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MOTIVATION

Quantum gravity ?

I AdS/CFT
I 2D bulk is simplest

(+ extremal black holes)

I AdS2 / SYK-Schwarzian1 [Kitaev 15, Maldacena-Stanford 16,...]

I Relation to Virasoro group

, coadjoint orbits
(partition function localizes) [Stanford-Witten 17]

Flat space holography ?
I ≥ 3D has Bondi-Metzner-Sachs aspt symmetry
I 2D has "BMS2" [Afshar et al. 19, Godet-Marteau 20]

I Flat JT = BMS-Schwarzian ?
I Partition fct ?
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THIS TALK IN A NUTSHELL

2D space-time at finite temperature
I Periodic Euclidean time ϕ ∼ ϕ+ 2π
I BMS2 = Diff S1 nn Bulk translations
I Current = Stress tensor ⊕ Fct on S1

2D Jackiw-Teitelboim = 1D bdry theory
I "BMS-Schwarzian" = Zero-mode of stress tensor
I One-loop exact partition fct
I Similar to AdS/Schwarzian

, but group is "weird" !
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2. BMS2 group and its orbit(s)

3. One-loop exact partition function
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B. Asymptotic symmetries

C. Boundary action
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JT IN BONDI GAUGE

2D space-time with metric g and scalar Φ

I Governed by Jackiw-Teitelboim action

Use Bondi coordinates :
I Minkowski ds2 = −dt2 + dr2

with u = t− r

I Fix fall-offs

& solve EOM

I ds2 = −2 du dr−
( r2

`2 + O(r)
)
du2

Φ = O(r) with ODE (x′, y′′) ≈ stuff
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ASPT SYMMETRIES

ds2 ≈ −2 du dr−
( r2

`2 + 2Pr + 2T
)
du2 and Φ ≈ xr + y

I Tsf under BMS2 ?

[Compute Lie derivatives]

δT = XT′ + 2X′T − αP− α′

δP = XP′ + X′P− X′′ − α
`2

Where is the
translation current ?

I Flat limit : P = c + Q′

yields δQ = X(Q′ + c)− X′

+ 0 X′Q

I (T,Q) will be coadjoint rep of BMS2 !
I (x, y) will be BMS2 group element

Note : Wick-rotate according to conformal weight
I Eqns remain valid at finite temperature
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Intro JT gravity BMS2 group Partition fct The End

BOUNDARY ACTION

JT action Sbulk = κ
2

∫
d2x
√
|g|
(
Φ(R + 2/`2)− 2Λ

)
I δSbulk =

∫
d2x(EOM) + κ

∫
du(x δT − y δP)

I Not differentiable !

Extra bdry term is needed :

S = Sbulk − κ
∫

du
[
Tx− Py +

1
x
(
x′y− Λy + y2/2`2)]

I Designed so that δS = − κ
∫

du δ
(1

x

)
× (cst on-shell)

I Extra bdry condition
∫

du
x
≡ A constant
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S
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du
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(
x′y− Λy + y2/2`2)]+ Λ× volume

Relate to BMS2 !

I
∮ dϕ

x = A

yields x =
2π
A f ′(ϕ)

[ f ′ > 0 & f (ϕ+ 2π) = f (ϕ) + 2π]

[⇔ f ∈ Diff S1]

I Write y = −2π
A α ◦ f

Work in flat space from now on

Claim : SE = BMS-Schwarzian + c×α0
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Intro JT gravity BMS2 group Partition fct The End

DEFINING BMS2

BMS2 = Diff S1 nn Ω1(S1)

= {( f , α)}
I Lie algebra 3 (X, α)

with brackets

[`m, `n] = (m− n)`m+n

+
a
12

m3δm+n,0

[`m, qn] = −(m + n)qm+n

+ (bm− ic)δm+n,0

[qm, qn] = 0

I Central charges ?

= = =

0 −1 P0 in flat JT

Warped Virasoro subalgebra :
I Pm ≡ m Qm for non-zero m and P0 ≡ ic
I Literature restricts to warped Vir [Afshar et al. 19, Godet-Marteau 20]
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Intro JT gravity BMS2 group Partition fct The End

COADJOINT REP

[Action of group on dual of Lie algebra︸ ︷︷ ︸
"currents"

]

bms2 = Vect S1 A Ω1(S1) 3 (X, α)

bms∗2 = Vect∗S1 ⊕ C∞(S1) 3 (T,Q)

I "Noether charge" 〈(T,Q), (X, α)〉 ≡
∫

dϕ (TX + Qα)

I Coadjoint 〈δ(X,α)(T,Q), (Y, β)〉 ≡ 〈(T,Q), [(Y, β), (X, α)]〉

I Add central charges and use bracket

:

δT = XT′ + 2X′T − a
12

X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)

I Gravitational tsfs for (a, b, c) = (0,−1,P0) !

Finite tsfs ?
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ORBIT AND SCHWARZIAN

δT = XT′ + 2X′T − a
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I Flat JT action SE = 2πiκ
A (SBMS − cα0)
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COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer

:

δT = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit

I What if we complexify ?
I Look for stabilizer

:

δT = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?

I Look for stabilizer

:

δT = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?

I Look for stabilizer

:

δT = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)

I Complex periodic solutions ∃︸ ︷︷ ︸
Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer

:

δT = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)

I Complex periodic solutions ∃︸ ︷︷ ︸
Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)

I Complex periodic solutions ∃︸ ︷︷ ︸
Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Non-trivial stabilizer

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Non-trivial stabilizer

when c/b ∈ iZZ

... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Non-trivial stabilizer

when c/b ∈ iZZ

... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ

... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 du dr−
(

2r (c + Q′) + 2T
)
du2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 β
2πi dϕdr−

(
2r β

2πi(c + Q′) + 2T
)
dϕ2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 β
2πi dϕdr−

(
2r β

2πi(c + Q′) + 2T
)
dϕ2

I c = −in gives n-fold cover of Euclidean plane

I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 β
2πi dϕdr−

(
2r β

2πi(c + Q′) + 2T
)
dϕ2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

0 = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 β
2πi dϕdr−

(
2r β

2πi(c + Q′) + 2T
)
dϕ2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

δQ = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 β
2πi dϕdr−

(
2r β

2πi(c + Q′) + 2T
)
dϕ2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

COMPLEX ORBITS

Real BMS2 group has unique orbit
I What if we complexify ?
I Look for stabilizer :

0 = XT′ + 2X′T − a
12 X′′′ + bα′ − α(Q′ + c)

cst = bX′ + X(Q′ + c)
I Complex periodic solutions ∃︸ ︷︷ ︸

Orbit codim > 0

when c/b ∈ iZZ... Why !?

Recall metric ds2 ≈ −2 β
2πi dϕdr−

(
2r β

2πi(c + Q′) + 2T
)
dϕ2

I c = −in gives n-fold cover of Euclidean plane
I Larger isometry group

Note : Stabilizer of metric is looser than stabilizer of orbit



Intro JT gravity BMS2 group Partition fct The End

3. Partition function

A. Reminder : Schwarzian partition fct in AdS2

B. Partition fct of BMS-Schwarzian + zero-mode



Intro JT gravity BMS2 group Partition fct The End

3. Partition function
A. Reminder : Schwarzian partition fct in AdS2

B. Partition fct of BMS-Schwarzian + zero-mode



Intro JT gravity BMS2 group Partition fct The End

3. Partition function
A. Reminder : Schwarzian partition fct in AdS2

B. Partition fct of BMS-Schwarzian + zero-mode



Intro JT gravity BMS2 group Partition fct The End

REMINDER : SCHWARZIAN CASE

Partition fct in AdS2/Schwarzian
[Stanford-Witten 17]

I Z =

∫

orbit

Df e−S[ f ]

I Right-invariant measure
I Independent of orbit representative
I Action = Hamiltonian U(1) generator on orbit
I Duistermaat-Heckman localization (one-loop exact)

Smth similar with Flat JT/BMS-Schwarzian ?
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BMS2 PARTITION FUNCTION

Bdry partition fct in flat JT

:

Z =

∫
Df Dα exp

(
− S[ f , α]

)
I Not a Schwarzian !

[...and pure Schwarzian has no saddle]

I Try to proceed anyway

Recall BMS2 has unique orbit
I Let (T,Q) = (g, β) · (0, 0)

I Choose right-invariant measure
I Zero-mode gives "classical" β0[T,Q]

I Remaining integral one-loop exact

[α = Lagrange multiplier]
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BMS2 PARTITION FUNCTION

Let m = Fourier index

I Expand around saddle

to find

Z ∝ e−
2πiκ
A cβ0

︸ ︷︷ ︸
"classical"

×
+∞∏
m=1

(c2 + b2m2)︸ ︷︷ ︸
measure

×
+∞∏
m=1

1
c2 + b2m2

+∞∏
m=1

1
m2︸ ︷︷ ︸

Gaussian integrals

I Zeta fct regularization

Z ∝ e−
2πiκ
A cβ0 ×

{
β−1 (generic b, c)
β−2 (c/b ∈ iZ)
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CONCLUSION

BMS2 = Diff S1 nn Ω1(S1)

THE GOOD

I Extends warped Virasoro
I Virasoro machinery applies
I Has Schwarzian-like action

THE BAD

I Has redundant Q0

I Has single real orbit
I Schwarzian has no saddles
I Complexification ?

Flat JT bdry action = BMS-Schwarzian + Translation zero-mode
I Well-defined one-loop exact partition fct
I Interpretation of classical action β0 ?
I To be continued...
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