[In this Maple file, we compute the Lax matrices and the Hamiltonian system for d=1.
> restart:

with (LinearAlgebra) :

d:=1:

Y Formulas for the member of the Painlevé IV hierarchy and
symmetry reduction in the (Q \infty, Q {0,1},P \infty, P_{0,1})
variables

[ Definition of \check{L} in the (Q \infty, Q {0,1},P \infty, P {0,1}) variables. We omit the check
|_for compactness.

> L12:=Q01/lambda+lambda” (2*d-1) :
for k from 0 to 2*d-2 do L12:=L12+ Qinfty[k]*lambda“k: od:
Ll12:=Ll2*omega;
L11:=P01*Q01/lambda:
for k from 0 to 2*d-2 do L11:=L11-Pinfty[2*d-2-k]*lambda’k: od:
L11:=L11- (tinfty[2*d+1l]*lambda+tinfty[2*d]-tinfty[2*d+1]*
Qinfty[2*d-2]) * (L12/omega) :
L1l:=simplify(L11):
series(L1l1l,lambda=infinity,20) ;

LI2 = ( QTO] T+ Qinftyo) ® (1.1)

~tinfiy, X — tinfty, X + ( Qinfiy} — Q01) tinfty, — Qinfiy, tinfty, — Pinfiy,

Q01 (Qinﬁyo tinfty; + POl — tinftyz)
> series(simplify(series((t00%2/lambda”*2- L11+2)/(L12/omega),
lambda=0,3)),lambda=0,1) ;
factor (residue ((t0042/lambda*2- L1172)/(L12/omega) ,lambda=0)) ;
ResidueBis:=1/omega* (£t0042/Q01-Q01* (POl-tinfty[2*d]+tinfty[2*
d+1]1*Qinfty[2*d-2]) ~2);
simplify( factor (residue ((t00%2/lambda”2- L11%42)/L12,lambda=0))

— ResidueBis) ;

- % ﬁ ( (QO 1 (Qinftyo tinfty; + POl — tinftyz) — t00) (QO] (Qinftyo tinfty; + POI 1.2)

_ tinftyz) + t00) ) + Q;]Z (2 tinfty, (Qinftyo tinfty; + POl — tinftyz) QO]3

-+(QMﬁ%ﬁmw3+IW]—¢Mﬂb)(—QMﬁ%ﬁm@3+(P0]+IMﬂ%)Qﬁm%
+2 Pinfty,) Q01 — 100° Qinfty,) +O(L)

_ ﬁ ((QOI Qinfty, tinfty, + POI Q01 — Q01 tinfty, — 100 ( Q01 Qinfty, tinftys
+ P01 Q01 — QO tinfty, +100))




2
% — QOI (Qinfiy, tinfiy, + POI — tinfry,)?
ResidueBis = Q

W

> L21linfty:=0:
for j from 2*d-1 to 4*d do for m from 0 to 4*d-j do L2linfty:=
L2linfty+ tinfty[2*d+1-m]*tinfty[j+m-2*d+1]*lambda”j: od: od:
Numm:=simplify((L21linfty-L11+2)/(L12/omega)) :
L21:=0:
for j from 1 to 60 do L21:=L21- 1/omega*simplify (residue (Numm*
lambda“” (-j) ,lambda=infinity) ) *lambda” (j-1) : od:
L21:=simplify (L21+ (t0072/Q01-Q01*(Qinfty[2*d-2]*tinfty[2*d+1]+
POl-tinfty[2*d])~2) /omega/lambda) :

> series(simplify (series(L21,lambda=infinity,2)) ,lambda=infinity,
2):
Coefflambdal2l:=-factor (residue (L21/lambda”*2,lambda=infinity)) ;
CoefflambdalOL2l:=-factor (residue (L21/lambda,lambda=infinity)) ;
CoefflambdaOL2lbis:=1/omega*( 2*tinfty[3]*Q01*P01+2* (tinfty[3]*
Qinfty[0]-tinfty[2]) *Pinfty[0]+4* (tinfty[3]72*Qinfty[0]-tinfty
[2] *tinfty[3]) *Q01-2*tinfty[3]72*Qinfty[0]*3+4*tinfty[3]*tinfty
[2] *Qinfty[0]*2-2* (tinfty[2]*2+tinfty[3]*tinfty[1]) *Qinfty[O0]
+2*tinfty[0] *tinfty[3]+2*tinfty[1l] *tinfty[2] )
simplify (series (CoefflambdalOL21-CoefflambdalL21bis,PO01));
CoefflambdaMinusll2l:=-factor (residue (L21,lambda=infinity)):

Coefflambdal 2] = (1.3)

2 tinftyy ( - Qinfty, tinfty, + QOI tinfty, + Qinfty, tinfty, + Pinfty, — tinfty,)

W

Coefflambda0L2] = - (2 (- Qinfty, tinfty; +2 QOI Qinfty, tinfty; + 2 Qinfiy; tinfty, tinfty,
0
+ P01 Q01 tinfty, — 2 Q01 tinfty, tinfty, + Pinfty, Qinfty, tinfty; — Qinfty, tinfty, tinfty,
— Qinfty, tinfty, — Pinfty, tinfty, + tinfty, tinfty; + tinfty, tinftyz) )

CoefflambdaOL21bis = € (2 POI QOI tinfty, + 2 (Qinftyo tinfty; — tinftyz) Pinfty,
Q)

+4 (Qinfty, tinfty; — tinfty, tinfty; ) Q01 — 2 Qinfiy; tinfty; + 4 Qinfty( tinfty, tinfty,

— 2 (tinfty, tinfiy; + tinfty%) Qinfty, + 2 tinfty, tinfty, + 2 tinfty, tinﬁyz)
_ 0
| Definition of the auxiliary matrix in the (Q,P) variables.
> Al2:=0:
for i from 0 to 2*d-1 do Al2:=Al2+nu[i]*lambda” (2*d-1-i): od:




for k from 0 to 2*d-2 do for i from 0 to k do Al2:=A12+Qinfty
[k]*nu[i] *lambda” (k-1i) od: od:

Al2:=omega*Al2;

cinfty0:= 1/2/omega*Lomega+ tinfty[2*d+1]*(Q01l*nu[0]+nu[l]*
Qinfty[0]):

All:=cinfty0:

PolAl2:=0:

for i from 0 to 2*d-1 do PolAl2:=PolAl2+nu[i] *lambda” (-i): od:
PolAl2:=PolAl2*L1l1l:

for k from 0 to 60 do All:=All-residue (PolAl2/lambda” (k+1),
lambda=infinity) *lambda“k od:

All:=Al1l;

A22:=-Al1l:

A2]1:=(-tinfty[2*d+1] *Lomega/omega”2) *lambda- (tinfty[2*d]-
tinfty[2*d+1]*Qinfty[2*d-2]) *Lomega/omega”*2+ (alpha[2*d]-tinfty
[2*d+1] *LQinfty0) /omega —-tinfty[2*d+1]*nu[0]/omega:
L2loper:=0:
for j from 2*d-1 to 4*d do for m from 0 to 4*d-j do
L2loper:=L2loper+tinfty[2*d+1-m] *tinfty[j+m-2*d+1] *1lambda”]j od:
od:
L2loper:=L2loper;
Al2o0per:=0:
for i from 0 to 2*d+1 do Al2o0per:=Al2oper+nul[i]* lambda” (-i):
od:
Al2oper:=Al2oper;
for k from 0 to 60 do A2l1:=A2l-residue( (L2loper*Al2oper/(L1l2))
/lambda”* (k+1) ,lambda=infinity) *lambda“k od:
for k from 0 to 60 do A21:=A2l1-residue( ((L11l/(L12))*(L1l1l*
Al2/L12 -2*All))/lambda” (k+1) ,lambda=infinity) *lambda“k od:
nu[2*d] :=-(Q01*nu[0]+Qinfty[0] *nu[l]) ;
Testnu2:=-nu[0]*Q01:
nu[2*d+1] :=Q01*Qinfty[0] *nu[0]+Qinfty[0]*2*nu[1]-Q01*nu[l]:
Testnu3:=-nu[l1l]*Q01:
for j from 2 to 2*d do Testnu3:=Testnu3- nu[j]*Qinfty[]j-2]: od:
simplify (nu[2*d+1] -Testnu3) ;
for j from 1 to 2*d-1 do Testnu2:=Testnu2- nu[j]*Qinfty[j-1]:
od:
simplify (nu[2*d] -Testnu2) ;
A2]:=series (simplify(series (simplify (A21) ,lambda=infinity)),
lambda=infinity);

A12:=:a)(Kv0+—thbbv0%—vl) 1.4



_ 1 Lomega . . L a2 .
All = B +tinfty; (QO1v, + Qinfty, v, ) —I—VO(<anfty0 QO1) tinfiy,

— Qinfiy, tinfiy, — Pinfiy,) — v, tinfiyy — (Vo tinfiy, + v, tinftys) & — v, tinfiy, z
Lﬂqu:xﬂmm§+2fﬁmWﬁmmg+2fﬁﬁ%ﬁm&ﬁ4€mﬁﬁ+2xmm%ﬁﬁm
+ 2 Atinfty, tinfty,
A% A% A%
Al2oper = V0+ L + —i + —i
AT
v, = -Q01v, — Qinfty, Vv,
0
0
A2l = - (((2 Qinftyy — 2 QO1) v, tinfty; + ( -2 Qinfty, tinfty, — 2 Pinfty,
()

+2 tinfiy ) v, tinfty3> x) + é ( ( (-2 Qinfty; +4 Q01 Qinfiyy) vy =2V, (-

Qinftyy + Q01) ) tinftys + ((4 Qinftyy tinfty, + (2 Pinfty, — 2 tinfty, ) Qinfty,

— 4 Q01 tinfty, + 2 tinfiyy — 1) v, — 2 tinfiy, v, Qinfty, + 2 tinfiy, v, — LQinfzyo) tinfty,
|+ 2uinfty, (- Qinfty, tinfty, — Pinfiy, + tinfty,) v, + 0c2>

> CoefflLambdalA2l:=factor (-residue (A21/lambda*2,lambda=infinity))

.
14

CoefflLambdaOA2l:=simplify (-residue (A21/lambda,lambda=infinity))

CoeffLambdaOA2lbis:=1/omega* (-tinfty[3]*LQinfty0 -2*tinfty[3]*(
(-Qinfty[0]72+Q01) *tinfty[3]+Qinfty[0] *tinfty[2]-tinfty[1l]) *nu
[1] +alpha[2] +4*tinfty[3]*nu[0]* (Qinfty[0]*tinfty[3]-tinfty
[2]) *Q01-2*Qinfty[0]*3*nu[0] *tinfty[3]*2+4*Qinfty[0] *2*nu[0]*
tinfty[2]*tinfty[3]+2*nu[0] * (Qinfty[0] *tinfty[3]-tinfty[2])*
Pinfty[0]+nu[0] * (2*tinfty[0] *tinfty[3]+2*tinfty[1l]*tinfty[2]-
tinfty[3])-2*nu[0]* (tinfty[1l]*tinfty[3]+tinfty[2]*2)*Qinfty[0])

14

simplify (series (omega* (CoeffLambda0A21-CoefflambdalOA2lbis),

Qinfty[0]))
CoeffLambdalA21 :=
2 v, tinfty; ( - Qinfty, tinfty; + Q01 tinftyy + Qinfty, tinfty, + Pinfty, — tinfty, )

w

CoeffLambda0A21bis = €L ( - LQinfty0 tinfty; — 2 tinftys ( ( - Qinfiy} + QO1) tinfiy,
()

1.5)

+ Qinfiy, tinfty, — tinfty, ) v, + 0, + 4 tinfty, v, ( Qinfty, tinfty, — tinfty,) Q01 —2
Qinftyy v, tinftys + 4 Qinftyy v, tinfty, tinfty; + 2 v, (Qinfty, tinfty; — tinfty,) Pinfty,
+ v, (2 tinfty, tinfty, + 2 tinfty, tinfty, — tinfty;) =2, (n‘nﬁy1 tinfty, +




tinfty%) Qinfzyo)

;Compatibility equation and evolutions
> L:=Matrix(2,2,0):

L[1,1]:=L11:
L[1,2]:=L12:
L[2,1]:=L21:

L[2,2]:=-L[1,1]:
A:=Matrix(2,2,0):
A[l,1]:=A11l:
A[l,2]:=A12:
A[2,1]:=A21:
A[2,2]:=-A[1,1]:
> dAdlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff
(A[i,j],1lambda): od: od:
dAdlambda:
> BigLL:=Matrix(2,2,0):
BigLL[1,1]:= diff(L[1,1],Qinfty[0])*LQinfty0O+ diff(L[1,1],Q01)*
LQO1+diff (L[1,1],Pinfty[0]) *LPinftyO+ diff(L[1,1],P01)*
LPO1+diff (L[1,1],tinfty[2]) *alpha[2] +diff(L[1,1],tinfty[1])*
alpha[l]+ diff(L[1,1],omega) *Lomega:
BigLL[1,2]:= diff(L[1,2],Qinfty[0]) *LQinfty0O+ diff(L[1,2],Q01)*
LQO1+diff (L[1,2],Pinfty[0]) *LPinftyO+ diff(L[1,2],P01l)*LPO1+
diff(L[1,2],tinfty[2])*alpha[2] +diff(L[1,2],tinfty[1l]) *alpha
[1]+ diff(L[1,2],6 omega) *Lomega:
BigLL[2,1] := diff(L[2,1],Qinfty[0]) *LQinfty0O+ diff(L[2,1],Q01)*
LQO1+diff (L[2,1],Pinfty[0]) *LPinftyO+ diff(L[2,1],PO01l) *LPO1+
diff(L[2,1],tinfty[2])*alpha[2] +diff (L[2,1],tinfty[1]) *alpha
[1]+ diff(L[2,1],omega) *Lomega:
BigLL[2,2] :=-BigLL[1,1]:
> Commutator:=Multiply (A,L)-Multiply(L,A):
CompatibilityEquation:= simplify (dAdlambda-BigLL+Commutator) :
> series(CompatibilityEquation[1l,2], lambda=infinity):
EQO:=simplify (residue (CompatibilityEquation[l,2]/lambda”3,
lambda=infinity)) ;
EQl:=simplify (residue (CompatibilityEquation[l,2]/lambda*2,
lambda=infinity)) ;
EQ2:=simplify (residue (CompatibilityEquation[1l,2]/lambda, lambda=
infinity))
EQ3:=simplify (residue (CompatibilityEquation[1l,2], lambda=
infinity)) ;




series (simplify (series (CompatibilityEquation[l,1], lambda=
infinity)) ,lambda=infinity) :
EQO:=simplify (residue (CompatibilityEquation[l,1]/lambda”4,
lambda=infinity)) ;
EQ4:=simplify (residue (CompatibilityEquation[1l,1]/lambda”3,
lambda=infinity)) ;
EQ5:=simplify (residue (CompatibilityEquation[l,1]/lambda’2,
lambda=infinity)) ;
EQ6:=simplify (residue (CompatibilityEquation[l,1]/lambda, lambda=
infinity));
EQ7:=simplify (residue (CompatibilityEquation[1l,1],lambda=
infinity)) ;
EQ0 =0 (1.6)
EQI =0
EQ2 = (2 P01 Q01 Vo~ 2 Pinfty, v, t LQinfty0 — Vo) 0]
EQ3 = (2 POI Q01 Qinfty), Vo T 2 P01 Q01 v, t 2 Q01 Pinfty, Vo T LQOI) (6]
EQ0:=0
EQ4:=0
EQ5 = -tinfty, (2 P01 Q01 Vo~ 2 Pinfty,, v, + LQinfty0 — v0>

EQ6 = ( -2 v, tinfty; QOI° + ( (3 Qinfiyy v, — 6 Qinfty, vi) tinfty; + ( (-2 POI

1
001
+4 tinftyz) v, —4 (Qinftyo tinfty, — % tinfty, + % Pinftyo) Vo) tinfty; + v, (PO]

— tinfiy,) 2) Q0P + (4 v, Qinfiyy tinfi}, + ( (-6 Qinfiy} tinfiy, + ( -2 Pinfiy,
+4 tinftyl) Qinfty, — 2 tinfty, + 1 ) v, — Qinftyy v, + Qinfty, LQinfty0 — LQO]) tinfty,
+ 2 tinfty, (Qinftyo tinfty, + Pinfty, — tinﬁyl) v, t Vv, tinfty, — tinfty, LQinfty0
— LPinfiy0) Q01 — 100° Vo)

EQ7 = ﬁ (( (4 Qinfiyy vy —2v,) tinfty; — 4 tinfty, v, tinfys ) 001° + ((- Qinfty, v,
+3 Qinfiy; vi) tinfty, + (((2 P01 + 2 tinfiy,) Qinftyy + (2 Pinfty, — 2 tinfty,) Qinfty,
+ 2 tinfiyy = 1) v, +2 v, ((POI =2 tinfty, ) Qinfty, + tinfty, ) ) tinfiy; + ( (10012
—2 POI tinfty, — tinfty; ) Qinfty, + 2 tinfty, ( - Pinfty, + tinfty,) ) v, + POI° v,
—2 POI v, tinfty, + v, tinfty; + LPOI ) QOI* + LQOI ( Qinfty, tinfty, + P01

| —tinfiy)) Q01 — 100 (Qinfiyy vy +v,) )

> LQinfty0:=solve (EQ2,LQinfty0) ;
LQ01:=solve (EQ3,LQ01) ;
LQinfty0 := -2 POl Q01 Vo +2 Pinfty0 v, + Vo 1.7)

LQOI = -2 Q01 (PO] Qinfty, v, + POI v, + Pinfty, VO)
> simplify (EQ5) ;




simplify (EQ6) ;

simplify (EQ7) ;
0 (1.8)

007 ( -2 v, tinfty; Q01" + ( (3 Qinfty v, — 6 Qinfry, vi) tinftys + (4 v, tinfty,
—4 (Qinftyo tinfty, — % tinﬁyl) vo) tinfty; + v, (Po 2 tinftyg) ) 001% + (4 v,
Qinfiy} tinfiy? — 6 v, (Qinﬁyg tinfty, — % Qinfry, tinfty, + tznftyo 1 ) tinfty,
+ (2 Qinfty, tinfty, — 2 tinfty, tinfty,) v, — LPinftyO) 001 — 100 vo)

Q o ——(((4 Qinfry, tinfty; — 4 tinfty, tinfty;) vy —2 tinfty§v1> 001’ + ((—Qinfzyf, tinftys
+(2 Qinfiy, tinfty, — 2 Qinfty, tinfty, + 2 tinfty, — 1 ) tinftyy + ( -POI* —
tinftyy) Qinftyy — 2 POI Pinfty, + 2 tinfty, tinfty,) v, + 3 tinfty; v, Qinfiyy +2 v, (
-2 Qinfty, tinfiy, + tinfty, ) tinfty; + ( -POI* + tinﬁyg) v, + LPOI) 001*
| - 1007 (Qinfiyy vy +v,))

> LPinfty0:=solve (EQ6,LPinfty0) ;
LP0l:=solve (EQ7,LPO01) ;

. 1
LPinfty0 = o0l — (3 QOI” Qinfiyy v, tinfty; +4 Q01 Qinftyy v, tinfty; — 2 QOI’ v, tinfty, (1.9)

—4QMgﬁﬁ%%mﬁbmﬁ%—6Qmgﬁﬁ%wmm%—6QM

Qinftyy v, tinfty, tinftyy + POI> Q0I” vy + 2 QOI* v, tinfty, tinfty; + QOI v, tinfty;
+4 Q01 v, tinfty, tinfty, + 4 Q01 Qinfty, v, tinfty, tinfty; +2 QOI Qinfiy, v, tinfty,
—2 Q01 v, tinfty, tinfty, — 2 Q01 v, tinfty, tinfty, + Q01 v tinfty; — 100° Vo)

LPOI = —L 5 <Q012 Qinfty, v, tinfty; — 4 QI Qinfty, v, tinfty; — 2 Q0I°
i

Qinftyy v, tinfty, tinfty, — 3 QOI” Qinftyy v, tinfty; + POI” QI Qinfty, v,
+4 Q0P v, tinfty, tinfty, +2 QO v, tinfty; + 2 QOI” Qinfty, v, tinfty, tinfty,
+ Q01 Qinfty, v, tinfty, + 4 QOI” Qinfty, v, tinfty, tinfty, + POI* QOI v,
+2 POI QO Pinfty, v, — 2 QOI v, tinfty, tinfty; — 2 QOI" v, tinfty, tinfty,
—2 QOI v, tinfty, tinfty, — QOI” v, tinfty; + QOI” v, tinfty, + 100° Qinfty, v, + 100° vi)

> Ham:=-2*P01*QO01*Pinfty[0] *nu[0]+Pinfty[0]*2*nu[1l]+Pinfty[0] *nu
[0]-P0172*Q01* (Qinfty[0] *nu[0]+nu[l])
-((-2*nu[0] *tinfty[3]72*Q01*3+((2*nu[0] *tinfty[1l]+4*nu[l]*
tinfty[2]) *tinfty[3]+nu[0] *tinfty[2]"2) *Q0142-2*nu[l]*((tinfty
[0]-1/2) *tinfty[3]+tinfty[1l]*tinfty[2])*Q01-t00%2*nu[0]) *Qinfty
[0]1/Q01+((1/2)*(-6*Q01*tinfty[3]*2+4*tinfty[1l]*tinfty[3]+2*
tinfty[2]72)*nu[1]-2*Q01*nu[0] *tinfty[2] *tinfty[3])*Qinfty[O0]
A2+tinfty[3]1*(Q01*nu[0] *tinfty[3]-2*nu[l] *tinfty[2]) *Qinfty[O0]




Ham = -2 POI QOI Pinfty v, + Pinftyy v, + v, Pinfty, — POI> Q01 (Qinfiyy vy +v;)

A3+tinfty[3]*2*nu[l] *Qinfty[0]*4)

-(2*Q01*2*nu[0] *tinfty[2] *tinfty[3]+Q01*2*nu[l] *tinfty[3]*2-2*
Q01*nu[0]*tinfty[0]*tinfty[3]-2*Q01*nu[0]*tinfty[1l]*tinfty[2]

-2*Q01*nu[l] *tinfty[1]*tinfty[3]-Q01*nu[l]*tinfty[2]*2+nu[0]*

tinfty[3]*Q01-t00%2*nu[1]/Q01) ;

simplify (diff (Ham,Pinfty[0])- LQinftyO0);
simplify (diff (Ham,P01l)- LQO1) ;
simplify (diff (Ham,Qinfty[0])+LPinfty0) ;
simplify (diff (Ham,Q01)+LPO1) ;

_1 2 3 . _ _ o, )
~ 001 ( ( =2 v, tinfty; QOI" + ( (2 v, tinfty +4 v, tlnftyz) tinfty; +v, tmftyz) 001

~2v, ( (tinftyo - % ) tinfty, -+ tinfty, tinﬁyz) 001 — 1007 vo) Qinftyo) . (% (

-6 QO tinfty; + 4 tinfty, tinfty; +2 tinfty; ) v, — 2 Q01 v, tinfty, tinfty3) Qinfiy;

— tinfty; (QO1 vy tinfiyy —2 v, tinfty,) Qinfty, — tinfty; v, Qinfty,

—2 Q01> v, tinfty, tinfty; — QOI” v, tinfty; +2 Q01 v, tinfty, tinfty,

+2 Q01 v, tinfty, tinfty, + 2 Q01 v, tinfty, tinfty; + Q01 v, tinfty; — v, tinfty, Q01
100 v,

001

SO OO

> Hambis:=-(Qinfty[0]*nu[0]+nu[l]) *Q01*P0142-2*nu[0]*Q01*PO1*

Pinfty[0]+nu[0] *Pinfty[0]+nu[l]* (Pinfty[0])*2+t00%2* (Qinfty[0]*
nu[0]+nu[l])/Q01

+2*nu[0] *tinfty[3]*2*Qinfty[0]*Q0142 - (Qinfty[0]~*3*tinfty[3]*2+
tinfty[2]72*Qinfty[0]) *nu[0] *Q01 - (2*nu[0]*tinfty[2]*tinfty[3]+
nu[l]*tinfty[3]72)*Q0142+ 2*tinfty[2]*tinfty[3]*nu[0]*Q01%*
Qinfty[0]*243*tinfty[3]*2*nu[l]*Qinfty[0]*2+ (-2*tinfty[3]* (nu
[0]*tinfty[1]+2*nu[l] *tinfty[2])) *Q01*Qinfty[0]+3*Qinfty[0]*2*
nu[l]*tinfty[3]42*Q01

-(3*(tinfty[3]72)+2*tinfty[3] *tinfty[1l]+tinfty[2]*2) *nu[l]*
Qinfty[0]*2+nu[l] * (2*tinfty[0] *tinfty[3]+2*tinfty[1l]*tinfty[2]-
tinfty[3]) *Qinfty[0]+ ((2*tinfty[1]*nu[l]+nu[0]* (2*tinfty[0]-1))
*tinfty[3]+2*nu[0] *tinfty[1l]*tinfty[2]+nu[l]*tinfty[2]*2) *Q01
+2*tinfty[2] *tinfty[3]*nu[l] * (Qinfty[0])*3-tinfty[3]*2*nu[l]*
(Qinfty[0]) *4:

simplify (series (simplify (Ham-Hambis) ,Q01)) ;

111N

(1.10)



_ 0
> M:=Matrix(2*d,2*d,0):

d+1-(i-j)]: od: od:
M;
alphaVector:=Matrix(2*d,1,0):

: od:

alphaVector;
nuVector:=Multiply (M”* (-1) ,alphaVector) ;

for i from 1 to 2*d do nu[i-1]:=nuVector[i,1l]: od:
nu[0] :=nu[0];

nul[l]:=null];

tinfty, 0
tinfty, tinfty,

1
> %
o
1%
2 tinfty,
| tinfty, o, o,
2 tinfty; tinfty,

1 %
vV, =
0 2 tinfty,
1 tinfty, 0, o,

v, = - —

! 2 tinfiys tinfty,

> Hamfunction:=unapply (simplify (Ham) ,alpha[l],alpha[2]):
Hamtinftyl:=simplify (Hamfunction(1,0));
Hamtinfty2:=simplify (Hamfunction(0,1)) ;

1 : . . . .
QO]T ( -Q0 & tznftyg + (3 anftyg tlnftyg + ( -4 Qinfty, tinfty,
iy

+2 tinfty,) tinfty, — POI” + tinfty;) QOI* + ( - Qinfiy} tinfty; + (2 Qinftyy tinfty,
— 2 tinfty, Qinftyy + (2 tinfiy, — 1) Qinfty,) tinfty; — Qinftyg tinfiy,
+2 Qinfty, tinfty, tinfty, + Pinftyy) Q01 + 100%)

Hamtinfty? = I ((2 Qinfty, tinfty; — tinfty, tinftys) QOI + ( - Qinfiyj tinfty,

2 Qo1 tinfry;

Hamtinftyl :=

for i from 1 to 2*d do for j from 1 to i do M[i,j]:=tinfty[2%*

(1.11)

for i from 1 to 2*d do alphaVector[i] :=alpha[2*d+1-i]/ (2*d+1-1i)

1.12)

1.13)



+ (- Qinftyg tinfty, — 2 Qinfty, tinfty, + 2 tinftyy — 1) tinftys + ( -POI* Qinfty,
+3 Qinfty, tinftyy — 2 POI Pinfty, ) tinfty, + POI” tinfty, — tinfty;) Q0I° + (
Qinfty, tinfty, tinftys + (-2 tinfty; Qinftyy + (2 tinfty, Qinftyy + (-2 tinfty,
+ 1) Qinfty, ) tinfty, + Pinfty, ) tinfty; + Qinfiyg tinfty, — 2 Qinfty, tinfty, tinftys —
i Pinfiyg tinfty,) Q01 + 100 ( Qinfty, tinfty, — tinfty,) )
> Hamtinftylbis:=-Q01*P01~2/tinfty[3]+1/ (tinfty[3])* (Pinfty[0])*2
—tinfty[3]*Q01~2 +t00~2/ (Q01*tinfty[3]) -Qinfty[0]~4*tinfty[3]
+2*Qinfty[0]~3*tinfty[2] +3*Qinfty[0]*2*tinfty[3]*Q01-4*tinfty
[2]*Qinfty[0]*Q01+Q01* (2*tinfty[1]*tinfty[3]+tinfty[2]~2)
/tinfty[3]- (2*tinfty[1]*tinfty[3]+tinfty[2]~2)*Qinfty[0]
A2/tinfty[3]-Qinfty[0] +2* (tinfty[0]*tinfty[3]+tinfty[l]*tinfty
[2]) *Qinfty[0]/tinfty[3];
simplify (series (Hamtinftyl-Hamtinftylbis, Qinfty[0]))
. 2
Q01 POI* N Pinfty, 100
tinfty, tinfty, Q01 tinfty,
+ 2 Qinfiy, tinfty, + 3 Qinfty, tinfty, Q01 — 4 tinfty, Qinfty, Q01
Q01 (2 tinfty, tinfty, + tinfty;) (2 tinfty, tinfty; + tinftyy) Qinfty;
+ —

Hamtinftylbis == — tinfty, QOI° + — Qinfiyy tinfty,  (1.14)

tinfty, tinftys — Qinjty,
N 2(ﬁnﬁ%tﬁ433+1hqwlﬁnﬁb)gﬁnﬁ%
tinfty,
0

> Hamtinfty2bis:=-(1/2)* (Qinfty[0]*tinfty[3]-tinfty[2]) *Q01l*
P0172/tinfty[3]172-Q01*P01*Pinfty[0]/tinfty[3]+(1/2) *Pinfty[0]
/tinfty[3]1-(1/2) *Pinfty[0]*2*tinfty[2]/tinfty[3]*2+t00"2%*
(Qinfty[0] *tinfty[3]-tinfty[2])/ ((2*tinfty[3]72)*Q01)+ (Qinfty
[0]*tinfty[3]-(1/2)*tinfty[2])*Q01+2+(1/2) *Qinfty[0]*4*tinfty
[2]
-(1/2)*(QO01*tinfty[3]*2+2*tinfty[2]72) *Qinfty[0]*3/tinfty[3]+
Q01* (2*tinfty[0] *tinfty[3]*2-tinfty[2]73-tinfty[3]72)/(2*tinfty
[31%2)-(1/2) *tinfty[2]* (QO01*tinfty[3]*2-2*tinfty[1l]*tinfty[3]-
tinfty[2]72) *Qinfty[0]*2/tinfty[3]"2
+3/2*tinfty[2]72*Qinfty[0]*Q01/tinfty[3] -Q01*Qinfty[0]*tinfty
[1]+((-2*tinfty[0]+1) *tinfty[2] *tinfty[3]-2*tinfty[1l]*tinfty[2]
~2)*Qinfty[0]/ (2*tinfty[3]"2) ;
simplify (series (Hamtinfty2-Hamtinfty2bis, Qinfty[0])) ;
' ' 1 (Qinftyo finfty; — tinftyz) Q01 PO1 2 Q01 POI Pinfty,
Hamtinfty2bis := Y — — ;

tinfty, tinfty,

1.15)




| Pinftyy | Pinfogtinfty, | 100° (Qinfty, tinfty, — tinfty,)

2 dnftys 2 infry; 2 Q01 tinfty;
o 1. 1 . .4
+ (anftyo tinftyy — = tznftyz) 001* + > Qinfty, tinfty,
(QO!I tinftys + 2 tinfty;) Qinfiy, QOI (2 tinfty, tinfty; — tinfty; — tinfty3 )

_ 1 L1
. . 2
2 finfty, 2 tinfty,
| tinfty, (QOI tinfiy; — 2 tinfty, tinfiy, — tinftys ) Qinfiyj L3 tinftys Qinfty, Q01
2 tll’lftyg 2 tinfty3
1 ( (-2 tinfiy, + 1) tinfty, tinfty, — 2 tinfty, tinfty%) Qinfty,

QOIQUqbbnnﬂyl+-2 ﬁnﬂ@
L 0
| We impose the symmetry \check {L}(-\lambda)=-\sigma_1 \check{L}(\lambda) \sigma_1
> R01:=0:
Rinfty[1] :=0:
tinfty[2] :=0:
tinfty[0] :=0:
alpha[2]:=0:
alpha[l]:=1:
> Ll2function:=unapply(L1l2,lambda) :
L21function:=unapply(L21,lambda) :
Lllfunction:=unapply(L1l1l,lambda) ;
Qinfty[0]:=-P01/tinfty[3];

tinfty[3]*Q0142) ;
omega:=-t00/Q01;
Lomega:=t00*LQ01/Q01*2:
simplify (Lllfunction(-lambda)-Lllfunction(lambda)) ;
series (simplify (Ll12function(-lambda)+L2l1function(lambda)),
lambda=0) ;
series (simplify (L21function (-lambda)+Ll2function (lambda)),
lambda=0) ;
L1lfunction = A\

s tinfty, + ( (Qinfzyg — Qoz) tinfty, — Pinftyo) A+ Q01 (Qinfiy, tinfty, + POI)

- A
. P01
anftyo = - tlnfty?’
. . POI* | . 1 w00
Pinfty, == - QO0I tinfty, + tinfiys + tinfty, — o W
3

Pinfty[0] :=-Q01*tinfty[3]+P01~2/tinfty[3]+tinfty[1]-t0042/ (2%

(1.16)



100
001

S OO

> L:=simplify (L) :
Lll:=expand(series(simplify (series(L1ll,lambda=infinity)),
lambda=infinity)) ;

Ll12:=expand (series (simplify (series(L12,lambda=infinity)),
lambda=infinity)) ;

L21:=expand (series (simplify (series(L21,lambda=infinity)),
lambda=infinity)) ;

A:=simplify (A);

L11 = tinfty, X — tinfiy, + Lz
2 tinfty, Q01

) t00 A n t00 PO1 100

L2 := ; -
Q01 Q01 tinfty, A
[2] = - 100A  100POI 100
Q01 Q01 tinfty, A
Y ) 100
Q01 tinfty,
B 100 A
Q01 tinfty,
> LQinfty0:=expand (LQinftyO0) ;
LQ01:=LQO01;
LPO0l:=expand (simplify (LPO1));
2 2 tinfty
LQinfiy0 = -2 go1 + ZF0L L T2 IOZOZ .
tinfty, 0y tinfry; Q01
2 Q01 POI
LOOI == -—~———
finfty,
2
LPOI == 2 Q01 tinfty; — 2P0 _, tinfty, + 00

tinfty, tinfty, QOI*

> simplify (LPOl-tinfty[3]* (-LQinfty0));
Qinfty[0]*LQinfty0 -tinfty[3]* LQO1l)) ,Q01,P01);

LSO0l1Reduced:=unapply (expand (simplify (LQO01)) ,Q01,P01);
LSO01Reduced (S01,Sinfty[0] *tinfty[3]) ;

LRinftyOReduced (S01,Sinfty[0] *tinfty[3])
LSinftyOReduced (S01,Sinfty[0] *tinfty[3]) ;

1.17)

(1.18)

LRinftyOReduced:=unapply (expand (simplify (-LPinftyO0+2*tinfty[3]*

LSinftyOReduced:=unapply (expand (simplify (-LQinfty0)) ,Q01,P01);



0 1.19)

LRinfiyOReduced = (Q0I, POI) — -1 + %
Q01 tinfiy:
2 2tinfty 2
LSinfiyOReduced = (Q01, POI) —2 Q01 — = P012 _ S t020 :
tinfty; tinftys  tinfty; Q01
LS01Reduced == (Q01, POl)— - M
tinfty,
-2 801 Sinfty,
2 Sinfty, 100°
_1 + 2—
S01* tinfty,
2 tinfty, 00

2 S01 — 2 Sinfry? —
infty, finfty, - tinfty% S01

[ We now obtain the standard FN Hamiltonian system. We take q=-t00/tinfty[3]/Q01 and p=-PO1*
| t00/2/tinfty[3]/Q01

> Lqg:=unapply (t00/tinfty[3]/(Q01)~2*LQ01,Q01,P01,tinfty[3]);
Lp:=unapply (-t00/2/tinfty[3]/Q01*LP01+P01*t00/2/tinfty[3]
/Q01+2*1.001,001,P01,tinfty[3]);
Lgnew:=unapply (expand (simplify (Lq(-t00/tinfty[3]/q,-p/t00*2*
tinfty[3]*(-t00/tinfty[3]/q),tinfty[3]))),tinfty[3]);
Lpnew:=unapply (expand (simplify (Lp (-t00/tinfty[3]/q,-p/t00*2%*
tinfty[3]* (-t00/tinfty[3]/q),tinfty[3]))), tinfty[3]);
Hamgp:=unapply (2*p”*2/tinfty[3]-(1/8) *gq*4*tinfty[3]+(1/2) *g*2*
tinfty[1]+t00*q, tinfty[3]) ;
simplify (diff (Hamgp (tinfty[3]) ,p) - Lgnew (tinfty[3]))
series (simplify (diff (Hamgp (tinfty[3]) ,q)+Lpnew (tinfty[3])),pP);

Lq = (QUI, POI, tinfiy_3) — - —00FOL__ (1.20)
tinfty_3* Q01
Lp == (QO1, PO, tinfty_3) —
2
100 | 2 001 tinfry 3 — 2L0L_ 5 tinfiy, + LZJ )
1 tinfty_3 tinfty_3001° ) POI” 00
2 tinfty_3 Q01 tinfty_3* Q01
. 4p
L = 3
gnew = tinfty_3— tinfty 3

Lpnew := tinfty_3— % tinfty_3 q3 — tinfty, ¢ — 100

2
. 2p 1 4. 1 2.
Hamgp = tinfty_3— tinfry_3 2 q tinfty_3 + 5 4 tinfty, + 100 q

0
L 0

We now take Q1=t00/Q01 and P1=P01/(4*tinfty[3])*t00/Q01 +(t00/Q01)"2/(8*tinfty[3])- t_{\infty,
| 1}/4*Q01/t00 following the proposal of Mazzocco et al.

> Rinfty[0] :=t0042/2/tinfty[3]1/Q01~2-tinfty[1];




Qinfty[0] :=(4*P1-Rinfty[0]) /omega;

POltheo:=unapply( -tinfty[3]*Qinfty[0],Q01) ;
POltheo2:=expand (POltheo (t00/Q1)) ;

Sol:=unapply( expand(solve (POltheo2=P01lbis,Pl)),Q1);
PP1:=P01/ (4*tinfty[3])*t00/Q01 +(t00/Q01)~2/(8*tinfty[3])-
tinfty[1l]1/4;

Rinfry, = -tinfty, + ~ .LOZZ
2 tinfty, Q01

4 PI + tinfty, — — __ 00 001

2 tinfy, Q01

100
4 P1 + tinfiy, — __00 QU1 tinfty,

2 tinfiy, QOI°
100
4 tinfty; P1 tinftys tinfty, 1
+ —— 0l
0l Q]2 2
L 1 POIbis Q1 1 QI 1 .
Sol = Q]_)Z W + ) M 7 tinfty,
1 100 POI 1 100” 1.
] Py Gottingyy T8 gy, o 4
> LQ1:=unapply (-t00/Q0142*1LQ01,Q01,P01, tinfty[3])
LP1:=unapply (diff (PP1,P01) *LPO1l+diff (PP1,Q01) *LQO1+diff (PP1,
tinfty[1]) ,Q01,P01,tinfty[3]):
LQlnew:=unapply (expand (simplify (LQ1 (t00/Q1,4*tinfty[3]*P1/Q1
-1/2*Ql+tinfty[3]*tinfty[1]/Q1,tinfty[3]))),tinfty[3]);
LPlnew:=unapply (expand (simplify (LP1 (t00/Q1,4*tinfty[3]*P1/Q1
-1/2*Ql+tinfty[3]*tinfty[1]/Q1,tinfty[3]))),tinfty[3]);
int (LQlnew (tinfty[3]) ,P1) ;

LQI = (QOI, P01, tinfty_3) —

Qinﬁyo = -

POltheo = Q01—

POltheo?2 :=

2 100 P01
001 tinfty_3

. or .
LOI 1= 3 Pl — 2
Qlnew = tinfty_3—8 tinfty 3 + 2 tinfty,
2 Pl QI 1 1
—(—— + — 100 — —
tinfty_3 2 4
> QPPI

tinfty;

LPInew = tinfty_3—

4PI +2 tinfty, P1

*£00-1/4)*Q1,tinfty[3] )
simplify (diff (Hamnew (tinfty[3]) ,P1l)- LQlnew(tinfty[3]))
series (simplify (diff (Hamnew (tinfty[3]),Q1l)+LPlnew(tinfty[3])),

(1.21)

(1.22)

> Hamnew:=unapply (4*P142-Q1+2*P1/tinfty[3]+2*tinfty[1]*P1- ((1/2)



P1l);

2 QPPI 1 1
Hamnew = tinfty_ 3—4 P1~ — W +2 tlnflyl Pl — (5 100 — Z) 0l (1.23)
0
L 0
> int (-t00-gFN*tinfty[1]+(1/2) *tinfty[3] *qFN*3,gFN) ;
-100 gFN — % gFN’ tinfty, + % tinfty; gFN* (1.24)

;We define gFN=-t00/tinfty[3]/Q01 and pFN=-t00/2/tinfty[3]*P01/Q01

> LgFN:=unapply (t00/tinfty[3]*LQ01/Q01~2,Q001,P01) ;
LpFN:=unapply (expand (simplify (-t00/2/tinfty[3]*
LP01/Q01+t00/2/tinfty[3]*P01/Q0142*1LQ01)) ,Q01,P01);
LgFNnew:=LgFN (-t00/tinfty[3] /gFN, -pFN*2*tinfty[3]/t00* (-
t00/tinfty[3]/gFN));
LpFNnew:=LpFN (-t00/tinfty[3] /gFN, -pFN*2*tinfty[3]/t00* (-
t00/tinfty[3]/gFN)) ;
HamFNnew:=2*pFN*2/tinfty[3]+t00*gFN+ (1/2) *gFN*2*tinfty[1]-(1/8)
*tinfty[3] *qFN~4;
LgFNnew—-diff (HamFNnew, pFN) ;
LpFNnew+diff (HamFNnew, gFN) ;
ddotgFN=expand (4/tinfty[3] *LpFNnew) ;

2100 P01

tinftyg Q01

100 tinfty, | 100°
QOltinfty; 2 QO tinfry’

LgFN = (Q01, PO1) — - (1.25)

LpFN = (Q01, PO1) — -100 +

4 pFN
LqgF. =
qFNnew tinfiy,
LpFNnew = -100 — gFN tinfty, + % tinfty; gFN 3
2
HamFNnew = M + 100 gFN + 1 qFN2 tinfty, — L tinfty, qFN4
tinfty, 2 8
0
0
4 gFN tinfty
ddotgFN = - 100 27 L2 gFN
tinfty, tinfty,

[ We set x=mu*tinfty[1] and g=nu*qFN. This gives d"2/dtinfty[1]"2= mu”"2*d"2/dx*2 and thus

d"2/dtinfty[1]"2 gFN= mu"2/nu*d"2/dx"2 q

> test:=unapply (expand (nu/mu”2*( -4*t00/tinfty[3]-4*1/nu*g* (x/mu)
/tinfty[3]+2* (1/nu*q)*3)) ,mu,nu) ;




test ((-4/tinfty[3]1)~(1/3), (-4/tinfty[3])*(-1/3));
4v 100 4qgx 24

test i = (W, v) — - 5 — 55 (1.26)
W rinfty, W rinfty, v u
| 2q3+qx+ﬂm
V¥ Test of FN Lax pair
> LFN:=Matrix(2,2,0):
LFN[1,1]:= -4*lambda”2-x+2*gFN"2:
LFN[1,2] :=4*gFN*lambda-2*pFN+alphaFN/lambda:
LFN[2,1] :=4*gFN*lambda+2*pFN+alphaFN/lambda:
LFN[2,2] :=-LFN[1,1]:
AFN:=Matrix(2,2,0):
AFN[1l,1]:= -lambda:
AFN[1,2] :=gFN:
AFN[2,1] :=gFN:
AFN[2,2] :=-AFN[1,1]:
LFN;
AFN;
437 +2 gFN* —x 4 gFN A —2 pFN + ‘YphatN
Ioh 2.1)
2
4qFN7mL2pmv+ﬂf”}f’ﬂ 4N —2gFN* +x
-A ¢gFN
gFN A

> dAFNdlambda:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do dAFNdlambdali, j]:=
diff (AFN[i,]],lambda): od: od:
dAFNdlambda:

> BigLLFN:=Matrix(2,2,0):
BigLLFN[1,1] := diff(LFN[1,1],9FN)*LgFN+ diff (LFN[1,1],pFN)*
LpFN+diff (LFN[1,1],x):
BigLLFN[1,2] := diff (LFN[1,2],9gFN) *LgFN+ diff (LFN[1l,2],pFN)*
LpFN+diff (LFN[1,2] ,x) :
BigLLFN[2,1] := diff (LFN[2,1],9FN) *LgFN+ diff (LFN[2,1] ,pFN)*
LpFN+diff (LFN[2,1] ,x) :
BigLLFN[2,2] :=-BigLLFN[1,1]:
BigLLFN;

2.2)




4 LgFN gFN —1 4 LgFN )\ —2 LpFN
2.2)
4LgFNA+2LpFN -4 LgFN gFN + 1

> CommutatorFN:=Multiply (AFN,LFN)-Multiply (LFN,6AFN) :
CompatibilityEquationFN:= simplify (dAFNdlambda-BigLLFN+
CommutatorFN) :
> LgFN:=pFN;
LpFN:=2*gFN*3-x*qgqFN+alphaFN;
LgFN = pFN 2.3)
LpFN := 2 gFN° — gFN x + alphaFN
> series (CompatibilityEquationFN[1,2], lambda=infinity):
EQO:=simplify (residue (CompatibilityEquationFN[1,2]/lambda”3,
lambda=infinity)) ;
EQl:=simplify (residue (CompatibilityEquationFN[1,2]/lambda”2,
lambda=infinity)) ;
EQ2:=simplify (residue (CompatibilityEquationFN[1,2]/lambda,
lambda=infinity)) ;
EQ3:=simplify(residue (CompatibilityEquationFN[1,2],6 lambda=
infinity)) ;

series(simplify (series (CompatibilityEquationFN[1,1], lambda=
infinity)),lambda=infinity) :

EQO:=simplify (residue (CompatibilityEquationFN[1,1]/lambda*4,
lambda=infinity)) ;

EQ4:=simplify (residue (CompatibilityEquationFN[1,1]/lambda”3,
lambda=infinity)) ;

EQ5:=simplify (residue (CompatibilityEquationFN[1,1]/lambda”2,
lambda=infinity)) ;

EQ6:=simplify (residue (CompatibilityEquationFN[1,1]/lambda,
lambda=infinity)) ;

EQ7:=simplify (residue (CompatibilityEquationFN[1l,1],lambda=
infinity))

EQO :
EQI :
EQ2:
EQ3:
EQO :
EQ4 :
EQ5 :
EQ6 :
EQ7:

2.4

[N eNeNoNeNoNolola)

Y Mazzocco's Lax matrix



> QQ0:=Ql1*lambda”*2;
PP:=Pl*lambda” (-2) ;
TT:=-z* (2*1lambda) * (-2) ;
series (lambda” (-2) *QQ* (1+PP) , lambda) ;
Beven:=series (Ql*lambda”2,lambda,infinity) ;
series( 1/4* (2*lambda) * (2*d+1) * (1+PP- (1+TT)*2/(1+4+PP))+ (2*
lambda) * (-2*d-1) *QQ*2* (1+PP) ,lambda=infinity) ;
Bodd:=(4*P1l+z+(1/8) *Q1~2) *1ambda;
series( 1/4* (2*lambda) * (2*d+1) * (1+PP+ (1+TT)*2/(1+4+PP)) - (2*
lambda) * (-2*d-1) *QQ*2* (1+PP) ,lambda=infinity) ;
A:=4*lambda*3+(-z-(1/8) *Q1~2) *1lambda;

LMazzoccoll:=series( A/lambda,lambda=infinity) ;
ILMazzoccol2:=series( (Beven+Bodd)/lambda +b0/lambda, lambda=
infinity);

LMazzocco2l:=series( (Beven-Bodd)/lambda+b0/lambda, lambda=
infinity);

00 = QI X 3.1
Pl
T
— 1z
IT= -, .
P]zQ] Y
A
Beven:=QI7u2
| -%ZZ—Z(%z—i-P])P]—i-%Q]zP] |
(4P1+z+—Q12)x+ +o(—3]

Bodd = (4 Pl +z+ % sz) A

3 1 % 2+2(%z+P1)P1—%Q12P1 1
4N +(—z——Q12)x+ +0[ =

A::4x3+(—z—%Q12)x

LMazzoccoll = 4 7\.2 —z— % le

LMazzoccol2 = Q1 h+4 PI +z+ ~ o2 + 22

8 A
LMazzocco2l := QI A —4 Pl —z— % Q]2 + b—}?



> DetMazzocco:=series (simplify (-LMazzoccoll*2-LMazzoccol2¥*
ILMazzocco2l) ,lambda=infinity) ;
DetL:=series (simplify (-L1142-L12*L21) ,lambda=infinity) ;
2
4 2
DetMazzocco = -16 A +8 z A + 16 PI* + (Q]2 +8z) P1 —2Q15b0 — biz 3.2)
A

4 2
DetL = —tinfzygk — 2 tinfty, tinfty, A

L ey |
& 2 (-4 Q01" tinfiy] tinfiy; — 8 QOI* 100" tinfiy; + 4 100° (POI’
tinfty? Q01
100”

+ tinfty, tinfty;) QOI° —100") — =~
A

> series(simplify(L11l),lambda=infinity) ;

series (simplify (L12) ,lambda=infinity) ;
series (simplify (L21) ,lambda=infinity) ;

> 1 -2 Q0P tinfty, tinfty, + 100°
-tinfty, L+ — 5 3.3)
2 QOI tinfty,
_ 100\ t00 POl 100
Q01 QOItinfty, )
100N 100 POI 100

Q01  QOltinfty; )

> tinfty[3]:=-4;
Q01:=-t00/Q01;
z:=tinfty[1];
b0:=-t00;
P1:=-P01*t00/(16*Q01)-(1/4)*tinfty[1]-t0042/(32*Q01*2) ;
simplify (series (simplify (L11-IMazzoccoll),b Q01));
series (simplify (L12-IMazzoccol2),Q01);
series (simplify (L21-LMazzocco2l),Q01);

tinfty, == -4 3.4)
100
1= -—"
0 001
zZ = finfty,
b0 = -100
1 POIw0O0 1 . 1 100

¥ Coordinates (R,S)




> restart:
with (LinearAlgebra) :
d:=1:

> L12:=Q01/lambda+lambda” (2*d-1) :
for k from 0 to 2*d-2 do L12:=L12+ Qinfty[k]*lambda“k: od:
Ll12:=Ll2*omega;
L11:=P01*Q01/lambda:
for k from 0 to 2*d-2 do L11:=L11-Pinfty[2*d-2-k]*lambda’k: od:
L11:=L11- (tinfty[2*d+1l]*lambda+tinfty[2*d]-tinfty[2*d+1]*
Qinfty[2*d-2]) * (L12/omega) :
L1l:=simplify(L11):
series (L1l1l,lambda=infinity,20) ;

LI2 = ( QTOI yn Qinftyo) ® @.1)

~tinfiy, X — tinfiy, X + ( Qinfiy} — QO1) tinfty, — Qinfiy, tinfty, — Pinfiy,

Q01 (Qinﬁyo tinfty; + POl — tinftyz)
> series(simplify(series((t00%2/lambda”*2- L11+2)/(L12/omega),
lambda=0,3)) ,lambda=0,1) ;
factor (residue ((t0042/lambda*2- L11”*2)/(L12/omega) ,lambda=0)) ;
ResidueBis:=1/omega* (£t0072/Q01-Q01* (POl-tinfty[2*d]+tinfty[2*
d+1]1*Qinfty[2*d-2])*2);
simplify( factor (residue ((t00%2/lambda”2- L11%2)/L12,lambda=0))

- ResidueBis) ;

_ % ﬁ ((QOI (Qinfty, tinfty, + POI — tinfty,) — 100 (QOI (Qinfty, tinfty; + POI 4.2)

— tinfty,) +100) ) + Qé]z (2 tinftys ( Qinfiy, tinfty, + POI — tinfty,) QO B
+ (Qinfiy, tinftyy + POI — tinfty,) ( - Qinftyy tinfty; + (POI + tinfiy, ) Qinfiy,

+2 Pinfty,) Q01 — 100" Qinfty,) +O(L)
1

~~po1 ((Q01 Qinfiy, tinftys + PO1 Q01 — QOI tinfty, — 100) ( Q01 Qinfiy, tinfry
+ P01 Q01 — Q01 tinfty, + 100) )
2
tQO% — QOI (Qinfty, tinfty, + POI — tinfty,)?

ResidueBis =
()

> L21linfty:=0:
for j from 2*d-1 to 4*d do for m from 0 to 4*d-j do L2linfty:=
L2linfty+ tinfty[2*d+1-m]*tinfty[j+m-2*d+1]*lambda*j: od: od:




Numm:=simplify ((L21linfty-L1142)/(L12/omega)) :

L21:=0:

for j from 1 to 60 do L21:=L21- 1/omega*simplify (residue (Numm¥*
lambda“” (-j) ,lambda=infinity) ) *lambda” (j-1) : od:

L21:=simplify (L21+ (t0072/Q01-Q01* (Qinfty[0]*tinfty[3]+P01-
tinfty[2])*2) /omega/lambda) :

> series(simplify (series(L21,lambda=infinity,2)),lambda=infinity,
2):
Coefflambdal2l:=-factor (residue (L21/lambda”*2,lambda=infinity)) ;
CoefflambdalOL2l:=-factor (residue (L21/lambda,lambda=infinity)) ;
CoefflambdalOL2lbis:=1/omega* ( 2*tinfty[3]*Q01*P01+2* (tinfty[3]*
Qinfty[0]-tinfty[2]) *Pinfty[0]+4* (tinfty[3]72*Qinfty[0]-tinfty
[2] *tinfty[3]) *Q01-2*tinfty[3]*2*Qinfty[0]*3+4*tinfty[3]*tinfty
[2]*Qinfty[0]*2-2* (tinfty[2]*2+tinfty[3]*tinfty[1l]) *Qinfty[0]
+2*tinfty[0] *tinfty[3]+2*tinfty[1l] *tinfty[2] )
simplify (series (CoefflambdalL21-CoefflambdalOL21lbis,P01)) ;
CoefflambdaMinuslL21:=-factor (residue (L21,lambda=infinity)):

Coefflambdal 21 := 4.3)

2 tinftyy ( - Qinfty; tinftyy + QOI tinfty, + Qinfty, tinfty, + Pinfty, — tinfty,)

w

Coefflambda0L2] = —- (2 (- Qinftyy tinftys + 2 QOI Qinfty, tinftys + 2 Qinfiyy tinty, tinfty,
()

+ P01 QOI tinfty, — 2 Q01 tinfty, tinfty, + Pinfty, Qinfty, tinfty; — Qinfty, tinfty, tinfty,

— Qinfiy, tinftys — Pinfty, tinfty, + tinfty, tinfty; + tinfty, tinfty, ) )

Coefflambda0L21bis := L (2 POI Q01 tinfty; +2 (Qinftyo tinfty; — tinftyz) Pinfty,
(Q)

+4 (Qinfty, tinfty; — tinfty, tinfty; ) Q01 — 2 Qinfiy; tinfty + 4 Qinfty} tinfty, tinfty,

-2 (tinfty1 tinfty, + tinfzyg) Qinfty, + 2 tinfty, tinfty; + 2 tinfty, tinfzy2)

_ 0

;Deﬁnition of the auxiliary matrix in the (Q,P) variables.

> Al2:=0:
for i from 0 to 2*d-1 do Al2:=Al12+nu[i]*lambda* (2*d-1-i): od:
for k from 0 to 2*d-2 do for i from 0 to k do Al2:=Al12+Qinfty
[k]*nu[i] *1lambda” (k-i) od: od:
omega*nu[0] *1lambda”“omega*nu[l] *1lambda” (2*d-2) :
Al2:=omega*Al2;
cinfty0:= 1/2/omega*Lomega+ tinfty[3]* (Q01l*nu[O0]+nu[l]*Qinfty
[0]):
All:=cinfty0:




PolAl2:=0:

for i from 0 to 2*d-1 do PolAl2:=PolAl2+nu[i] *lambda” (-i): od:
PolAl2:=PolAl2*L1l1l:

for k from 0 to 60 do All:=All-residue (PolAl2/lambda” (k+1),
lambda=infinity) *lambda“k od:

All:=Al1l;

A22:=-Al1l:

A2]1:=(-tinfty[2*d+1] *Lomega/omega”2) *lambda- (tinfty[2*d]-
tinfty[2*d+1]*Qinfty[2*d-2]) *Lomega/omega”*2+ (alpha[2*d]-tinfty
[2*d+1] *LQinfty0) /omega -tinfty[2*d+1]*nu[0]/omega:
L2loper:=0:
for j from 2*d-1 to 4*d do for m from 0 to 4*d-j do L2loper:=
L2loper+tinfty[2*d+1-m] *tinfty[j+m-2*d+1] *1lambda®j od: od:
L2loper:=L2loper;
Al20per:=0:
for i from 0 to 2*d+1 do Al2oper:=Al2oper+nu[i]* lambda” (-i):
od:
Al2oper:=Al2oper;
for k from 0 to 60 do A21:=A2l1-residue( (L2loper*Al2oper/(L1l2))
/lambda” (k+1) ,lambda=infinity) *lambda“k od:
for k from 0 to 60 do A21:=A2l-residue( ((L11l/(L12))*(L1l1l*
Al2/L12 -2*All))/lambda” (k+1l) ,lambda=infinity) *lambda“k od:
nu[2] :=-(Q01*nu[0]+Qinfty[0] *nu[l]) ;
Testnu2:=-nu[0]*Q01:
nu[3] :=Q01*Qinfty[0] *nu[0]+Qinfty[0]*2*nu[l1]-Q01*nu[l]:
Testnu3:=-nu[l]*Q01:
for j from 2 to 2*d do Testnu3:=Testnu3- nu[j]*Qinfty[j-2]: od:
simplify (nu[3]-Testnu3) ;
for j from 1 to 2*d-1 do Testnu2:=Testnu2- nu[j]*Qinfty[j-1]:
od:
simplify(nu[2] -Testnu?2) ;
A2] :=series (simplify(series (simplify (A21) ,lambda=infinity)),
lambda=infinity) ;
Al2 == (kvo + Qinfiy, v, + Vl) 4.4)
All = % Lomega | inry, (QO1'v, + Qinftyy v, ) + v, ((Qinfiyy — Q01 tinfiy,
_@W%ﬁm%—Pwmﬁ—Wﬁw%—(%mﬁh+wﬁW%)k—%ﬁm%f
Lﬂqu:kﬂmm§+2fﬁmWﬁmmg+2ﬁﬁﬁ%ﬁ@&ﬁ4€mﬁﬁ+2kmm%ﬁwm

+ 2 Atinfty, tinfty,



Vl A% V3

Al2oper = V0+ — + —i + —

Ao
v, = -Q01 Vo~ Qinfty, v,
0
0

A2] = L (((2 Qinftyy — 2 QO1) v, tinfty; + (-2 Qinfty, tinfty, — 2 Pinfty,
()

+2 tinfiy ) v, tinfty3> x) + é ( ( (-2 Qinfty;, +4 Q01 Qinfiy,) vy =2V, (-

Qinftyy + Q01) ) tinfty, + ((4 Qinftyy tinfty, + (2 Pinfty, — 2 tinfty, ) Qinfty,

—4 QO tinfiy, +2 tinftyy — 1) v, — 2 tinfty, v, Qinfty, + 2 tinfiy, v, — LQinfzyo) tinfty,
|+ 2tinfty, (- Qinfty tinfty, — Pinfty, + tinfty,) v, + 0c2>

_> CoefflLambdalA2l:=factor (-residue (A21/lambda”2,lambda=infinity))

.
14

CoefflLambdaOA2l:=simplify (-residue (A21/lambda,lambda=infinity))

CoeffLambdaOA2lbis:=1/omega* (-tinfty[3]*LQinfty0 -2*tinfty[3]*(
(-Qinfty[0]72+Q01) *tinfty[3]+Qinfty[0]*tinfty[2]-tinfty[1]) *nu
[1] +alpha[2] +4*tinfty[3]*nu[0]* (Qinfty[O0]*tinfty[3]-tinfty
[2]) *Q01-2*Qinfty[0]*3*nu[0] *tinfty[3]*2+4*Qinfty[0]*2*nu[0]*
tinfty[2] *tinfty[3]+2*nu[0] * (Qinfty[0] *tinfty[3]-tinfty[2])*
Pinfty[0]+nu[0] * (2*tinfty[0] *tinfty[3]+2*tinfty[1l]*tinfty[2]-
tinfty[3])-2*nu[0]* (tinfty[l]*tinfty[3]+tinfty[2]*2)*Qinfty[0])

14

simplify (series (omega* (CoeffLambdaOA21-CoeffLambdaOA21bis),

Qinfty[0]));
CoeffLambdalA21 =
2 v, tinfty; ( - Qinfty, tinfty; + Q01 tinftyy + Qinfty, tinfty, + Pinfty, — tinfty, )

w

CoeffLambda0A21bis = € ( - LQinfty0 tinfty, — 2 tinfty, ( ( - Qinfiy} + Qoz) tinfty,
Q)

4.5)

+ Qinfiy, tinfty, — tinfty, ) v, + 0, + 4 tinfty; v, (Qinfty, tinfty, — tinfty,) Q01 —2
Qinftyy v, tinftys + 4 Qinfty, v, tinfty, tinfty; + 2 v, (Qinfty, tinfty; — tinfty,) Pinfty,
+ v, (2 tinfty tinfty; + 2 tinfty, tinfty, — tinfty;) =2, (tinftyl tinfty, +

tinfty%) Qinfzy())

;Compatibility equation and evolutions

> L:=Matrix(2,2,0):
L[1,1]:=L11:
L[1,2]:=L12:




L[2,1]:=L21:

L[2,2]:=-L[1,1]:

A:=Matrix(2,2,0):

A[l,1]:=Al11l:

A[l,2]:=Al12:

A[2,1]:=A21:

A[2,2]:=-A[1,1]:

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambdal[i,j]:=diff
(A[i,]j],1lambda): od: od:

dAdlambda:

BigLL:=Matrix(2,2,0):

BigLL[1,1]:= diff(L[1,1],Qinfty[0])*LQinfty0O+ diff(L[1,1],Q01)*
LQO1+diff (L[1,1],Pinfty[0]) *LPinftyO+ diff(L[1,1],PO01l)*LPO1+
diff(L[1,1],tinfty[2])*alpha[2] +diff(L[1,1],tinfty[1]) *alpha
[1]+ diff(L[1,1],6omega) *Lomega:

BigLL[1,2]:= diff(L[1,2],Qinfty[0])*LQinfty0+ diff(L[1,2],Q01)*
LQO1+diff (L[1,2],Pinfty[0]) *LPinftyO+ diff(L[1,2],P01)*LPO1+
diff(L[1,2],tinfty[2])*alpha[2] +diff(L[1,2],tinfty[1]) *alpha
[1]+ diff(L[1,2],omega) *Lomega:

BigLL[2,1] := diff(L[2,1],Qinfty[0]) *LQinfty0O+ diff(L[2,1],Q01)*
LQO1+diff (L[2,1],Pinfty[0]) *LPinftyO+ diff(L[2,1],PO01) *LPO1+
diff(L[2,1],tinfty[2])*alpha[2] +diff(L[2,1],tinfty[1]) *alpha
[1]+ diff(L[2,1],omega) *Lomega:

BigLL[2,2] :=-BigLL[1,1]:
Commutator:=Multiply(A,L)-Multiply(L,A):
CompatibilityEquation:= simplify (dAdlambda-BigLL+Commutator) :
series (CompatibilityEquation[1l,2], lambda=infinity):
EQO:=simplify (residue (CompatibilityEquation[1l,2]/lambda*3,
lambda=infinity)) ;

EQl:=simplify (residue (CompatibilityEquation[1l,2]/lambda*2,
lambda=infinity)) ;

EQ2:=simplify (residue (CompatibilityEquation[1l,2]/lambda, lambda=
infinity)) ;

EQ3:=simplify(residue (CompatibilityEquation[1l,2],6 lambda=
infinity))

series (simplify (series (CompatibilityEquation[1l,1], lambda=
infinity)) ,lambda=infinity) :

EQO:=simplify (residue (CompatibilityEquation[1l,1]/lambda*4,
lambda=infinity)) ;

EQ4:=simplify (residue (CompatibilityEquation[1l,1]/lambda’3,



lambda=infinity)) ;
EQ5:=simplify (residue (CompatibilityEquation[l,1]/lambda”2,
lambda=infinity)) ;
EQ6:=simplify (residue (CompatibilityEquation[l,1]/lambda, lambda=
infinity));
EQ7:=simplify (residue (CompatibilityEquation[1l,1],lambda=
infinity))
EQ0 =0 4.6)
EQI =0
EQ2 := (2 P01 Q01 v, —2 Pinfty, v, + LQinfty0 — vo) ®
EQ3 = (2 POI Q01 Qinfty), vyt 2 P01 Q01 v, + 2 Q01 Pinfty, Vot LQO]) 0]
EQ0 =0
EQ4:=0
EQ5 = ~tinfty, (2 P01 Q01 v, —2 Pinfty, v, + LQinfty0 — vo)

1 . . . .
201 ( -2 v, tinfty; QOI° + ( (3 Qinfiny vy — 6 Qinfiy, v, ) tinfiy; + ( (-2 POI

+ 4 tinfiy,) v, — 4V, ( Qinfty, tinfty, — % tinfty, + % Pinfzyo) j tinfiy, +v, (PO

EQ6 =

— tinfty,) 2) Q071* + (4v, Qinfty, tinftys + ((-6 Qinfty, tinfty, + ( -2 Pinfty,
+4 tinfty,) Qinfty, — 2 tinftyy + 1) v, — Qinfiyy v, + Qinfty, LQinfty0 — LQOJ) tinfty,
+ 2 tinfty, (Qinftyo tinfty, + Pinfty, — tinﬁyl) v, +v, tinfty, — tinfty, LQinfty0
— LPinfiy0) Q01 — 100° Vo)
1 . . C o2 . 3 a3
EQ7~—'657(<<4QUmMﬂ% ZVJtmﬂ% 4”QﬁbVOUWb@>Q01‘*(( Qinftyy v,
+3 Qinfiy] vi) tinftys + (((2 P01 + 2 tinfiy,) Qinftyy + (2 Pinfty, — 2 tinfty,) Qinfty,
+ 2 tinfiyy = 1) v, +2 (PO =2 tinfty,) Qinfiyy + tinfiy,) vl) tinfiy; + ( (10012
—2 POI tinfty, — tinfty, ) Qinfty, + 2 tinfty, ( - Pinfty, + tinfty, ) ) v, + POI* v,
—2 POI v, tinfty, + Vv, tinfty; + LPOI ) QOI* + LQOI ( Qinfty, tinfty; + P01
| —tinfiy)) Q01 - 100° (Qinfiyy vy +vy))
> LQinfty0:=solve (EQ2,LQinfty0) ;
LQ01:=solve (EQ3,LQ01) ;
LQinfty0 == -2 P01 Q01 v, +2 Pinftyy v, + v, 4.7
LQOI :== -2 Q01 <P0] Qinftyy v, + POI v, + Pinfty, vo)
> simplify (EQS) ;
simplify (EQ6) ;
simplify (EQ7) ;
0 4.8)

1 . 2 3 . 2 . . ) .
ZET(_ZWﬂmm%Qm'+(<3Qmﬁ%Wf_6Qmﬁ%W)”WWf+(4W”WW2




4 (Qinftyo tinfty, — % tinﬁyl) vo) tinfiy, +v, (POI + tinfy?) ) 001 + (4 v,
. . . : 2 . : 1 . 1Y ..
metyg tmfty% —06v, (Qmﬁyg tinfty, — 3 Qinfty, tinfty, + 3 tinfty, — 3 ) tinfty,

+ (2 Qinfty, tinfty, — 2 tinfty, tinfty,) v, — LPinftyO) 001 — 100 vo)
1 . .2 . . .2 3 P DPP)
ZE7<“4QWﬁ%”WUy_4mmh”WWﬁVO_ZWW%VJle4‘“‘Qmﬁ%mm%
+(2 Qinfty, tinfty, — 2 Qinfty, tinfty, + 2 tinfty, — 1 ) tinftyy + ( -POI* —

tinftyy) Qinftyy — 2 POI Pinfty, + 2 tinfty, tinfty,) v, + 3 tinfty; v, Qinfiyg +2 v, (
-2 Qinty, tinfiy, + tinfty, ) tinfty; + ( -POI* + tinﬁy%) v, + LPOI) 001*
| - 100° (Qinfiyy vy +v,))

> LPinfty0:=solve (EQ6,LPinfty0) ;

LPO1:=solve (EQ7,LPO1) ;
. 1 2 i 2 e 2 C a3 2 3. . .2
LPinfiy0 = 577 (3 QO Qinfiyg v, tinfiys + 4 QOI Qinfiyy v, tinfiyy —2 QO vy tinfiy 4.9)
— 4 Q01 Qinfty, v, tinfty, tinfty, — 6 QOI* Qinfiy, v, tinfty; — 6 Q01
Qinftyy v, tinfty, tinfty, + POI> QOI* v, +2 QOI° v, tinfty, tinfty; + QOI” v, tinfty;
+4 QOI* v, tinfty, tinfty, + 4 Q01 Qinfty, v, tinfty, tinfty; +2 Q01 Qinfty, v, tinfty,

—2 Q01 v, tinfty, tinfty, — 2 Q01 v, tinfty, tinfty, + Q01 v, tinfty; — 100° Vo)
Q;IZ <Q012 Qinfty, v, tinfty; — 4 QOI Qinfty, v, tinfty; — 2 QOI°

Qinftyy v, tinfty, tinfty; — 3 QOI” Qinftyy v, tinfty; + POI” Q01 Qinfty, v,

+4 Q0P v, tinfty, tinfty, +2 QOI v, tinftys + 2 QOI” Qinfty, v, tinfty, tinfty,

+ Q01 Qinfiy, v, tinfty, + 4 QOI” Qinfty, v, tinfty, tinfty, + POI* QOI v,
+2 POI QO Pinfty, v, — 2 QOI v, tinfty, tinfty; — 2 QOI" v, tinfty, tinfty,

| 2 QUI* v, tinfty, tinfty, — QOI* v, tinfty; + QOI” v, tinfty; + 100° Qinfty, v, + 100° vi)

> Ham:=-2*P01*Q01*Pinfty[0] *nu[0]+Pinfty[0]*2*nu[l]+Pinfty[0] *nu
[0]-P0172*Q01* (Qinfty[0] *nu[0]+nu[l])
-((-2*nu[0] *tinfty[3]72*Q01*3+((2*nu[0] *tinfty[1l]+4*nu[l]*
tinfty[2]) *tinfty[3]+nu[0] *tinfty[2]72) *Q01*2-2*nu[l]* ((tinfty
[0]-1/2) *tinfty[3]+tinfty[1l]*tinfty[2])*Q01-t00%2*nu[0]) *Qinfty
[01/Q01+((1/2)*(-6*Q01*tinfty[3]*2+4*tinfty[1l]*tinfty[3]+2*
tinfty[2]72) *nu[1l]-2*Q01*nu[0] *tinfty[2] *tinfty[3])*Qinfty[O0]
A2+tinfty[3]1*(Q01*nu[0] *tinfty[3]-2*nu[l] *tinfty[2]) *Qinfty[O0]
A3+tinfty[3]72*nu[l]*Qinfty[0]*4)
-(2*Q01*2*nu[0] *tinfty[2] *tinfty[3]+Q01*2*nu[l] *tinfty[3]"*2-2%
Q01*nu[0] *tinfty[0] *tinfty[3]-2*Q01*nu[0] *tinfty[1l]*tinfty[2]
-2*Q01*nu[l] *tinfty[1]*tinfty[3]-Q01*nu[l]*tinfty[2]*2+nu[0]*

LPO] =




tinfty[3]*Q01-t00%2*nu[1]/Q01) ;

simplify (diff (Ham,Pinfty[0])- LQinftyO0) ;
simplify (diff (Ham,P0O1l)- LQO1);
simplify (diff (Ham,Qinfty[0])+LPinftyO0) ;
simplify (diff (Ham,Q01)+LPO1) ;
Ham = -2 P01 Q01 Pinfty, Vv, + Pinftyy v, + v, Pinfty, — POI” Q01 (Qinfiyy vy +V,) (4.10)

1 ) 3 ] ‘ ‘ S, )
_ —QOI ( ( -2 v, tinfty; Q01" + ( (2 v, tinfty +4 v, tznﬁyz) tinfty, + v, ””ﬁyz) Q01
1

o, ( (;infzyo _ % ) tinfty, + tinfry, tinftyz) 001 — 100? vo) Qinftyo) - (3 (

-6 QO tinfty; + 4 tinfty, tinfty; +2 tinfty; ) v, — 2 Q01 v, tinfty, tinfty3) Qinfty,
— tinfty, (QOI v, tinfty; =2V, tinftyz) Qinftyg — tinftyg 2 Qinftyé
—2 QOI*v, tinfty, tinfty, — QOI” v, tinfty; + 2 QOI v, tinfty, tinfty,
+2 Q01 v, tinfty, tinfty, +2 Q01 v, tinfty, tinfty, + Q01 v, tinfty, — v, tinfty; Q01
100° v,
001

+

(NN Nen)

> Qinfty[0] :=-Sinfty[0];
Q01:=801;
P01:=RO1+tinfty[3]*Sinfty[0];
Pinfty[0] :=-Rinfty[0]+tinfty[3]*Sinfty[0]*2-tinfty[3]*S01;

Qinfty,, == -Sinfty, 4.11)
Q01 = S01
POI := Sinfty, tinfty; + ROI
Pinfty, := Sinftyg tinfty, — SOI tinfty; — Rinfty,

> simplify(series(L1l1l,lambda=infinity)) ;
simplify (L1l-(-tinfty[3]*lambda”2+Rinfty[0] +R01*S01/lambda-
tinfty[2]*L12/omega)) ;
simplify (series (L12,lambda=infinity)) ;
ConstantTermL2l:=simplify (-omega*residue (L21/lambda, lambda=
infinity)):
ConstantTermL21lbis:=2*tinfty[3]*R01*S01+2* (Sinfty[0] *tinfty[3]+
tinfty[2]) *Rinfty[0]-2*S01*tinfty[2]*tinfty[3]+2*Sinfty[0]*2%*
tinfty[2] *tinfty[3] +2* (tinfty[l]*tinfty[3]+tinfty[2]72)*Sinfty
[0]+2* (tinfty[0] *tinfty[3]+tinfty[1l]*tinfty[2]):
ConstantTermlL21bis;
series (simplify (ConstantTermlL21-ConstantTermL21bis) ,Sinfty[0]) ;




-3 tinfty, — X tinfty, + (Sinfty, tinfiy, + Rinftyy) %+ S01 (ROI — tinfry,)
A
0
o (X" = A Sinfry, + 501 )
A
2 ROI SO1 tinfiy, +2 (Sinfty, tinfiy, + tinfty, ) Rinfty, — 2 SO1 tinfty, tinfiy, +2
Sinftyg tinfty, tinftyy +2 (tinfty, tinfty, + tinfty; ) Sinfty, + 2 tinfty, tinfty,
+ 2 tinfty, tinfty,

4.12)

0

> series (Al2,lambda=infinity) ;
series (All,lambda=infinity) ;
series (Lomega/ (2*omega) +tinfty[3]* (S01*nu[0]-Sinfty[0]*nu[l])+
nu[0]* ((Sinfty[0]72-S01) *tinfty[3]+Sinfty[0]*tinfty[2]-Sinfty
[0]172*tinfty[3]+S01*tinfty[3]+Rinfty[0])-nu[l]*tinfty[2],nu[0])

Voo L+ o ( - Sinfty, v, + V1) 4.13)
. 2 . . 1 Lomega . .
-V, tinfty; X+ ( -V, tinfty, =V, tmfty3) A+ > Tg + tinfty, (501 Vo~ Smftyovl)

+v, ( (Sinfzyg — 801 ) tinfty, + Sinfty, tinfty, — tinfty; Sinfty; + tinfty; SOI + Rinftyo)
—-Vlthybb
1 Lomega . . . . ) .
> SOTEEL — Sinfry, v, tinfty; =V, tinfiy, + (2 tinfty; SOI + (Sinftyy — SO1 ) tinfty,
+ Sinfty, tinfty, — tinfty, Sinftyg + Rinfty, ) v,
> series(simplify (A21) ,lambda=infinity) ;
ConstantTermA2l:=simplify (-omega*residue (A21/lambda, lambda=
infinity)):
ConstantTermA2lbis:=alpha[2]+2*tinfty[3]* (tinfty[2]*Sinfty[0]+
Rinfty[0]+tinfty[1l]) *nu[l]
+nu[0]* (2*tinfty[3]*RO1*S01+2* (tinfty[3]*Sinfty[0]+tinfty[2])*
Rinfty[0] -2*tinfty[2]*tinfty[3]*S01+2*tinfty[2]*tinfty[3]*
(Sinfty[0])*2+2* (tinfty[l]*tinfty[3]+(tinfty[2])*2)*Sinfty[0]
+2* ((tinfty[0]-1) *tinfty[3]+tinfty[1l]*tinfty[2])):
series (simplify (ConstantTermA2l1-ConstantTermA2lbis) ,Sinfty[0]) ;
ConstantTermA2lbis;

2 Sinfty, tinfty, + 2 Rinfty, + 2 tinfty, ) v, tinfty, A
( 0 0 1) Yo D +i((((2 Sinfiy, —2 S01) tinfry, ~ (4.14)
o

()
+ (2 Rinfty, + 2 tinfty, ) Sinfty, +2 S01 ROI + 2 tinfty, —2) v, + 2 v, (Sinfty, tinfty,

+ Rinfty, + tinfty,) ) tinfty, + 2 tinfty, ( Sinfty, tinfty, + Rinfty, + tinfty,) v, + o
0 1 3 2 0 2 0 1 0 2
0




oL, + 2 tinfty, ( Sinftyy tinfty, + Rinfty, + tinfty,) v, +v, (2 RO1 SOI tinfty,

+2(&wmﬂmmg+mm%)mmmy—LWImmhmm%+asmm%mﬁbmm%
+2 (tinfty1 tinfty, + tinfzyg) Sinftyy + 2 (tinftyy — 1) tinftys + 2 tinfty, tinftyz)

> BigLLRS:=Matrix(2,2,0):

BigLLRS[1,1]:= diff(L[1,1],Sinfty[0])*LSinfty0O+ diff(L[1,1],

S01) *L.SO1+diff (L[1,1] ,Rinfty[0]) *LRinftyO+ diff(L[1,1],RO01)*

LRO1+diff (L[1,1],tinfty[2]) *alpha[2] +diff(L[1,1],tinfty[1])*
alpha[l]+ diff(L[1,1],6 omega) *Lomega:

BigLLRS[1,2] := diff(L[1,2],Sinfty[0])*LSinfty0O+ diff(L[1,2],

S01) *L.SO1+diff (L[1,2] ,Rinfty[0]) *LRinftyO+ diff (L[1,2],R01)*

LRO1+diff (L[1,2],tinfty[2]) *alpha[2] +diff(L[1,2],tinfty[1])*
alpha[l]+ diff(L[1,2],6omega) *Lomega:

BigLLRS[2,1]:= diff(L[2,1],Sinfty[0]) *LSinfty0+ diff(L[2,1],

S01) *L.SO1+diff (L[2,1] ,Rinfty[0]) *LRinftyO+ diff (L[2,1] ,R01)*

LRO1+diff (L[2,1],tinfty[2]) *alpha[2] +diff(L[2,1],tinfty[1])*
alpha[l]+ diff(L[2,1],6 omega) *Lomega:

BigLLRS[2,2] :=-BigLL[1,1]:

> A:=simplify (A):

L:=simplify (L) :

Commutator:=Multiply(A,L)-Multiply(L,A):
CompatibilityEquation:= simplify (dAdlambda-BigLLRS+Commutator) :
series (CompatibilityEquation[1l,2], lambda=infinity):
EQO:=simplify (residue (CompatibilityEquation[1l,2]/lambda’3,
lambda=infinity)) ;

EQl:=simplify (residue (CompatibilityEquation[1l,2]/lambda*2,
lambda=infinity)) ;

EQ2:=simplify (residue (CompatibilityEquation[1l,2]/lambda, lambda=
infinity)) ;

EQ3:=simplify (residue (CompatibilityEquation[1l,2],lambda=
infinity))

series (simplify (series (CompatibilityEquation[1l,1], lambda=
infinity)) ,lambda=infinity) :

EQO:=simplify (residue (CompatibilityEquation[1l,1]/lambda*4,
lambda=infinity)) ;

EQ4:=simplify (residue (CompatibilityEquation[1l,1]/lambda’3,
lambda=infinity)) ;

EQ5:=simplify (residue (CompatibilityEquation[1l,1]/lambda*2,
lambda=infinity)) ;

EQ6:=simplify (residue (CompatibilityEquation[1l,1]/lambda, lambda=
infinity)) ;



EQ7:=simplify (residue (CompatibilityEquation[1l,1],6 lambda=
infinity));
EQ0:=0 4.15)
EQI =0
EQ2:=2® ( ((Sinftyy tinftyy + ROI) v, + v, tinfty;) SOI + ( - Sinftyp tinfty, + Rinftyy) v,
1 1 .
> Vo > LSuﬁWO)

EQ3 = -2 (50 1% v, tinfty, + ((ROI Sinfiyy + Rinftyy) v, — (Sinfiy, tinfiy; + ROI) v,) SOI

— % LSO]) 0)
EQ0 =0
EQ4 =0
EQ5 =0
o . o . . .
EQ6 := SOI((((ZSmﬁpr4—2V0tmﬂb ZROIV(+2VO(RWﬁMy+UﬂﬁM)>Uﬂﬁ%

+v, (ROI — tinfty2)2> S01* + (-4 tinfiy, v, Sinftyg + (( -4 tinfty,
——4Rhﬁbb)Shﬁhb——Zﬁnﬁ%y+l)vl4—25hﬁbbvo>ﬁnﬁ%-—ZvlShﬁbbﬁnﬂé-%<(
~2 Rinfiyy = 2 tinfiy, ) v, + Vo + LSinfiy0) tinfiy, + LRinfiy0) SO1 — 100° Vo)

_ 1 : o 3 . 2 o2
EQ7 = S0l (2 tinfty, Vo (RO] tlnftyz) S0I° + ((Slnftyo finfty, + (2 Sinfty, tinfty,

+2 ROI Sinfty, +2 Rinfty + 2 tinfty, ) tinfty, + ( (2 Rinfty, + 2 tinfty, ) Sinfty,

+2 tinftyy — 2) tinfty; — ROI” Sinftyg) v, + v, tinfty; — 2 v, ( - Sinfty, tinfty,

+ROI) tinfty, +2 v, (Rinftyy + tinfty,) tinfty; + ROI° v, + LROI ) S0I” + (ROI

| —tinfiy,) LSO1 501 + 100° (Sinfiyg vy —V,))

> LSinfty0O:=solve (EQ2,LSinfty0) ;

LS01:=solve (EQ3,LS01) ;

LSinfty0 == 2 SO1 Sinfty, Vv, tinfty, — 2 Sinftyy v, tinfty; +2 ROI SOI v, +2 SOI v, tinfty; ~ (4.16)
+2 Rinftyyv, — v,

LSOI := 2 S01 (ROJ Sinfty, v, + SO1 v, tinfty; — Sinfty, v, tinfty; — ROI v, + Rinfty, vo)

> simplify (EQS5) ;
simplify (EQ6) ;
simplify (EQ7) ;
0 4.17)
1

<o ((((-2ROI+4tinfty,) v) +2v (2 Sinfty, tinfty, + Rinfty, + tinfty,) ) tinftys
+v, (RO + tinty) ) ) S01* + (((-6 Sinftyg tinfty, + (-4 tinfty, — 4 Rinfty,) Sinfty,
— 2 tinfiyy + 1) v, +2 Sinfty, vO) tinfiy; + ( -2 Sinfty, tinfiys — 2 tinfty, tinfty,) v,
+ LRinfiy0) SO — 100° Vo)




1 . . 3 o2 .
<07 (4 tinfty; v, (RO — tinfty,) SOI” + (( (2 Sinftyg tinfty, + (2 Rinfty,

+2 tinfty, ) Sinfty, + 2 tinfty, — 2) tinfty, + (Roz2 + zinfzyg) Sinfty, + 2 ROI Rinfty,,
+2 tinfty, tinfty,) v — 2V, ((ROI =2 tinfty,) Sinfty, — tinfty, — Rinfty,) tinfty; + (
-ROI® + tinftyy) v, + LROT) S01% + 100? (Sinfiyg vy —v,) )

> LRinfty0:=solve (EQ6,LRinfty0) ;
LRO1l:=solve (EQ7,LRO1) ;

LRinfty0 = - ﬁ (4 So1* Sinfty, v, tinfty, tinfty; — 6 SO1 Sinftyg v, tinfty, tinfty, (4.18)

+ROI® SOI° v, — 2 ROI SOI° v, tinfty, + 2 SOI° Rinfty, v, tinfty,
+2 S01% v, tinfty, tinfty; + SOI° v, tinfty; + 4 SOI° v, tinfty, tinfty,
— 4 S01 Rinfty, Sinfty, v, tinfty, — 4 SOI Sinfty, v, tinfty, tinfty; — 2 SOI Sinfty, v, tinfty,
+2 801 Sinfty, v, tinfty, — 2 SO1 v, tinfty, tinfty, — 2 SOI v, tinfty, tinfty,
+ 501 v, tinfty; — 100° Vo)
1

S01
+4 ROI SOI° v, tinfty, — 2 RO1 SOI” Sinfty, v, tinfty, — 4 SOI° v, tinfty, tinfty,

+2 SO01” Rinfty, Sinfty, v, tinfty, + 2 SOI° Sinfty, v, tinfty, tinfty; + SO1> Sinfty, v, tinfty;
+4.S01” Sinfty, v, tinfty, tinfty, — ROI> S01% v, + 2 ROI SOI” Rinfty, v,

+2 SOI” Rinfty, v, tinfty; + 2 SOI° v, tinfty, tinfty, + 2 SOI% v, tinfty, tinfty,

| 2 SOI® v, tinfty, tinfty, + SOI> v, tinfty; — 2 SOI% v, tinfty, + 100 Sinfty, v, — 100° vi)

> HamRS:=- (((2*Sinfty[0]72-2*S01) *nu[1]-2*S01*nu[0] *Sinfty[0]) *
tinfty[3]*Rinfty[0]-2*R01*S01*nu[0] *Rinfty[0]-Rinfty[0]*2*nu[l]
+Rinfty[0]*nu[0]) -(-2*S01* (tinfty[3]*(S01*nu[0]-Sinfty[0]*nu
[1]) *RO1+(1/2) *RO1*2* (Sinfty[0] *nu[0]-nu[l]))) -(-2*S01*Sinfty
[0]72*nu[0] *tinfty[2] *tinfty[3]+2*Sinfty[0]*3*nu[l]*tinfty[2]*
tinfty[3]-2*S01*Sinfty[0]*nu[0]*tinfty[1l]*tinfty[3]-S01*Sinfty
[0]*nu[0] *tinfty[2]*2-4*S01*Sinfty[0]*nu[l] *tinfty[2]*tinfty[3]
+2*Sinfty[0]*2*nu[l] *tinfty[1l]*tinfty[3]+nu[l]*Sinfty[0]*2*
tinfty[2]72-Sinfty[0]*2*nu[0] *tinfty[3]+2*Sinfty[0] *nu[l]*
tinfty[0]*tinfty[3]+2*nu[l] *tinfty[2] *Sinfty[0] *tinfty[1]-
Sinfty[0]*tinfty[3]*nu[l1l]+t00°2*Sinfty[0]*nu[0]/S01) - (2*S01+2*
nu[0]*tinfty[2] *tinfty[3]-2*S01*nu[0] *tinfty[0] *tinfty[3]-2*
SO01*nu[0]*tinfty[l]*tinfty[2]-2*S01*nu[l]*tinfty[l]*tinfty[3]-
SO0l*nu[l]*tinfty[2]72+2*S01*nu[0] *tinfty[3]-t00%2*nu[1]/S01) ;
simplify (diff (HamRS,Rinfty[0])- LSinftyO0) ;
simplify (diff (HamRS,R01)- LSO1) ;

simplify (diff (HamRS,Sinfty[0])+LRinfty0) ;
simplify (diff (HamRS,S01)+LRO1) ;

LROI i= -—— (2 SOI” Sinftyy v, tinfty, tinfty, + ROI> SO1* Sinfty, v,




HamRS = - ( (2 Sinftyg — 2 S01 ) v, —2501 v, Sinftyo) tinfty, Rinfty, 4.19)

. . 2 . .
+2 ROI SO v, Rinfty, + Rinftyg v, — Rinfty, v, +2 S0 (tlnfty3 (so1 v,

— Sinfty, V1) ROI + % ROI* (Sinfzyo Vo~ V1) ) +2 501 Sinftyg v, tinfty, tinfty; — 2

Sinftyy v, tinfty, tinfty; + 2 SO1 Sinfty, v, tinfty, tinfty, + SOI Sinfty v, tinfty,
+4 801 Sinfty, v, tinfty, tinfty, — 2 Sinftyy v, tinfty, tinfty, — v, Sinfty, tinfty, +
Sinftyg Vo tinfty, — 2 Sinfty, v, tinfty, tinfty; — 2V, tinfty, Sinfty, tinfty, + Sinfty, v, tinfty,

100° Sinfty, v, , - - -
T s 2 8017 v tinfty, tinfty; +2 SO1 v, tinfty, tinfty,
+—2SO]Voﬁnﬁhthqbb4—2S0]vlﬁnﬁylﬁnﬁ%-+S0]xqtﬁﬁb§——250]v0ﬁnﬂ%
1007 v,
+ S01

[N e NN

> HamRS:=simplify (HamRS) :
M:=Matrix(2*d,2*d,0) :
for i from 1 to 2*d do for j from 1 to i do M[i,j]:=tinfty[2%*
d+1-(i-j)]: od: od:
M;
alphaVector:=Matrix(2*d,1,0):
for i from 1 to 2*d do alphaVector[i] :=alpha[2*d+1-i]/ (2*d+1-1i)
: od:
alphaVector;
nuVector:=Multiply (M”* (-1) ,alphaVector) ;
for i from 1 to 2*d do nu[i-1]:=nuVector[i,l]: od:
nu[0] :=nu[0];
nu[l] :=nu[l];

tinfty, 0
tinfty, tinfty,

1
2 %

(4.20)

Oy




1%

2 tinfty,

| tinfty, o, o,

+ —
2 tinfty; tinfty,

1 %
V=
0 2 tinfty,
1 tinfty, 0, o,

Vo= - — ,
! 2 tinfiys tinfty,

> HamRSfunction:=unapply (simplify (HamRS) ,alpha[l],alpha[2]):
HamRStinftyl:=simplify (HamRSfunction(1,0));
HamRStinfty2:=simplify (HamRSfunction(0,1));

. . 1 ~ . . . . .
meRqu@]w—;iﬁggaj(((( 2R01+4tmﬂb)Smﬂ%—FZRmﬂ%-FZUW%q)nmbg(42D

— ROI® + tinfty;) SOI° + ( -2 (Sinfzyﬁ tinfty, + (Rinfty, + tinfty, ) Sinfty, + tinfty,

- % ) Sinfty, tinfty, — Sinfty? tinfty? — 2 Sinfty, tinfty, tinfty, + Rinfzyg) 01 + IOOZ)
HamRStinfty2 := 1

D2 . 3 L2
2 tinfty; (RO1 — tinfty,) SOI" + ( ( 2 Sinfty,, tinfty
2 tinfzygsoz( s 2) ( 0

+ (2 Rinfty, + 2 tinfty, ) Sinfty, + 2 tinftyy — 2 tinfy; + (ROI — tinfty,) (RO Sinfty,
+3 Sinfty, tinfty, + 2 Rinfty, ) tinfty; + ROI” tinfty, — tinfty ) S01” + (Sinfzyg tinftys

+ (2 tinftys Sinftyy + 2 Sinfty, ( (Rinfty, + tinfty, ) Sinfty, + tinfty, — % ) tinfty,

— Rinftyo) tinfty, + Sinftyg tinfty, + 2 Sinfty, tinfty, tinfty; — Rinfty, tinftyz) S01

— 100° (Sinfiy, tinfiy, + tinfty,) )

> HamRStinftylbis:=t00%2/(S01*tinfty[3]) -S01*R01+2/tinfty[3]-2*
S01*RO1*Sinfty[0]+2* (S01-Sinfty[0]*2) *Rinfty[0]+Rinfty[0]
A2/tinfty[3]+4*tinfty[2]*Sinfty[0]*S01+ (2*tinfty[1l]*tinfty[3]+
tinfty[2]72)*S01/tinfty[3]-2*Sinfty[0]*3*tinfty[2]-(2*tinfty[1]
*tinfty[3]+tinfty[2]42)*Sinfty[0]*2/tinfty[3]
-(2*tinfty[0] *tinfty[3]+2*tinfty[1l]*tinfty[2]-tinfty[3]) *Sinfty
[0]/tinfty[3];
simplify (series (HamRStinftyl-HamRStinftylbis, Sinfty[0]))

100° S01 ROI?
HamRStinftylbis = —
amRSUnfiyIbis = = 6 S01 ~ tinfiy,

— 2501 ROI Sinftyy +2 ( - Sinfty (4.22)




Rinfiy; . ' (2 tinfty, tinfty; + tinfty;) SO1
tinfiy, + 4 tinfty, Sinfty, SO1 + tinfiy:

s (2 tinfty, tinfty, + tinfty%) Sinftyy
Sinfty, tinfty, — tinfiy,
(2thﬁb@tﬁ#bg4—2thdbﬁtﬁyb@-—tﬁ#bg)Sﬁqbb

tinfty,

+801) Rinfiy, +

_ 0

> HamRStinfty2bis:=-(t00)*2* (Sinfty[0]*tinfty[3]+tinfty[2])/ ((2*
tinfty[3]72)*S01)+(1/2) * (tinfty[3]*Sinfty[0]+tinfty[2]) *SO01*
R0142/tinfty[3]72+4+S01* (tinfty[3]*S01+Sinfty[0]*tinfty[2]+Rinfty
[0])*RO1/tinfty[3] -(1/2)*Rinfty[0]*2*tinfty[2]/tinfty[3]"2+
(1/2) *((2*Sinfty[0]*2-2*S01) *tinfty[2]+2*S01*Sinfty[0] *tinfty
[3]1-1) *Rinfty[0] /tinfty[3] -S0142*tinfty[2]+ (tinfty[2]*2)/
(tinfty[3]) *(Sinfty[0])*3+(1/2) * ((2*Sinfty[0]*2*tinfty[2]+2*
Sinfty[0] *tinfty[1]+2*tinfty[0]-2)*tinfty[3]*2-3*Sinfty[0]*
tinfty[2]*2*tinfty[3]-tinfty[2]43)*S01/tinfty[3]"2+ (tinfty[2]*
(2*tinfty[0]-1) *tinfty[3]+2*tinfty[1l] *tinfty[2]*2) *Sinfty[0]/
(2*tinfty[3]72)+(1/2) * (2*tinfty[l] *tinfty[2]*tinfty[3]+tinfty
[2]*3+tinfty[3]72) *Sinfty[0]*2/tinfty[3]*2;

simplify (series (HamRStinfty2-HamRStinfty2bis, Sinfty[0]));

| 1007 (Sinfty, tinftyy + tinfty,)
HamRStinfty2bis = - S — 4.23)
tinfty; SO1
| (Sinftyy tinftyy + tinfty,) S0 ROI’
2 tinfty,
) S01 (801 tinfiys + Sinfty, tinfiy, + Rinfiy) ROI | Rinfty; tinfty,
; . 2
tinfty, 2 tinfty,
2 Sinfty> — 2 S01) tinfty, + 2 SO1 Sinfty, tinfty, — 1) Rinfty
L1 (( 0 ) finfiy, ' ofinfiyy 1) 501 tinfty,
2 tinfty,

—tinﬁy%Sinﬁyg PRS- (((2 Sinftye tinfty, + 2 Sinfty, tinfty, + 2 tinfty
N - 1143 mn mn mn mn

tinftys 2 tinfry: o o !
2) tinftys — 3 Sinfty, tinftys tinfty, — tinftyg) SOI)

(tinfty, (2 tinfty, — 1Y tinfty; + 2 tinfty, tinfty) Sinfty,

)
1
2

+ 2
tinftys
| (2 tinfiy, tinfty, tinfiy; + tinftys + tinﬁyg) Sinftyg
_+_ -
2 tinfty




