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[Thomas 1926]

Electron orbiting atomic nucleus :

I Rotation after one period
I Actuallly Berry phase

from adiabatic Lorentz boosts

Question : ∃? Berry phases for any unitary group action ?
I Yes ! [Berry 1984, Jordan 1987]

I What about sample deformations ?
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2. KdV drift velocity yields dynamical realization
[B.O. & Kozyreff 2020]
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BERRY PHASES IN GENERAL

Reminder on Berry phases :

I Quantum system depending on parameters g
I Parameter-dep. energy eigenstates |ψ(g)〉
I Vary parameters adiabatically and cyclically

⇒ gt

I Wavefct picks phase
∮

dt E︸ ︷︷ ︸
Dynamical φ

− i
∮

dt
〈
ψ(gt)

∣∣ ∂
∂t
∣∣ψ(gt)

〉
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Berry φ

What Berry phase is produced by sample diffeos ?
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BERRY PHASES OF DIFFEOS

Particle on a circle ⇒ position x ∼ x + 2π

I Wavefct ψ(x) on S1

I Let x 7→ g(x) be a diffeo
I Rotations g(x) = x + θ

I Unitary action of Diff S1 :

(

U [ g]ψ

)
(g(x)) =

ψ(x)√
g′(x)

Choose adiabatic, cyclic gt(x)

I Berry phases ?
I Choose ψ(x) = e ikx

I Berry φ = i
∮

dt
〈
ψ
∣∣U [ gt]

† ∂

∂t
U [ gt]

∣∣ψ〉

=

∮
dt dx

ġ
g′

k
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ġ
g′

[
k + c

(
g′′

g′

)′ ]
[B.O. 2017]

Question : ∃? dynamical system exhibiting such phases ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

BERRY PHASES OF VIRASORO

For Diff S1 : Berry =

∮
dt dx

ġ
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p(x, t) : wave profile on S1

I Korteweg-de Vries (KdV) : ṗ = −3 pp′ + c p′′′

I p(x, t) sources its own diffeos gt(x)

How to find gt(x) ?
I Consider "fluid particle" @ x(t)

:
I Write x(t) = gt ◦ g−1

0 (x0)

I gt(x) = reconstruction of p(x, t)
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Similar to hydrodynamics !
I Is it really the same ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

RECONSTRUCTION OF KDV
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Simulate ẋ = p(x, t) or ġ g−1 = p :

Similar to hydrodynamics !
I Is it really the same ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

RECONSTRUCTION OF KDV
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Similar to hydrodynamics !
I Is it really the same ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

RECONSTRUCTION OF KDV
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Similar to hydrodynamics !
I Is it really the same ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

RECONSTRUCTION OF KDV

Simulate ẋ = p(x, t) or ġ g−1 = p :
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Similar to hydrodynamics !
I Is it really the same ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

RECONSTRUCTION OF KDV
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Similar to hydrodynamics !
I Is it really the same ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

RECONSTRUCTION OF KDV
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I Shift by V absorbed by redefining Virasoro

I Factor 2 mismatch is unsolved...
I Similar, but not the same



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

DIGRESSION ON FLUIDS

KdV ∼ shallow water [Korteweg & de Vries, 1895]

I x = X − Vt = "light-cone" coordinate
I p(x, t) ∼ deviation wrt average depth
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I Shift by V absorbed by redefining Virasoro
I Factor 2 mismatch

is unsolved...
I Similar, but not the same



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

DIGRESSION ON FLUIDS

KdV ∼ shallow water [Korteweg & de Vries, 1895]

I x = X − Vt = "light-cone" coordinate
I p(x, t) ∼ deviation wrt average depth
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: ġ g−1 = I−1(p)

I Reconstruct gt

Generalization to any group ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER EQUATIONS

Simple example : free rigid body

I Inertial frame : cst ang. momentum

k

I Orientation = rotation gt

I Attached frame : momentum p(t)

= gt · k

Dynamics :
I Euler equation ṗ = I−1(p) ∧ p
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: ġ g−1 = I−1(p)

I Reconstruct gt

Generalization to any group ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER EQUATIONS

Simple example : free rigid body
I Inertial frame : cst ang. momentum k
I Orientation = rotation gt

I Attached frame : momentum p(t) = gt · k

Dynamics :
I Euler equation ṗ = I−1(p) ∧ p

↓
inertia

I Angular velocity ∼momentum

: ġ g−1 = I−1(p)

I Reconstruct gt

Generalization to any group ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER EQUATIONS

Simple example : free rigid body
I Inertial frame : cst ang. momentum k
I Orientation = rotation gt

I Attached frame : momentum p(t) = gt · k

Dynamics :
I Euler equation ṗ = I−1(p) ∧ p
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↓
inertia

I Angular velocity ∼momentum
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: ġ g−1 = I−1(p)

I Reconstruct gt

Generalization to any group ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER EQUATIONS

Simple example : free rigid body
I Inertial frame : cst ang. momentum k
I Orientation = rotation gt

I Attached frame : momentum p(t) = gt · k

Dynamics :
I Euler equation ṗ = I−1(p) ∧ p
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I Euler equation : ṗ ∼ p ∧ p

(KdV)

I Reconstruction : ġ g−1 ∼ p

(ẋ = p(x, t))
I Find gt

( gt(x))

I p(t) = gt · k with fixed k

(waves related by diffeos)

Time-dep. changes of frames (∼ Thomas precession)
I What if p(t + T) = p(t) ?
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I dual g∗

∼momenta p (wave profiles)

Time evolution = path in G
I Euler equation : ṗ ∼ p ∧ p
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I dual g∗ ∼momenta p

(wave profiles)

Time evolution = path in G
I Euler equation
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(ẋ = p(x, t))

I Find gt

( gt(x))

I p(t) = gt · k with fixed k

(waves related by diffeos)

Time-dep. changes of frames (∼ Thomas precession)
I What if p(t + T) = p(t) ?



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER EQUATIONS

Take G Lie group ∼ positions/configs g (Virasoro)
I algebra g ∼ velocities ġ g−1
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( ġ g−1 ∼ p)

I g−1
0 gT · k = k (stabilizes k)

I g−1
0 gT = rotation by ∆φ

I How to compute ∆φ ?
I In KdV, gives drift velocity !

Recall Berry connection A ∼ 〈ψ| g−1 d g|ψ〉
I Classical version A = 〈k, g−1 dg〉

I Integrate :
∮
A =

∫
helix
A︸ ︷︷ ︸

2ET

+

∫
straight
A︸ ︷︷ ︸

∝∆φ

I

k

∆φ ∝ 2ET −
∮
A

[Montgomery 1991]



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER PHASES

p(t + T) = p(t) = gt · k
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( ġ g−1 ∼ p)

I g−1
0 gT · k = k (stabilizes k)

I g−1
0 gT = rotation by ∆φ

I How to compute ∆φ ?
I In KdV, gives drift velocity !

Recall Berry connection A ∼ 〈ψ| g−1 d g|ψ〉
I Classical version A = 〈k, g−1 dg〉

I Integrate :
∮
A =

∫
helix
A︸ ︷︷ ︸

2ET

+

∫
straight
A︸ ︷︷ ︸

∝∆φ

I

k

∆φ ∝ 2ET −
∮
A

[Montgomery 1991]



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER PHASES

p(t + T) = p(t) = gt · k
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( ġ g−1 ∼ p)

I g−1
0 gT · k = k (stabilizes k)

I g−1
0 gT = rotation by ∆φ

I How to compute ∆φ ?
I In KdV, gives drift velocity !

Recall Berry connection A ∼ 〈ψ| g−1 d g|ψ〉
I Classical version A = 〈k, g−1 dg〉

I Integrate :
∮
A =

∫
helix
A︸ ︷︷ ︸

2ET

+

∫
straight
A︸ ︷︷ ︸

∝∆φ

I

k

∆φ ∝ 2ET −
∮
A

[Montgomery 1991]



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER PHASES

p(t + T) = p(t) = gt · k ( ġ g−1 ∼ p)
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I g−1

0 gT · k = k (stabilizes k)
I g−1

0 gT = rotation by ∆φ

I How to compute ∆φ ?
I In KdV, gives drift velocity !

Recall Berry connection A ∼ 〈ψ| g−1 d g|ψ〉
I Classical version A = 〈k, g−1 dg〉

I Integrate :
∮
A =

∫
helix
A︸ ︷︷ ︸

2ET

+

∫
straight
A︸ ︷︷ ︸

∝∆φ

I

k

∆φ ∝ 2ET −
∮
A

[Montgomery 1991]



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

EULER PHASES

p(t + T) = p(t) = gt · k ( ġ g−1 ∼ p)
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PHASES IN KDV

Periodic KdV wave p(x, t)

= ( gt · k)(x)

(conformal tsf of CFT stress tensors

:
g−1 · k = k(g′)2 − c[g′′′/g′ − 3

2 (g
′′/g′)2].)

I Assumption : k = constant (flat profile)
I k determined by p [Kirillov, Witten ∼1987]

I k stabilized by rotations

⇒ g−1
0 gT(x) = x + ∆φ

Phase formula :

k∆φ = 2ET −
∮
A = T

∫
dx p2

−
∮

dt dx
ġ
g′
[

k + c (g′′/g′)′
]

I Compare with vDrift = ∆φ/T

... and fail !

I Add central entry to reconstruction
I Anomalous phase !
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ġ
g′
[

k + c (g′′/g′)′
]

I Compare with vDrift = ∆φ/T

... and fail !
I Add central entry to reconstruction
I Anomalous phase !



Introduction Virasoro Berry phases Drift in KdV Berry phases in KdV Conclusion

PHASES IN KDV

Periodic KdV wave p(x, t) = ( gt · k)(x)
(conformal tsf of CFT stress tensors :

g−1 · k = k(g′)2 − c[g′′′/g′ − 3
2 (g
′′/g′)2].)

I Assumption : k = constant (flat profile)
I k determined by p [Kirillov, Witten ∼1987]

I k stabilized by rotations ⇒ g−1
0 gT(x) = x + ∆φ

Phase formula :

k∆φ = 2ET −
∮
A = T

∫
dx p2 −

∮
dt dx

ġ
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∫
dx p2︸ ︷︷ ︸

Dynamical

+ v− v
k

∫
dx p︸ ︷︷ ︸

Berry

+
c
k

∫
dx

p′2

p− v︸ ︷︷ ︸
Anomalous

I Perfect match with observed drift ! [B.O. & Kozyreff 2020]

Note :
Some p’s cannot be mapped on cst k
I Bifurcations of drift velocity
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Thank you for listening !
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