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Abstract

We establish upper bounds on the rate of decay of correlations of tower systems with summable
variation of the Jacobian and integrable return time. That is, we consider situations in which
the Jacobian is not Holder and the return time is only subexponentially decaying. We obtain a
subexponential bound on the correlations, which is essentially the slowest of the decays of the
variation of the Jacobian and of the return time.

Introduction

In this paper we study the speed of mixing, more precisely the rate of decay of correlations, of
tower systems, a special class of countable Markov systems which naturally arise in the study of
many dynamical systems by the procedure of induction — see [Y1]. There are two sources of loss of
exponential speed: large return times and bad smoothness. Our result is fully general in that it deals
with both difficulties, in contrast to previous works [KMS, BFG, Po, Y1, Y2|. Let us state informally
a corollary of our result:

THEOREM 0.1 Consider a tower system F with a mizing invariant probability measure ji. Assume
that the oscillation of the Jacobian on n-cylinders is bounded by n~% and the probability of return time
n decays like n=". Then, for sufficiently smooth observables, the rate of decay of correlations is:

1
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for any € > 0. K(¢) is some finite number depending only on ¢ ; ||| g1 is the L* norm w.r.t. the
reference measure.

Remarks.

1. Our result allows returns which are not onto, which is quite convenient for applications.

2. The fact that the above bound depends on v only through its L'-norm is important for the study
of asymptotic laws of return times [C, CGS, Pa].

AMS classifiction 1991: Primary 58F11
key words: absolutely continuous invariant measures; equilibrium states; decay of correlations; transfer operator; tower
extension.
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Section 1 contains the precise statement of our results. We briefly recall definitions and properties
of Birkhoff’s cones and projective metrics (section 2) and the construction of the a.c.i.m., establishing
regularity of the invariant density (section 3). We define a sequence of cones C; of “Lipschitz” functions
(w.r.t. to an ad-hoc metric) in section 4 and then establish that the transfer operator iterated some
k; times sends one cone into the next by a v;-contraction in section 5 for some semi-explicit v; < 1.

Finally in section 6, we deduce from this a convergence in the uniform norm at speed HZ;:1 Yp, With
Jj largest such that k1 + --- + k; < n, and make this estimate explicit in the exponential, stretched
exponential and polynomial cases.

Acknowledgments: The authors are grateful to program ESF/PRODYN which has partially
supported the International Conference on Dynamical Systems, Abbey of “La Bussiére” where part
of this work was carried through.

1 Setting, statement of the results

Let us describe our tower model which follows Young’s [Y1]. A tower is defined by:
e a basis, which is a probability space (Ag, mp) together with a non-singular self-map fo;

e a partition Ag;, j € N such that fo : Ag; — fo(Ao,;) is one-to-one and satisfies f(Ag) is a
union of some Ay, for some &’s;

e a return time, i.e., a function R : Ay — N, constant on each Ay ;, j € N.

The tower is then the disjoint union of the floors Ay, £ € N:
Ap={(z,0) | z € Ao, R(z) > {}.

It is endowed with the measure # which is just the copy of mg on each floor. We will denote by Ay ;,
! < R‘Aj the copy of Ay ; inside Ay:
0]

Agj={(z,0) | © € Aoy, R(z) > £}
The dynamics on the tower, F' : A — A, is defined by

F(z,t) = F(z,0+1)if R(z)>(+1
{ = fo(x) =: FE(z,0) otherwise.

One can think of F' as the unfolding of the underlying induction: in applications, F' will be often
conjugate to the original map, which fy is some (variable) power. We assume that the partition
o0

R = {A;} generates in the sense that \/ F~'R is the partition into points mod #. For k € N, the

=0
k—1

elements of the partition R*) = \/ F~'R are called cylinders or k-cylinders. We denote by C, (z)
i=0

the element of R*) which contains z. Let JF be the Jacobian of F with respect to # (this Jacobian is

well defined because of the non singularity of fy). The modulus of continuity of JF' will be controlled

by the following, dynamics-dependent sequence:

wp, = sup sup log JE(z)
" CER™ z,yeC JF(y)

For z,y € A the separation time s(x,y) is the largest integer n > 0 such that for all 0 < j < n, FY(x)
and F7(y) belong to the same atom of the partition R. Set

dO(x7y) = Z wy.

j=s(z,y)+1
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Note that the metric dy is designed so that the family of functions:

n—1
log JF™ =log [[ JF o F".
=0

are uniformly Lipschitz w.r.t. it.
Let us summarize our assumptions on the tower.

(A.I) Summability of upper floors.

Y v({z e | Rx)>1}) =1

LeN

(A.Il) Generating Partition. The partition R generates under F i.e.: the partition \/fLO:0 F~"R is
the partition into points. In particular, dy defines a metric on A.

(A.III) Summable variation. Let JF be the Jacobian of F' with respect to 7. We assume that JF

satisfies:
g wp, < 00.
neN

(A.IV) Large image and Markov properties. Each F1A ; is a union of some Aq ,, p € N, (Markov
property) and (Large image):
n = inf 2(FR(Ag;)) > 0.
jEN

Contrarily to [Y2] we do not assume the Bernoulli property: fo(Ag ;) = Ao, but only the weaker
Markov property above. The collection of sets fy(Ag ;) defines a partition B which is less refined than
{Ao,;}jen, so that it is in particular countable B = { B, Bs, ... }. Remark that, by an easy induction,
if x,y are contained in the same element of B, then the pre-images of all orders of z and y are paired

in the following sense.

Observe that (A.III) implies that for x,y € Ag and o',y € A paired pre-images defined as follows:
Frz' =2, F'y' =y and F¥(2') and F*(y') belong to the same element of R for all 0 < k < n, we
have: JFn (@)

mn T )
‘JF(y)l‘ <Codo(z,y),  with C:expj;wj. (1.1)

This is “bounded distortion”.

Remark In [BM], we proved that multi-dimensional piecewise expanding maps in higher dimension
are (under quite general hypothesis) conjugate to such a tower map.

Let L(do) be the space of bounded functions on A that are locally Lipschitz with respect to the metric
do, i.e., for some K < oo, for all z, y in the same Bj 4,

o(z) — o(y)| < Kdo(x,y).

K(p) is the smallest number K such that the above inequality is satisfied. Let ||¢||lL,) = K(@) +
|l be the norm on L(dp).

To study the ergodic properties of F', we have to decompose it into topologically mixing compo-
nents. Observe that R has a natural graph structure: P — @ iff F(P) D Q. Its (restricted) spectral

decomposition is P = P, U |J; U?;_Ol 73]@7 where:
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e P, is the set of transient elements of P, i.e., elements P such that there exists a path from P
going to some @ € P and there is no path from @ to P (observe that we don’t decompose this
part into irreducible subsets). The elements that are not transient are called recurrent.

e for each 1, ’-”:_01 RW is the set of P € R such that there exist paths from P to @ and @ to
P, for some fixed @ = Q(i) (i.e., these unions are the irreducible components of R which are
maximal w.r.t. the precedence ordering).

e if there is an arrow from Ry) to Rl(k) then k =i and [ = 5 + 1 mod p;.

Finally, A;i) is the union of the elements of Ry) Observe that, up to trivialities, it is enough to study
the dynamics of F?: : Aéi) — Aéi) for each i. We call this the spectral reduction.

Our main result is the following theorem.

THEOREM 1.1 Let (A, F,D) be a tower system satisfying (A.I - IV). First, there exists an invariant
probability measure absolutely continuous with respect to v (a D-a.c.i.m. for short).
Second, any V-a.c.i.m. fi, up to the spectral reduction, is mizing, with the following speed estimate:

for all ¢ € L(dp) and ¢ € L>=(A),

[eorvdn- [odi [vda| < Wlalelig - un  foralin0
A A A

for some C < 0o and a sequence u = (u,)5%, converging to zero which can be explicited:

o if w, = O(p") for some 0 < p < 1 and D(A,) = O(a™) for some 0 < a < 1 then u,, = K" for
some 0 < Kk <1,

e ifw, =0(n"?) for some a > 1 and 0(A,) = O(n=?) for some 3 > 1 then u,, = n~mn(ef=e)=1
for all e > 0.

min (o, B)—¢

e ifw, =0(™) and D(A,) = O(e*"ﬁ) for some 0 < o, 8 < 1, then u, =e™" for all

e>0.

2 Birkhoff’s cones and projective metrics

The main tool for the proof of Theorem 1.1 will be the theory of cones and projective metrics of
Garrett Birkhoff [Bi]. P. Ferrero and B. Schmitt [FS] applied it to estimate the correlation decay
for random products of matrices. Recently this strategy has been used by many authors to obtain
exponential decay of correlations (see for example [Lil]). We are closer to [KMS] and [M] which have
used these techniques in a different way to obtain sub-exponential decay of correlations. Let us recall
definitions and properties of cones and projective metrics (see [Lil] for a more complete presentation).
Let B be a vector space and let C' C B be a Birkhoff cone, i.e., a cone with the following properties.

e (' is convex,
e CN-C =0},

e if o, is a sequence of real numbers such that «,, — o and x—a,,y € C for all n, then x —ay € C.
This property is called “integral closure”.

Such a cone is endowed with the pseudo-metric dc on C defined in the following way (it is pseudo
because it is not necessarily finite and it does not separate points). For z,y € C,

w(z,y) = inf{B > 0 such that Sz —y € C}.
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with the convention: p(z,y) = oo if the corresponding set is empty. Let dc(z,y) = log u(z, y)u(y, ).
We remark that d¢ satisfies the triangle inequality: if Bz — y € C and By — z € C then Bz — z € C
since C' is a convex cone, so u(z,z) < p(z,y) - p(y,z) and the triangle inequality follows. Finally,
observe that ¢ is projective: d(z,y) =0 <= x and y are colinear.

The usefulness of this projective metric is that it allows a ‘geometric’ proof of the contraction through
the following result.

THEOREM 2.1 [Bi] Let C' and C' be two cones, P a linear operator P : C' — C'. Let T’ denote the
diameter of PC in C':

I'= sup dc(Pf, Pg) < oo.
f.9eC

For any f,g in C, we have:
r
dor(Pf,Pg) < tanh () dc(f.o).

This theorem implies that a linear map between cones never increases distances and is in fact a
contraction as soon as I' < oco.
The following result allows the translation of contraction w.r.t. cone metric to a contraction w.r.t.
norm. A norm || || on B is adapted to C, if for f and g in B such that both f+ ¢ and f — g belong to
C, then ||g|| < ||f]]- p: C — Ry is a homogeneous form adapted to C' if, i) for any A > 0 ; ii) f € C,
p(Af) = Ap(f) and if f — g € C implies p(g) < p(f).

THEOREM 2.2 [Bi], [Lil]. Let C be a Birkhoff cone, let || || and p be adapted to C. For any f and g
in C such that p(f) = p(g) # 0 we have:

1f = gll < (9 — 1) min(| £}, |lg])-

3 Construction of a r-a.c.i.m.

As usual, the transfer operator acting on bounded functions is defined by:

Lofle) = Y Fp05 )

Fy=x

The measure 7 is conformal for £j in the following sense: for any bounded function f,

/ Lofdi = / fd.

For s € N, the s-cylinders are the non empty sets of the form: ﬂf;ol F7iA; with A; € R. For k € N
and x € A, Ci(z) denotes the k-cylinder which contains x.
The following lemmas are technical tools to study Lg.

LEMMA 3.1 There exists C' < oo such that for any £ € N and any x € Ay and k € N with FFz € Ay,

C7'(Ck(a)) € S o

Proof:Let x € Ay such that F*(x) € Ag. The Markov property and the large image property (A.IV)
imply that #(F*Cy(x)) > n > 0. The bounded distortion property (1.1) gives:
1 PGk(@) 1, 2(CG()
V(FFCy(z)) — JFk(z) — U(F*Cy(x))
c-12C@) 1 o(C(@)

1 = JFk(z) — ¢ n

< Co(C()).

c
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The Lemma is proved. u

LEMMA 3.2 There exists K < oo such that:
o forallze A, allneN, L1(z) < K.
o for all x,y in a given Bj, and alln € N,:

|L1(x) = Lo1(y)| < Kdo(z,y). (3.1)

Proof: The upper bound £{1 < K follows from Lemma 3.1, by writing:
n _ < )
Lol(z)= > JFW c > b <C (3.2)
z'eEF~"x ' eEF~"x

Let z and y belong to one Bj . Their preimages by F" are paired, i.e., if F"2' = z, there is exactly
one y' € Cy(2') such that F™y' = y. So, using (A.IV), we get:

Lo1(x) = LoL(y)| = | > JF"(@) = Y JF'(y

anl,’lfl‘ Fny/fy
B n JE™(z')
=2 I <JFn<y'> - 1) ‘
< CLg1(x)do(,y)
S KCdO(‘r?y)
(3.1) is proved. [ |

COROLLARY 3.3 F admits a U a.c.i.m.

Proof: By Lemma 3.2, the sequence % Z?:_Ol L1 is relatively compact for the topology of uniform
convergence on compact subsets (this is Arzela-Ascoli theorem on separable spaces). Each limit point
h of this sequence is a non zero fixed point for £y (by Lebesgue’s dominated theorem, o(h) = 1), so
that i = hi is a P-a.c.im. ]

The system (A, F, 7, R) has a Markov structure in the sense that for each P € R, F(P) is a union of
atom of R. According to [ADU], we will say that F' is aperiodic if:

V P, P’ € R AN € N such that #(F"PNP)>0VYn> N. (3.3)

The existence of a P-a.c.im. implies that the recurrent part is non empty (it contains the support
of ii). Up to the spectral reduction, we may and shall assume that F is aperiodic. We remark that
aperiodicity implies that any s-cylinder has positive 7-measure. The following lemma implies that
any s-cylinder also has fi positive measure.

LEMMA 3.4 If F is aperiodic then h(z) > 0 for all x € A. Moreover, inf i[F*(Cx(x))] > 0 where the
inf is taken on all k € N and x such that FFz € A,.

Proof: Theorems 2.5 and 3.2 in [ADU] imply that if F is aperiodic then £{1 — h uniformly on
compact sets. Let K be given by Lemma 3.2. We have for j =1,..., any {,n € N, z,y € By ;, their
paired preimages will be denoted by x’ and 3/,

n n lJFn( /)

ny!=x

£r1(z)

A

(Cdo(x,y) +1) Z JF™(y )—1 < KLP1(y) using (1.1). (3.4)
Fny/:y
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Taking the limit when n goes to infinity implies: for z,y € By ;,
h(z) < Kh(y). (3.5)

So, for all (j,£), either h = 0 on By or h > 0 on By ;. But h|p,, = 0 implies that 2(B;,) = 0, a
contradiction to the aperiodicity. This concludes the proof of the first part of the lemma.

To prove the second part, let us remark that 2[F*Cj,(z)] > n > 0 for all k and z such that F*¥z € A,
and the Markov property imply that there exists finitely many integers ¢;,...,%, such that each
F¥Cj, () contains at least one Noyi;, j=1,...,p. This implies the announced result using that h > 0.
[ |

Let us note that Lemma 3.4 implies that ji(P) > 0 for any cylinder P. The following lemma is a
direct consequence of mixing.

LEMMA 3.5 There exists positive numbers A and B such that for any f, g € L*(9), with a(f) > 0,
ii(g) > 0, there exists ng such that for n > nyg,

Af o P g)
A< i =P

We shall now construct a sequence of cones C; and a sequence of integers k; such that L¥ maps
Cj—1 into C; with uniformly bounded diameter, where £ is the normalized transfer operator defined
as follows: Lf = 3 Lo(fh). Because of Lemma 3.4, £ is well defined. Moreover it satisfies: £1 = 1.
The Jacobian of F™ with respect to [ is:

JFE™ - hoF™
h

Let  and y belong to the same By j, 2’ and y’ be their paired preimages by F". Following eqgs. (3.4
- 3.5), we get, for some C’ > C:

(1-Cldo(a'y)) <)< (1+Cdo(a'y)),
)

(1= Cldo(z,y)) < gy < (L+ Cldo(2.)).

We deduce that the Jacobian of F™ with respect to fi satisfies a bounded distortion inequality like
(1.1) with an appropriate constant that we will continue to denote by C. From now on, we abuse
notations and JF' will be the Jacobian of F' with respect to the invariant measure ji. We remark that
the proof of Lemma 3.1 and Lemma 3.4 give for some C > 0:

C™H (C()) < < Cp(Ch()). (3.6)

JF*(z)

4 The cones

4.1 Auxiliary definitions

In what follows [ is a mixing a.c.i.m. on A.

We need first some auxiliary definitions. We set for convenience D = 5.
Let (vp)nen be such that:

Zvn -0(A,) < o0 and v, — o0.

n>1
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We also assume that v,, and for each k € N, v, /v, are non-decreasing functions of n. We define
fiw :=v - i where we have introduced the function v = 37,5 qve - 1a,. Let Ro(p) = > 5., wi(g). We
pick an integer s so large that

Ro(s) <1072,

Let Py, = U;;;g Ay U U?;é Ay ; with the parameter ¢ chosen so large that:

fiv (Poc)
n

<1075,

where n = inf; 2(FE(Ag ;) > 0.
Let Q; be the finite collection of s-cylinders covering A \ Ps,. Let Q be the finite partition of A
defined as Q1 U {P}. Let ko be such that for all k > kg, for all P,Q € O:

T_WF*PNQ) _9
85 APA@Q) 8
T_iw(F*PNQ) _ 9
85 AP)@ 8

Such a ko exists as (F, i) is mixing, Q is finite and the function v is in L(f).

4.2 Definition of the distances d;

We set d;(z,y) = R;(s(x,y)) where the functions R;(-) are defined inductively in the following way.
Recall that Ry(-) and ko have been defined above. Assuming that R;_1(-) is defined we set:

kj = mll’l{k‘ > ko : Rj_l(S + k‘) < D_lRo(S)}

and
Rj(p) = D[Ro(p) + Rj—1(p + kj)].
We observe that, Qq being a collection of s-cylinders, its d;-diameter is bounded by R;(s) = D[Ro(p)+
Ri_1(p+ ke)] < (D +1)Ro(s), a number independent of j.
We introduce the auxiliary values q(j) = k1 +--- + k;.

4.3 Definition of the cones

As stated in the introduction, we are going to prove Theorem 1.1 by cone techniques. Let us explain
a bit how to construct the cones and how sub exponential decay of correlations may be obtained.

We start by recalling the classical way of using cones (see [FS] and [Lil] for details). To get ex-
ponential decay of correlations, it is sufficient to find a cone C' and an integer k such that £* maps
C into itself and the diameter ' of £*C into C is finite. If the fixed point h of £ belongs to C then
Theorem 2.1 gives, for any integer j:

; . r
Sc(L* f, h) <~A97IT where v = tanhz < 1.

Hence Theorem 2.2 gives that for f € C, ||LPf — hm(f)|| goes to zero exponentially fast for || || an
adapted norm, provided f +— m(f) is adapted. Then one has to extend this result from the cone to a
Banach space.

The starting point of the construction of cones is usually a Lasota-Yorke inequality (it will be done
in section 5.2). If the metric dy is not of exponential type (i.e., do(z,y) < B°*¥) with 0 < 8 < 1),
then we cannot obtain a Lasota-Yorke inequality. This is why we have to introduce the sequence
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of metric d; and a sequence of cones. Roughly speaking, for any integer j, we will consider a cone
C; of functions f that are locally Lipschitz for the metric d; and the Lipschitz constant of which is
controlled (see condition 2. below). Thanks to the definition of the metric d; and to the Lasota-Yorke
inequality, if f belongs to C; then L f will be locally Lipschitz with respect to the metric d;j+1 and
we will control its Lipschitz constant. This will imply that £F maps C; into Cj4q with finite diameter
I'. Then, using Theorems 2.1 and 2.2, we get that for f in Co! , ! ! LR ki f goes to m(f)h at
rate 77 (with v = 220L) in any adapted norm, provided that h belongs to all the cones C; and that
f = m(f) is adapted. This is the philosophy of the construction.

A source of difficulty is the following. To ensure that a cone C satisfies properties of section 2 and
more specifically the condition C' N —C' = {0}, some positivity for the functions in the cone is needed.
On the other hand, if C'C {f > 0} =: C then for any f, g in C, 0c(f,g) > 0c, (f,g) (use Theorem
2.1 with P = Id) and

sup f supyg

bo,(f.9) = inf f infg’

Since the functions of the cones are only locally Lipschitz, we will have a good control on =2 L on each
floor Ay but not on the whole space A. Observe that because of the definition of £, we cannot hope to
control globally Lipschitz constant (just try to compute |Lf(z)—Lf(y)| for z € Ag and y € Ay, £ > 0)
and we have to restrict ourselves to locally Lipschitz functions. This problem is solved by considering
the finite partition Q of A which is decomposed into finitely many s-cylinders (the “compact” part)
and the complementary of the union of these s-cylinders (the “non compact” part). Then we require
the positivity of some kind of conditional expectation of f with respect to this finite partition (see
condition 1. below). This together with the control of the local Lipschitz constant leads to a good
control of f on the atoms of the compact part. Then, we requir! e ! ! another kind of control on the
non compact part (see conditions 3 and 4 below).

The cone Cj(a,b,c) is the set of all real functions f on A satisfying the following conditions:
L a-Eu(f) < Ex(f|Q) < 6b- En(f).
2. for all z,y € A with B(z) = B(y),

[f(2) = f(y)l <12b- Ea(f) - dj(2,y).

3. for all £ < q(j),
sup |f| <90c- v, - Eu(f).
PoocNAyg
4. for all £ > q(j),

sup |f <90c- Vg(5) - Eu(f).
PocNAp

5 Contraction of the cones

The purpose of this section is to prove the following proposition.

PRroOPOSITION 5.1 We have

4 1 1 )
‘ijcj(ov L 1) c Cj+1 <5, g,max ( vQ(J)))

5 vg(j+1)

and L*i : C;(0,1,1) = Cj11(0,1,1) admits, w.r.t. cone metrics, a contraction coefficient less than:

1 v,
max (, —a) ) =1
5 Vg(j+1)
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Let us prove that if £¥C;(0,1,1) C Cj1q (4 L max (l M)) then we have the announced esti-

575 57 vg(j+1)
mation on the contraction rate.
This will follow if we prove that for all f, g € Cj41(4/5,1/5, max(1/5,v4(;)/Vq(j+1))) With the normal-
ization E;(f) = En(g) = 1 we have:

af —g € Cj+1 (0, 1, 1)

14D 14 vy /vg0s
o — max ( + — Uq(J)/Uq(JJrl)) ) (5.1)
1= D711 =045/ V(541

Indeed, in that case, we have that the diameter I'; of £¥/C;(0,1,1) into C;41(0,1,1) is less than
1+D7" 1+ vq(j)/vq<j+1>)
1= D711 = wy(j) /vg(j+1)

tanh 22 < max (1, <>> ~ max (1, u) |
4 D" vg(j41) 5 Vg(j+1)
The upper bound in the cone condition (1) for af — g is, for all P € Q,
a > 6E/1(g) — Eﬂ(glp) .
— 6EL(f) — Ea(fIP)

for

2 log max (

and then

The right hand side is bounded by:

5
=-<6/4.
6-5 47 6/
The lower bound in this condition is, for all P € Q,
o s LalalP)
Eu(fIP)
The right hand side is upper bounded by:
6/5-Ea(g) _ 6
4/5-Ep(f) 4

Thus, both bounds in condition (1) are implied by eq. (5.1).
The cone condition (2) is, for all z,y € A with B(z) = B(y)
o> 12Ba(g) +19(z) — 9(y)|
T REu(f) = |f (=) = f(y)l
The right hand side is bounded by:

14+ D!
1-D-1
Thus, condition (2) is implied by eq. (5.1).

= 6/4.

The cone condition (3) is implied by eq. (5.1) as can be seen by practically identical computations.
The cone condition (4) is satisfied iff, for all x € Poo N Ay, £ > q(j 4+ 1),
90v4(j+1)Ea(g) + lg(x)|
~ 90vg(j+1) Ea(f) = |f ()]
But the right hand side is bounded by:

1+ (V) /Va(i+1)

1= (v4(5)/Vq(5+1))
Thus, condition (4) is implied by eq. (5.1) and this concludes the proof that the claim implies the
stated contraction coefficient.

10
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5.1 Contraction of the first condition

f is an arbitrary function in C;(0,1,1) for the remainder of section 5.

Let P € Q. We first prove the lower bound:

En (L% f|P) =

- . rk; >
't dii >/A1P £ f dj

_ o ki 1 .
‘ﬂ(P)/Alp Fo-fdp= u(P)/ka-jpf ah

1 / 1
S P fips o |  di
PZ:Ql i(P) Jp=*i pap: A(P) Jp=+i pApy

JES PP [ .
> S MR N 1P - 120 + D Ra9E)

A(F~% PN Py nAy)
- ~ 'govmin ,q(J Eg; fa
> i(P) wanEn(f)

using diamg, (Q1) < (D + 1)Ro(s), conditions (2)-(4). We continue (obviously: vg > Unmin(e,q(j))):

PN P

Ea(Ch £1P) > 2 )(P,)M(P){Eﬂ(ﬂp/)—12(D+1)RO(S)Eﬂ(f)}

-k ”éfp);igj“)muﬂw) 0B (/)

> 3 LAPIE(IP) ~ Y Ta(P) 12D+ 1)R(s)Baf) ~ Sin(Pc) - 90 (f)
P’GQl P'eQ,
7

> B - /P ) Faih 123D+ 1 Ro(5) ()

— 902 (P B 1),

Observe that:

N N N Umin(¢,q(j
/P fdi = /P Ly < Y P 1) - 00200 g )

>0 ve
Hence,
N 7 9 T\ . 9
B 11P) = {90 (54 5 ) au(P) ~ 125D+ DIalo) | Ea(1)

> gEﬂ(f)-

Similarly, we get the upper bound,

Eu (LM fIP) < {2 +90 (Z - ;) fio(Poo) + 12%(1) - 1)30(5)} Eu(f)
< 6D EL(f).
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5.2 Contraction of the second condition

Letz,y € A, with B(z) = B(y). First assume that £ > k;. Settingz™ = (z,0—k;), y~ = (y,{—k;) € A
(with a slight abuse of notation), we have

[C8 f () = L% f(y) = | £(27) = fly7)] < 12d;(27, 57 ) Ba(f)
= 12Rj(8($,y) + k]) < 12D_1dj+1 (x’y)

Now assume that ¢ < k;. We have |L% f(x) — L% f(y)| = |L" f(2°) — L" f(y°)| with r = k; — ¢ and
20 = (z,0), ¥ = (y,0) (with the same abuse). Hence it is enough to bound |L" f(z) — L" f(y)| for
r < kj and z,y € A¢ with B(z) = B(y). As B(z) = B(y), the pre-images by F" of « and y can be
paired (i.e., to each pre-image z’ of z corresponds a pre-image y’ of y defined by the same inverse
branch). Thus,

£ f(x) — L7 (y)) < Ywer-rs | 7y — 7%
§ Zac’EF*Tx ﬁ'f( ) f(y/)‘ +
JF" (z
+Zx’€F*Tx‘f( ‘JF ™ (z’) JF7(?J) 1‘

< 12R;(r + s(z,y))Ea(f)

recall £1 =1 and C is defined in (A.III). We have

1
Z SZ Z 9OUmin(£,q(j))WEﬂ(f)

z! € Poo £>0 2’ ePoonNiy
2/ eF~Tx 2/ €eF~Tx

K
< 180;NU(POO>Eﬂ(f)
where K is given by the bounded distortion and n by the large image property (we have used that

Jore, o (JEFT) " dfe = (l(Cr(a')) = n/K(JF" (') 7).
We also have

> <{BU106) + 127 6B

@/ ¢ Poo
2/ EF~Tx

< (12R;(s) + 1) Ea(f)-

Hence,
|CF3 f () — £ f(y)] < {12Rj(kj — L+ (2% 1°) + do(2°,y") MC(12R;(s) + 1 + 180§ﬂv(Poo))} Eu(f)
<12 {Rj(kj + s(x,y)) + Ro(s(x,y))(MCRj(s) + 1/12 + 15};-/11,(]300))} Eﬂ(f)

Now, CR;(s) + 15(K/n)fi,(Px) < 1/2 so that

|C% f(x) = £% f(y)] < 12D7 Ry (s(,9)) Ba(f) = 12D dja (2, y) Ba(f).-
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5.3 Contraction of the third condition

Let z € Ay N Py. First assume 0 < £ < k;. As for the second condition it is enough to consider
L7 f(x) with 0 <r < k; and x € Ag. We have

L@ Y )

z'eF~"x

- Ieg;, ﬁ (12R;(s)Ea(f) + 6E4(f))
2/ ¢ Poo

1
D IEDY TE () VOminctat) Fa)

>0 2/eF—Ta
z/ €PNl

K .
<@Ri(s)+6)Ba(N)+Y, Y ;M(Cr(l’/)) *90Vmin(e,q(5)) Ea(f)
>0 z'eF~ Tz
T 2/€Pooniy

<(12R;(5)+6)E(N+Y Y %ﬂmr(x’))-90vmm<g,q<j>>Eﬂ<f>

(>0 z'eF—Ta
z/ €PocNAy

< (2R, + 6+ 90 (P ) Bl
< 90D~ E;(f)
Now assume k; < £ < q(j + 1) = q(j) + k; and let = = (2, ¢ — k;). We have:
1£55 f(2)] = |f(27)] < 90ve—k, Ea(f)

< g0tk veEp(f)

vy
’l} .
< 90— 4, E,(f).
Vq(j+1)

using that ¢ — vp/ve4 is increasing for any k.
We do get the claimed contraction by max(1/5, —24._),

7 Vg(j+1)

5.4 Contraction of the fourth condition
Finally we take z € Py, N Ay with £ > ¢(j +1). We have
L% f(x)| = | f(27)] < 90vg() Ea(f)

U .
< 90—, ;1) Ep(f)-
Vq(j+1)

Ya(4)

and this gives the contraction by - o
q(y

6 Conclusion
To conclude the proof of Theorem 1.1, we need to derive from the projective metric bound obtained

above, bounds on the correlations. The following lemma is standard when using Birkoff’s cones (see
[KMS] page 687, [M] Lemmas 3.9-3.10). Let ||| |||; be the norm on bounded functions defined by:

171l = mive | (900, 12D Ro(s) + 6) | [ g, sup 5(P)~| [ ] 1]
A P

13
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LEMMA 6.1 The norms ||| |||; and the homogeneous form f — (f) are adapted to the cones C;(0,1,1)
For any f € L(dy), there exists R(f) > 0 such that f + R(f)1 € Co(0,1,1) and R(f) < C|| fllL(do)-

Sketch of proof : It is clear that the homogeneous form f +— fi(f) is adapted. To prove that ||| |||; is
also adapted, let us consider f and g such that f + g and f — g are in C;(0,1,1). The first condition
in the definition of the cone gives:

1 1
vV P djr djr
€09, ﬂ<P>P/9u Sﬂ(P)P/f”’

/A gdﬂ‘ < /A fd.

9l < max(90u(;), 12D Ro(s) + 6] /A fdj.

and

The last three conditions give

Hence, we have ||[g]l|; < ||| f][l;-
To prove the second point of the lemma, we may assume that f > 0. To have that f + R(f)1 €
Cy(0,1,1), it suffices that:

° VPE Q, R(f) Z WIAPf‘;ﬂ_ﬁfAfdﬂ

, so that condition 1. is satisfied,

e R(f) > %, so that condition 2. is satisfied,

e R(f)> %, so that conditions 3 and 4 are satisfied,

so we may choose R(f) < const||f||r(dy)- [ ]
Let us conclude the proof of Theorem 1.1.

Let f € Cy(0,1,1), By Proposition 5.1, for any ¢, £FT+ke f and £F++ke1 = 1 belong to Cy
(remark that 1 € Cy(0,1,1)). Applying £ — 1 times Theorem 2.1, we get:

¢ ¢
So, (LR Fhef 1) < H%‘ 0L (LM f,1) < HW’J‘ T,
j=2 Jj=2

where y; = is given by Proposition 5.1. Since the norm ||| |||, is adapted to the cones C;(0,1,1) and
is greater than the uniform norm, Theorem 2.2 gives for f in Cy(a,b,¢) with a(f) =1,

14

LRt ke f — 1|0 < const H Y-
j=2

For n € N, let ¢(n) be defined by:
n==k +--- kg(n) +r with r < ké(n)—i—lv

we have
¢(n)
17 F = 1loo < |£7 1o [|LF T HEef — 14 < const H ;i
j=2

For any function f € L(dp), applying the above inequality to % gives

4(n)
||£nf _ ﬂ(f)”oo < const - H Vi ||f||L(do)'
j:2

14
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The decay of correlations follows: for f € L and g € L*(j1),

/ go F" - fdji— / fdi / gdp| = / glC"(f) - A(F))dp
A A A A
£(n)

< const - H’)’j ||f||L(do)||9||1'
j=2

L(n
Set H](:z) Vi = Un-

We now prove that u, has the announced behavior for exponential, stretched exponential or polyno-
mial sequences w, and 7(A,,).

Estimating u,,

To estimate the rate of mixing wu,, we have to analyze the asymptotic behavior of the sequences k;
and ;. Recall that:
Ro(s)

kg_H_ = mf{k‘ > ko : RZ(S + k‘) < D }
and observe that an easy induction gives:
E .
Ry(n) = DZR()(/Q +oodke+n)+ Z De+1_1Ro(ki+1 + -+ ket n). (6.1)

=1

Recall Ro(m) = > 4<.,, Wk-

JFrom these remarks we get the following results.

o If there exists 0 < p < 1 such that w, = O(p") then Ry(n) = O(p™) and one can take k; = p

—log[D(D —l—zl)]
p

provided p is such that pP < ﬁ, ie. p> . Assume also that D(A,) =

O(a™) for some 0 < a < 1. Then one may choose v, = o/ " provided 0 < a < o/ < 1. We
1

have: v; = max (,0a’?) = & < 1 and u, = k7.

e If there exists a > 1 such that w, = O(n~%) then Ro(n) = O(n=**1) and Ry(s + key1) =

O (Ro(s + kog1) - Dg) =0 (ﬁ) so, if kgyq ~ constD%, it satisfies Ry(s + key1) < ﬁo(s).
241

So 4(n) ~ (o — l)llggg + const. Assume also that 7(A,) = O(n=?) for some 3 > 1. Then one

~

may choose v, =n" provided 0 < v < — 1. We have: v; = max (%, Diﬁ).

If 8 < a then we can choose v < f —1 < a — 1 and then v, = D~ 57 and U, = 0(n~7).
If < 3 then we can choose # — 1> v > o — 1 and then v; = 5 and u,, = O(n=**1).
Finally, we get that u,, = O(n~™®l=1L=1=¢) for all £ > 0.

o If w, = O(e™™") and #(A,) = O(e’”ﬁ) for some 0 < @, < 1, set kg := £a~1. We obtain
q(l) = ky + -+ kg ~ 0% s0 £(n) ~n®. An easy estimate gives that Ro(m) < e~ ™" " for ¢ > 0
and all large m. Now, by eq. (6.1),

Re(s + kor1) < (0 + 1)D Ro(kerr) < (C+ 1D 7" 50 asl— .
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Hence, Ry(s+ ket1) < Ro(s)/D is satisfied and the choice of k¢ is correct for all large ¢. Let us

compute:
)

s R )

If 8 > a, then the second term of the above maximum goes to zero and therefore v, = % for
large ¢. We compute the contraction coefficient at time n:

2
1™
~| =

exp <—€§ .

a—e

Uy = Dfé(n) _ DanD‘ _ efC'nO‘ <e™

If 8 < «, then the second term of the above maximum goes to one and therefore sets the value
of v, for large . We compute:

B
_ia _ o« _ B _ B
un:llej Se@(n) :eCn Sen

If & = 3, then we change, for instance, a to o’ > 8, arbitrarily close, and apply the previous
case.
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