Qinfty, +4 v, Qinfiy, ) f+ (2 Qinfty; o, + (14 vy, —2 04) Qinfty; + (

=6 Qinfiy, 00, — 12V 1y = 10V, 1, +2 0, ) Qinfiy; + ( (=28 Qinfiy, v, +6V,) 1,

+4 Qinfty, 05 +4 oy, Qinfiy, + 10 v 1, +8 v, 1, =2 o) Qinfiy, + (14 Qinfiy, v,

@®

®



+10 Qinfty, vy —2v,) 1, + (12 Qinfty, t; =8 ;) vy + (2 Qinftys — 2 Qinftyy) o,
—2@mh%—2%gmmfwwﬁf4wﬂg%—2@mﬁ%a+(ﬁﬁ%+2%g
+20,15) Qinfiy + (4 13 v, + (4 Qinfiy, 0y + 10V 1y =2 0) 1, =2 01y
—2.0,1,) Qinfiyy + (6 Qinfiy, Vo —2V,) 1y + ( 2 0y, Qinfiy, —2 Qinfiy, 0y — 8 Vy 1
| 6V 1 H20,) (=4 BV (<2 Qinfiy, 5 +21) 0y +20,15+2 04 1))
[ In order to solve the entry (2,1) of the compatibility equations, we need to express the nu's in terms of
|_the vector \alpha.
> M:=Matrix(2*d,2*d,0) :
for i from 1 to 2*d do for j from 1 to i do
M[i,j]:=t[2*d+1-i+j]:
od: od:
M;
alphaVector:=Matrix(2*d,1,0):
for i from 1 to 2*d do alphaVector[i,1l]:=alpha[2*d-i+1]/ (2*d-i+1)
: od:
alphaVector;
nuVector:=Matrix(2*d,1,0):
for i from 1 to 2*d do nuVector[i,l]:=nu[i-1]: od:
nuVector;

=
o
[en)
(e

(10)




Vo
Vi
(10)
Vs
V3
> nuVectorbis:=Multiply (M” (-1) ,alphaVector):
for k from 0 to 2*d-1 do nul[k] :=nuVectorbis[k+1l,1]: od:
nu[0] :=nu[0];
nu[l] :=nu[l];
nu[2] :=nu[2];
nu[3] :=nu[3];
Vv, = RS
0 4
1,0, o,
Vv, == —_—
! a4z 314
2
(5t5—1) 0y  fy05 0
Vp T 3 o2 T
ar 3, 21
(t t2—2ttt+t3)oc (tt—tz)oc 1,0 o
2°5 4°3°%5 4 4 3% 4 3 4 1
Vi i=o 4 - 3 -2 vt 1)
i 4 1 315 21 5
> simplify(CompatibilityEquations) ;
00 12)
00

This verifies that the relation between nu's and alpha's is correct. We check now that the formulas for
| the Hamiltonians are correct.

> HOl:=simplify (residue( checkLl1l”2+checkLl2*checkL2l+checkL12*diff
(checkLll/checkLl1l2,lambda) ,lambda=0)) ;
for j from 0 to 2*d-2 do
Hinfty[]j] :=simplify (-residue (lambda” (-j-1) * (checkLl1”2+checkLl2¥*
checkL2l+checkL1l2*diff (checkLll/checkLl2,lambda)), lambda=
infinity)): od:
Hinfty[0] :=Hinfty[O0];
Hinfty[1l] :=Hinfty[1];
Hinfty[2] :=Hinfty[2];

HOl = — ((2 Qinftyy 5 =2 t,15) Qinfiyy + ( - Qinfty; 5 + 2 1, 15 Qinftyy + (4 Qinfiy, 15
Q”Ubb 35 4°5 0 35 4°5 3 2°5
—2tyt5— 1) Qinfiy) + (-3 15 Qinfty, + (-6 1, Qinfty, + 2 1,) 15 +2 1,1;) Qinfty; + (-3
Qinftys 15 + (4 Qinfty, t, +4 Qinfty, t; — 2 1,) t5 + 2 £; Qinfty, — Pinfty| — 2 Pinfty, Pinfty,




— 21,y — 13) Qinfty, + 2 Qinfty, Qinfty, 15 + (2 Qinftyy t, — 2 Qinfiy, t; — 2 Qinfty, 1,
+21y) ts — 1, Qinfty, + (-2 Qinfty, t; +2 1, 1, — 2 Pinfty, Qinfty, Pinfty, — Qinfty, Pinfty
— 2 Pinfty, Pinfty, — 2 Pinfty; Pinfty, + 2 ty1,) Qinftyy + 100 (100 — 1) Qinfty,)

. 1 . . . .
Hinfty, = iy, ( -2 Qinfiyy + (anftyg f2 — 2 1, 15 Qinfty; + (-3 Qinfty, £+2110+ ti)

Qinfty; + (4 3 Qinfty, + (41, Qinfty, — 2 1)) 15 — 2 Pinfty, Pinfty, — 2 1,13) Qinfiy,
— 41, Qinfty, ts + Qinfiyy 15 + (-2 Qinfty, t; + 2 1,) t5 + ( - Pinfiyg — 1;) Qinfty, — Pinfiy|
— 2 Pinfty, Pinfty, + 2 t,1, + ;) Qinfiy; + ( - Qinfty, Qinfty; & + 2 1, 15 Qinfty, Qinfty;

+4 (Qinﬁy2 f— % fy 15— % tﬁ) Qinfty, Qinftyy + (=3 Qinfiy; 13 + ( (-6 1, Qinfty,
+21)) 15+ 2 1,15) Qinfty, + Pinfty; ) Qinftys + (4 1, 15 Qinfty] + (-3 Qinfy; 15

+ (4 Qinfty, t; — 2 1,) 15 + 2 £; Qinfty, — Pinfiy] — 2 1,1, — 13) Qinfiy,

+2 Pinfty, Pinfty, Qinfty, + 2 Pinfty, Pinfty; + 2 Pinfty, ) Qinfty, + (2 Qinfty, f—211
—1;) Qinfty} + ((2 Qinfiys 1, — 2 Qinfry, t, + 2 1,) 15 — 2 Qinfty, ty1, — 2 Pinfty, Pinfty,
+21,t,+ 2 131,) Qinfty, + Pinfiy; Qinfty; + (2 Pinfty, Pinfty, + Pinfty,) Qinfty, + Pinfty;
+3 Pinftyz) Qinfty, + 100 Qinfty, (t00 — 1) )

. 1 . . . . .
Hinfty, = oo = ((-Qinfiyy 15 +2 Qinfiy; 1, 15 + (4 Qinfty, 15 — Pinfiyg — 2 ty 15 — 1;) Qinfiy,

— 21, Qinfty, + (-4 1, Qinfty, + 2 1,) ts — 2 Pinfty, Pinfty, +2 1, 1;) Qinftyy + ( - Qinfty,
Qinfty 13 + t5 (Qinfty, t5 +2 t, Qinfty, ) Qinftys + (4 Qinfiys 15 + (-2 Qinfiy, 1,

—2 Qinfty, t;) t5 — 1, Qinfty, ) Qinfiy; + (-6 Qinfty, Qinfty, &3 + (-6 Qinfiys 1,

+2 Qinfty, ty +2 Qinfty, 1) 15 + 1, Qinfty, + 2 Qinfiy, ty1, +2 Pinfty, Pinfty,) Qinfty,

+ (-3 Qinfty, +2 Qinfiy;) 15 + (4 Qinftys t5 + (8 Qinfry, t, —2 1, Qinfy,

—2 Qinfty, 1,) t5 +2 Qinftys 63 + ((Pinfiy} — 2 1,1, — 13) Qinfty, — 2 1, 1; Qinfty,

+2 Pinfty, Pinfty, + 2 Pinfty; + Pinfty,) Qinfty; +3 Qinfty, Qinfty, 13 + (2 Qinfiyy 1,

— 21, Qinfty, + (-4 Qinfty, t; + 2 1) Qinfty, — 2 Qinfiy; t, +2 Qinfiy, 1,) ts — 2 131,
Qinftys + (-2 1; Qinfry, +2 1, 1, + 2 131,) Qinfty, + 2 1, 1, Qinfty, + (- Pinfty| + 1) Qinfty,
+ 2 Pinfty, Pinfty; +2 Pinftyl) Qinfty, + 100 Qinfty, (100 — 1) )

1 infhe 1 - 2 - o2 2\ g 2
Qinfry, ((3 Qinfiy; &5 — 2 Qinfiy, 15 — 4 Qinfiy; 1, ts — Pinftyy + 2 ty 15 + 1) Qinfryy ~ (13)

+ (- Qinfiy 13 + 2 1, 15 Qinfty; + (5 Qinfty, 5 — 2 ty5 — 1) Qinfiy + (-4 15 Qinfry, + (
-8.1, Qinfty, +2 1,) 15+ 2 1, 13) Qinftyy + (-6 Qinfty; 15 + (6 Qinfty, 1, + 6 Qinfry, 1,
—21)) 15+ 313 Qinfty, =2 1,1, — 1) Qinfty; + (6 Qinfty, Qinfty, 5 + (6 Qinfiys 1,

— 4 Qinfty, t; — 4 Qinfty, t, +2 t0> ts—2 tZ Qinfty, — 4 Qinfty, t; t, + 2 Pinfty, Pinfty,

Hinfty, =



+ 21,1, + 2 131,) Qinfiy; + (Qinfty, — Qinftyy) s + ( -2 Qinftys 1y + (-4 Qinfiy, 1,
+21) Qinfty, +2 Qinfty, 1, ) t; — Qinfty £, + (Pinfty; +2 1,1, + 13) Qinfty,
+ 21,1, Qinfty, + 2 Pinfty, Pinfty; + Pinfty; + Pinfty, ) Qinfty, + 100° — 100)

> HamGeneral:=0:

for k from 0 to 2*d-2 do HamGeneral:=HamGeneral+nul[k+1l]*Hinfty[k]

od:
HamGeneral :=HamGeneral+nu[0] * (HO1+2*d*Pinfty[2*d-1]) :
for k from 0 to 2*d-2 do HamGeneral:=HamGeneral+nu[0]* (k+1)*
Qinfty[k+1]*Pinfty[k]: od:
HamGeneral :=simplify (HamGeneral) :

simplify (LQinfty[0] -diff (HamGeneral,Pinfty[0])) ;
simplify (LQinfty[1]-diff (HamGeneral,Pinfty[1l]))
simplify (LQinfty[2]-diff (HamGeneral,Pinfty[2])) ;
simplify (LQinfty[3]-diff (HamGeneral,Pinfty[3]))
simplify (LPinfty[0]+diff (HamGeneral,Qinfty[0])) ;
simplify (LPinfty[1]+diff (HamGeneral,Qinfty[1l])) ;
simplify (LPinfty[2]+diff (HamGeneral,Qinfty[2])) ;
simplify (LPinfty[3]+diff (HamGeneral,Qinfty[3]))

SO OO

HamGeneralFunction:=unapply (HamGeneral, alpha[l],alpha[2], alpha
[3]1,alpha[4]):

Hamtl :=simplify (HamGeneralFunction(1,0,0,0)):

Hamt2 :=simplify (HamGeneralFunction(0,1,0,0)):

Hamt3:=simplify (HamGeneralFunction(0,0,1,0)):

Hamt4 :=simplify (HamGeneralFunction(0,0,0,1)):
VectorHam:=Matrix (2*d,1,0):

VectorHam[1l,1] :=1*Hamt1:

VectorHam[2,1] :=2*Hamt2:

VectorHam[3,1] :=3*Hamt3:

VectorHam[4,1] :=4*Hamt4:

HVector:=Matrix(2*d,1,0):

for k from 1 to 2*d-1 do

HVector[k,1] :=Hinfty[2*d-1-k]: od:

HVector[2*d,1] :=HO01+2*d*Pinfty[2*d-1]:

for k from 0 to 2*d-2 do HVector[2*d,1l] :=HVector[2*d,1]+ (k+1)*

(14)



Qinfty[k+1]*Pinfty[k]: od:
HVector[2*d,1] :=simplify (HVector[2*d,61]) :

simplify (VectorHam-Multiply (M* (-1) ,HVector)) ;
0

15)

0
0
0



