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HYPERTRANSCENDENCE AND ¢-DIFFERENCE EQUATIONS
OVER ELLIPTIC FUNCTION FIELDS

EHUD DE SHALIT, CHARLOTTE HARDOUIN, AND JULIEN ROQUES

AsTrACT. The differential nature of solutions of linear difference equations
over the projective line was recently elucidated. In contrast, little is known
about the differential nature of solutions of linear difference equations over
elliptic curves. In the present paper, we study power series f(z) with complex
coefficients satisfying a linear difference equation over a field of elliptic func-
tions K, with respect to the difference operator ¢f(z) = f(gz), 2 < q € Z,
arising from an endomorphism of the elliptic curve. Our main theorem says
that such an f satisfies, in addition, a polynomial differential equation with
coefficients from K, if and only if it belongs to the ring S = K[z,271,{(2, A)]
generated over K by z,z~! and the Weierstrass ¢(-function. This is the first
elliptic extension of recent theorems of Adamczewski, Dreyfus and Hardouin
concerning the differential transcendence of solutions of difference equations
with coefficients in C(z), in which various difference operators were considered
(shifts, g-difference operators or Mahler operators). While the general ap-
proach, of using parametrized Picard-Vessiot theory, is similar, many features,
and in particular the emergence of monodromy considerations and the ring S,
are unique to the elliptic case and are responsible for non-trivial difficulties.
We emphasize that, among the intermediate results, we prove an integrability
result for difference-differential systems over elliptic curves which is a genus
one analogue of the integrability results obtained by Schéfke and Singer over
the projective line.

1. INTRODUCTION

In 1886 Otto Holder [Hol| proved that the Gamma function I'(z) is not only tran-
scendental, but hypertranscendental: it does not satisfy any polynomial differential
equation P(f, f',, ..., f(")) = 0 whose coefficients are polynomials in z. This lies in
contrast to other well-known transcendental functions like exp(z), hypergeometric
functions or theta functions, which all satisfy familiar (and important) polynomial
differential equations over the field C(z) of rational functions.

It turns out that what prevents I'(z) from satisfying a polynomial differential
equation over C(z) is the relation

I(z+1)—2T(z) =0,
in itself an instance of a linear difference equation in the difference operator ¢ f(z) =
f(z+1). Indeed, as Adamczewski, Dreyfus and Hardouin showed recently [A-D-H],

if F is a field of meromorphic functions on C, invariant under ¢, satisfying the
following two properties

o F¢={feFlof=f}=C,

2020 Mathematics Subject Classification. 39A06, 12HO05.
Key words and phrases. Difference equations, differential Galois theory, elliptic functions,
hypertranscendence.



HYPERTRANSCENDENCE AND ¢-DIFFERENCE EQUATIONS 2

e FFNC(z,exp(az)|a € C) = C(2),

and if f € F satisfies a linear ¢-difference equation and a polynomial differen-
tial equation, both with coefficients from C(z), then f € C(z). This includes
Hoélder’s theorem as a special case. The above-cited paper considered several other
theorems of the same nature, pertaining to difference operators that are shifts,
g-difference operators or Mahler operators, all over the ground field C(z). This
gives us a good understanding of the differential nature of solutions of difference
equations on P*(C).

By Hurwitz’s automorphisms theorem, any automorphism of a compact Riemann
surface of genus g > 1 is of finite order. Therefore, the algebro-differential study
of solutions of difference equations over Riemann surfaces reduces to the genus
zero or one case. Indeed, the structure of a difference equation associated with a
finite order automorphism is not rich enough to capture the algebraic nature of its
solutions. For genus one Riemann surfaces, that is, complex elliptic curves, there
are essentially two kinds of endomorphisms: translations by a point of the curve
and isogenies.

Our goal in the present work is to consider elliptic function fields as ground
fields, and a difference operator arising from an isogeny of the elliptic curve'. In
this framework, we prove an analogue of the main result of [A-D-H]. In our case, the
dichotomy between rational solutions (that is, those belonging to the function field
of the curve) and differentially transcendental solutions, observed in the genus zero
case, is no longer true. Overcoming this difficulty leads to an explicit description of
all the differentially algebraic solutions in terms of special functions. To describe
our main result, let us fix some notation.

Let Ag be a lattice in C and K the field of all meromorphic functions in the
complex plane that are A-periodic with respect to some sublattice A C Ag. Fix
2 < q € Z. The field K admits an automorphism ¢ and a derivation 0 given by

Both ¢ and 0 extend to M, the field of all meromorphic functions in the complex
plane, and to the field of Laurent power series F' = C((z)). Clearly, K C M C F.

A power series f € F is said to satisfy a linear homogeneous ¢-difference equation
(called also a g-difference equation) over K if

(1.1) S tnid'f =3 an—i(2)f(d'z) = 0
1=0 =0

for some n and a; € K. It is called J-algebraic over K if there exists a nonzero
polynomial P € K[Xy,..., X,], for some r > 0, such that

P(f,0f,..,0"f) = 0.
A power series that is not d-algebraic is called hypertranscendental (over K ).
The main result of this paper is the following complete description of the 0-
algebraic solutions in F of ¢-difference equations of the form (1.1).

Theorem (Theorem 38). Assume that f € F satisfies a non-trivial linear homoge-
neous ¢-difference equation over K. Then, the following properties are equivalent:

1The case of a translation on the elliptic curve will be addressed in a forthcoming paper by
the last two authors.
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(1) f is O-algebraic over K;
(2) f lies in the ring generated over K by z*' and the Weierstrass zeta function
C(ZaAO) Of AO; i.@.,
fes =K% ¢( M)

The ring S seems ubiquitous when studying functional equations over elliptic
curves. It appeared also in [dS21], in the classification of elliptic (p, ¢)-difference
modules (for p and q relatively prime > 2). Its emergence in that work was attrib-
uted to the appearance of certain non-trivial vector bundles (Atiyah’s bundles) over
the elliptic curve C/Ag. In the present work, the same ring S, or rather its subring
So = K|z,((z,Ao)], arises, in the context of linear differential equations over K,
from monodromy considerations (see Theorem 36). Once we pass to arbitrary poly-
nomial differential equations over K, the ring S arises as the Picard- Vessiot ring of
a certain fundamental J-integrable ¢-module. Some properties of the ring S that
are needed in later proofs are explored in §2 and Appendix A.

As an intermediate step toward the proof of the above theorem, we prove the
following integrability result describing the elements in F' that satisfy both a linear
homogeneous ¢-difference equation, and a linear homogeneous ordinary differential
equation over K. It is the first elliptic analogue of several integrability results
obtained for difference equations over the projective line, see [Ramis92, Bez93,
Bez94, Sch-Sin].

Theorem (Corollary 37). Assume that f € F satisfies a linear homogeneous ¢-
difference equation over K. Then, the following properties are equivalent:

(1) f satisfies a linear homogeneous ordinary differential equation over K ;
(2) f lies in the ring So generated over K by z and the Weierstrass zeta function
C(ZaAO) Of AO; i.@.,
f S SO = K[Zvc(szO)]

As implied above, the proof of this result uses monodromy considerations for
modules with a connection over K, which admit, in addition, a ¢-structure (termed
¢-isomonodromic). Dually, these modules can be regarded as d-integrable ¢-modules.
Section 3 reviews the language of ¢-, 9- and (¢, d)-modules, its relation to linear
systems of ¢-difference and differential equations, and the important concepts of
¢-isomonodromy and J-integrability. Sections 6,7 and 8 lead the way to Theorem
36 and Corollary 37, but the results obtained on the way, like the relation between
integrability and solvability (Corollary 35) are of independent interest, and are used
again in the proof of the Main Theorem.

Once we consider arbitrary polynomial differential equations over K, we are
forced to use the machinery of d-parametrized Picard Vessiot (PPV) theory of ¢-
difference equations, and d-parametrized ¢-difference Galois theory. This theory,
expounded in [H-S08|, but less familiar than classical (non-parametrized) Picard
Vessiot theory, is used in our work in roughly the same manner as in [A-D-H], where
the ground field is C(z). The details pertaining to the ground field are, of course,
different. In particular, since PPV theory only works under the assumption that
¢ and 0 commute, we must replace the derivation 9 by § = z0. This derivation,
however, exists only over the field K’ = K(z), forcing us to base-change from
K to K’, and then use descent arguments. Classical and d-parametrized Picard
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Vessiot theory are surveyed in Section 4. Section 5 connects the PPV theory to
the framework of ¢-modules, providing a Galoisian criterion for J-integrability (a
variant of results already to be found in the literature).

The proof of the Main Theorem occupies Sections 9-12. Similarly to the program
carried out in [A-D-H]| over C(z), it starts with the rank 1 case, where again, some
elliptic function theory is needed. We then consider an extreme case, in which the
difference Galois group G associated with our ¢-module is simple. A deep the-
orem of Cassidy (Theorem 19 of [Cas89|, see also Theorem 22 below) allows us
to deduce that in this case, the fundamental matrix of solutions has a maximal
d-transcendence degree, and in particular any particular solution is hypertranscen-
dental. This also settles the Main Theorem in the irreducible case, i.e., when the
¢-module associated to the difference equation satisfied by f, is irreducible, or,
equivalently, when the standard representation of G is irreducible.

To treat the general case, we use an inductive approach, similar to the one used
in [A-D-H]. The rank 1 case, proved right at the beginning, becomes instrumental.
The last stage of the proof may be described as “Galois acrobatics”. At the very
final step, Proposition 7, proved by a technical tour de force and unique to the
elliptic set-up, plays a crucial role.

We end with a word for the experts, regarding our use of §-parametrized Picard
Vessiot theory, and linear differential algebraic groups (LDAG’s) in general. We
work in the classical language of Weil and Kolchin, over a “universal” differentially
closed field of constants C C C , requiring descent arguments to come down to K
and S. While a scheme-theoretic or Tannakian approach has been developed by
various authors to some extent, not all the results we need are in the literature,
and estabilishing them would have taken us beyond the scope of this work.

Acknowledgements. The work of the second and third authors was supported by
the ANR De rerum natura project, grant ANR-19-CE40-0018 of the French Agence
Nationale de la Recherche.

2. ELLIPTIC FUNCTIONS AND RELATED RINGS

2.1. The ground field K, the automorphism ¢ and the derivation 9. In
this paper, we use standard notation of difference and differential algebra which can
be found in [Kol], [Cohn]. Algebraic attributes (e.g. Noetherian) are understood
to apply to the underlying ring. Attributes that apply to the difference (resp.
differential) structure are usually prefixed with ¢ (resp. 9). For instance, a ¢-ring
is a ring with an endomorphism ¢, a ¢-ideal is an ideal of a ¢-ring that is set-wise
invariant by ¢ etc.

2.1.1. The field K. For a lattice A C C we denote by K, the field of A-periodic
meromorphic functions (A-elliptic functions). It is well known that
K =C(p(z,A),¢/(2,4))
is generated over C by the Weierstrass p-function
1 1 1
GOREAPIN(=m )
0#weEA

and its derivative. If A’ C A is a sublattice of A then Ky C Kpa/. Two lattices A
and A’ are called commensurable if AN A’ is a lattice, necessarily of finite index in
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each of them. Equivalently, A and A’ are commensurable if their Q- spans coincide:
QA = QA’. The notion of being commensurable is an equivalence relation on the
set, of lattices. Fix an equivalence class £ (called a commensurability class) and let

K = U Ky,
Aeg

It is readily seen that K is a field, indeed equal to the union of K for all sublattices
A C Ay, if Ag is any given member of the class £. If F, is the complex elliptic
curve whose associated Riemann surface is C/A, then K, is the field of rational
functions on Eu,, and K is the field of rational functions on its universal cover
(in the algebraic sense) lim, Ej, where the limit ranges over all the unramified
coverings Ex — Ep, (A C Ag).

2.1.2. The automorphism ¢. Let
¢(2) = qz

for ¢ € Z>2. As ¢ preserves every A € £, it induces a non-trivial endomorphism
(an isogeny) of Ey, and an endomorphism ¢ of K, such that (¢f)(z) = f(¢z) for
any f in Ka. As ¢(Kqn) = Ka C Kga, we see that ¢ induces an automorphism of
the field K. In the language of difference algebra, ¢ is a difference operator, and
the pair (K, ¢) is a difference field.

Remark 1. If the lattices A € £ admit complex multiplication in a quadratic imag-
inary field k, then ¢ could be taken to be any non-zero non-unit element of the ring
of integers Oy. For simplicity, however, we assume that ¢ is a rational integer.

The following result will be used much later.

Lemma 2. The field K does not admit any finite field extension L/K to which ¢
extends as an automorphism.

Proof. See Proposition 7(iii) in [dS23]. O

2.1.3. The field of Laurent series F. Associating to an elliptic function f € K its

Taylor-Maclaurin expansion at 0, the field K embeds in the field of Laurent series
F =C((2)).

Clearly ¢ induces an automorphism of F' as well, compatible with the embedding
K < F. As the field of ¢-constants

F*={feF|¢f=f}=C
a-fortiori K¢ :={f € K | ¢f = f} =C.

2.1.4. The derivation 0. The fields K and F' are equipped with the derivation

o d
dz
It satisfies the commutation relation
dod=qpod

with the automorphism ¢.

2.2. The Weierstrass zeta function ((z,A) and the rings S, and S.
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2.2.1. The two rings. From now on all the lattices A will belong to the commensu-
rability class £ used to define K. The Weierstrass zeta function of A

1 1 1
=1+ Y (i)

is everywhere meromorphic on C, has simple poles with residue 1 at the points of
A and only there, and is characterized, up to an additive constant, by the relation
¢'(z,A) = —p(z,A). Its periods along w € A,

zo+w
N, A) = C(z0 + w, A) — C(0, A) = — / oz, A)dz

Z0

(independent of zp), are given by the Legendre n-function. If (wq,ws) is an oriented
basis of A (meaning that Im(wi/w2) > 0) and 7; = n(w;, A), then the Legendre
period relation

(2.1) wing — weny = 27
holds.

Lemma 3. The space Cz+C((z, A) realizes every homomorphism x : A — C, i.e.,
for any such x we have a unique function h, = az + b{(z,A) with a,b € C such
that the w-period

zo+w
/ dhy = hy (20 + w) — hy(20)
20

is x(w) for any w € A.

Proof. The w;- and we-periods of hy, = az + b{(z, A) are given by aw; + by and
aws + by respectively. In order to prove the lemma, we thus have to prove that,
for any (x1,x2) € C2, there exist unique (a,b) € C? such that

X1 = awi + by and yo = aws + bns.
That this is true follows immediately from the fact that the matrix
-

Wz 12
is invertible because it has nonzero determinant in virtue of (2.1). (]
Lemma 4. (i) If A’ C A is a sublattice then

C(z,A) = [A: N)¢(2,N) e K+Cz+C C K|[z].
(ii) The rings of meromorphic functions
So = K|[z,{(z,A)]

and
S = K[z,27,((2,0)]
do not depend on the choice of the lattice A in £.

Proof. (i) The meromorphic function

o(z,A) — Z oz +w,A)
WEA/N
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is A-periodic and its poles are contained in A. But at 0 the poles of p(z, A) and of
p(z, A") cancel each other, while the other terms have no pole. It follows that this
A-periodic function has no poles, hence is a constant. Integrating, we find that

C(z,A) — Z ((z+w,N)=az+b
weA/N
for some a,b € C. On the other hand ((z + w,A’) — {(z,A") € Kn» C K. It follows
that
C(z,A) = [A: N)¢(2,A) € K+ Cz +C.
(ii) This follows easily from (i). O

2.2.2. Algebraic independence of z and ((z,A) over K.
Lemma 5. The functions z and {(z,A) are algebraically independent over K.

Proof. Since K is algebraic over Ky, it is enough to show that they are algebraically
independent over K. The choice of the lattice A being clear from context, we
abbreviate ((z,A) by (. Let (w1,w2) be an oriented basis of A. Lemma 3 ensures
that there are linear combinations

u=az+0b(, v=cz+d(

with coefficients a, b, c,d € C such that u is we-periodic but u(z + w1) — u(z) = 1,
while v is wy-periodic, but v(z + we) — v(2) = 1. Since Kp(z,¢) = Ka(u,v), it is
enough to show that u and v are algebraically independent over K. Suppose there
were a nontrivial algebraic relation

E aijulvj = O,

with a;; € K. Pick such a relation of lowest total degree. Without loss of generality
u appears in it. The coefficient of the highest power of w, denoted ag(v), is a
polynomial in K [v] that does not vanish identically, as otherwise ag(v) = 0 would
be a relation of lower total degree between w and v. Divide by it and rewrite the
relation as
Wt aut et aputan, =0

where n > 1, a; € Kx(v). Let zp be a point where u(zp) and all the «;(zo) are
analytic, and zp = 29 + kw;. Using the periodicity of the a; in w; we get, after
evaluating at z; and using the fact that u(zx) = u(zo) + k,

(u(z0) + k)" + a1 (20) (u(20) + k)" '+ + an—1(20)(u(20) + k) + an(z0) = 0
Thus, the polynomial X™ + a;(20)X™ 1 + -+ + a,_1(20)X + an(20) has infinitely

many roots and this yields a contradiction. O

2.2.3. 0-simplicity of Sy and S. The derivation 0 extends from K to Sy and S. A
ring with a derivation 0 is called J-simple if it does not admit a non-trivial ideal I
invariant under 9.

Lemma 6. The rings Sy and S are 0-simple.

Proof. Since S is a localization of Sy, it is enough to check the assertion for Sy. Let
¢ = ((z,A). The functions z,{ are algebraically independent over K, hence every
element of Sy has a unique expression

f = Zai,jzl{j, aij € K.
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Order the pairs (7, j) lexicographically (first by i, then by j). If f # 0, we denote
the maximal (4, j) for which a; ; # 0 by d(f).

Let I be a non-zero proper d-ideal, and consider 0 # f € I of minimal d(f).
Since I is proper, d(f) = (40, jo) > (0,0). We may also assume that a;, j, = 1. Since
d(z) =1and 9(C) € K,

d(o(f)) < d(f).
By our assumption, 9(f) € I, hence by the minimality of d(f), we must have
d(f) = 0. This forces f to be constant, a contradiction. O

The ring S (but not Sp) is also ¢-simple, see Lemma 18 below.

2.3. A technical result on the ring Sj;. The following Proposition is a crucial

ingredient in the proof of the main theorem of the paper. However, it will be needed

only at the very end, and its proof, which is lengthy, is deferred to Appendix A.
Besides 0, the rings Sy and S (but not K) carry also the derivation

d
5—26—25.

The advantage of § over 9 is that it commutes with ¢: d o ¢ = ¢ 0 J.

Proposition 7. Let f,g € Sy = Kj[z,((2,A)], a,c € C and p € C[z] be such that

(0 —0c)g) = (¢ —a)(f) +p.

Then g = (¢ — a)(f1) + p1 for some f1 € Sy and py € C|z]. Furthermore, if a = q"
for some r > 0 we can take p1 = dz", d € C, and otherwise we can take p; = 0.

Corollary 8. Let £ € C[d] be a monic polynomial in 6, a € C and f,b € Sy such
that

Z(b) = (¢ —a)(f).

Then b = (¢ — a)(h) + p for some h € Sy and p € C[z]. Furthermore, if a = q" for
some r > 0 we can take p =dz", d € C, and otherwise we can take p = 0.

Proof. (of corollary) Factor .Z = (6§ —cx)o---0 (6 —¢1) with ¢; € C, and use
descending induction on 0 < j < k — 1 to find f; € Sy and p; = d;2" € C[z] (with
dj =0ifa¢ {1,q,4°...}) such that

(0 —¢j)o--0(8—c1)(b) = (¢ —a)(f;) +pj-
At the end of the induction, set h = fy and p = pg. O

3. LINEAR DIFFERENCE AND DIFFERENTIAL EQUATIONS, AND THEIR ASSOCIATED
MODULES

The purpose of this section is to review some standard results and set up nota-

tion.

3.1. Systems of linear difference equations and difference modules. Ref-
erences for the results mentioned below may be found in [S-vdP97, Section 1.4].
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3.1.1. Systems and modules. Let (K, ¢) be a field of characteristic 0, equipped with
an automorphism ¢, called a difference operator.

To avoid trivialities we assume that ¢ is of infinite order: no positive power of ¢
is the identity. We denote by

C=K?={fecK|¢(f)=f}
the field of ¢-constants, and assume that it is algebraically closed, although for
most of what we do, at least in the beginning, this is not essential.
A system of linear equations

(3.1) o(y) = Ay,

where A € GL,(K), is called a linear system of ¢-difference equations. One seeks
solutions y € R™ where (R, ¢) is a ¢-ring extension of (K, ¢), i.e., a ring extension
together with a compatible extension of ¢.

A difference module over K (called also a ¢-module) is a pair (W, ®) where W is
a finite dimensional K-vector space and ® a bijective ¢-semilinear endomorphism
of W, i.e., ® : W — W is a bijective map such that, for all a € K and w,w’ € W,

S (aw + w') = ¢(a)®(w) + d(w').

To the system (3.1) we attach the difference module (K™, ®) with ®(y) = A~ 1é(y).
Conversely, if (W, @) is a difference module, ey, ..., e, is a basis of W and

@(ej) = Zaijei,
i=1

we attach to (W, ®) the system (3.1) with A™! = (a;;). This process is not canonical,
as it depends on the chosen basis ey, ..., e, of W. If €1, ..., €, is another basis of the

same module and
n
€ = E Dijéti,
i=1

so that P = (p;;) is the change-of-basis matrix, then we get the system ¢(y) = gy
where _
A= ¢(P)AP™!,

Two matrices A and A related by such a relation with P € GL,,(K) are said to
be gauge equivalent over K. The above procedure establishes a bijection between
systems (3.1), up to gauge equivalence over K, and difference modules (W, ®), up
to isomorphism over K.

A difference module isomorphic to (K", ¢) is called trivial. The module associ-
ated to (3.1) is trivial if and only if A is gauge equivalent to the identity matrix.

3.1.2. Base change and solutions set. If (R, ¢) is a ¢-ring extension of (K, ¢) and
(W, ®) is a difference module over K, then we may consider its base change

(Wr,®r) = (R®k W,9p @ ).

Note that Wg is free of rank n = dimg W over R. Let Cr = R® be the ring of
¢-constants of R. If Ris a ¢-simple ¢-ring (does not have any non-trivial ¢-ideal),
and in particular if it is a field, then Cg is a field. Assume from now on that R is
¢-simple. We continue to denote ®r simply by ®. The set Wg’ of ®-fixed vectors
of Wg is a vector space over Cr. The Casoratian Lemma asserts that

(3.2) R®c, Wy — Rog W
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is injective, and in particular dime,, W < dimg W, as can be seen by calculating
the R-ranks of the two sides.

If (W,®) = (K", A=1¢) is the difference module attached to the system (3.1),
then the fixed vectors Urp = Wg’ are the solutions of the system in R. For this
reason we sometimes call it the solution set. We say that the system (3.1) attains
a full set of solutions over a ¢-simple ¢-ring R if dim¢,, Ur = n. This is equivalent
to the existence of a matrix U € GL,(R) satisfying ¢(U) = AU. Such a matrix
is called a fundamental matriz over R, and its columns span Ur = UCE. If U’ is
another fundamental matrix over R then

U =0T

with T' € GL,,(Cg). Yet another way to say that (3.1) attains a full set of solutions
over R is that (Wg, ®R) is trivial: the embedding (3.2) is an isomorphism.

Assume that W attains a full set of solutions over the ¢-simple ¢-ring R and
R’ is a ¢-ring extension of R (not necessarily ¢-simple) such that Crr = Cg. If
U € GL,(R) is a fundamental matrix and v € W, then U~'v is fixed by ¢, hence
v € UCTE = Ugr. Thus the space of solutions does not grow when R grows, as long
as the ring of ¢-constants stays the same.

3.1.3. An irreducibility criterion. We shall need the following lemma. Compare
Lemma 4.6 of [A-D-H-W]|, where it is deduced from the cyclic vector lemma. We
give a more direct proof here. A ¢p-module W over K is called irreducible if it does
not admit any ¢-submodule other than 0 and W itself.

Lemma 9. Let K' = K(z) be a transcendental extension of K and W a ¢-module
over K. Extend ¢ to K' by the rule ¢(z) = qz, where ¢ € C*, C = K?®. Then W
is irreducible if and only if W is irreducible.

Proof. Tt is clear that if W is reducible, so is Wg/. To prove the converse, let
k= K((#)) and R = K|[[z]], and extend the action of ¢ to them, so that K C K/ C k
is a tower of ¢-fields. If Wx- is reducible, so is Wy, so it is enough to prove that if
Wy, is reducible, so is W.

Let V. C W) be a ¢-submodule over k, with 0 < dimgV < dimg W. Then
Vo = VN Wg is a ¢g-submodule of Wg over R. Since Wy is a free R-module and
since R is a principal ideal domain, Vj is a free R-module as well. Using the fact
that k is the quotient ring of R, it is easily seen that the maximal number of R-
linearly independent elements of 1} is equal to the maximal number of k-linearly
independent elements of V', so rkgVy = dimy V.

The inclusion Vy C Wg of ¢-modules over R induces the monomorphism

VQ = Vb/(% ﬂZWR) ;}WR = WR/ZWR

of ¢-modules over K. Note that Vo N zWgr =V NzWgr = 2(V N Wg) = 2V}, so
Vo = Vo/2Vy and, hence, dimg Vo = rkrVp = dimg V. Moreover, Wr and W are
clearly isomorphic as ¢-modules over K. Therefore, W has a ¢-submodule over K

of dimension dimy V' and, hence, is reducible.
O

Remark 10. With the notations of the previous proof, we stress that, in general,
the base change of Vj to k need not be V, and the submodule V need not descend
to K.
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3.2. Systems of linear differential equations and modules with connec-
tions. This analogue of the difference equation set-up is even more classical, see
[S-vdP03]. We give it only to fix notation.

3.2.1. Systems and modules. Let (K, ) be a field of characteristic 0, equipped with
a non-trivial derivation. We denote by C' = K9 the kernel of 9, and call it the field
of 0-constants. Although not essential for many of the arguments, we assume that
C is algebraically closed.

Assume we are given a linear system of differential equations

(3:3) 9(y) = By,
where B € gl,,(K). One seeks solutions in d-ring extensions (R, ) of K.

A module with a connection (W, V) over K (called also a d-module) is a finite

dimensional vector space over K equipped with a 0-connection, i.e., an additive
map V : M — M such that V(aw) = d(a)w + aV(w) for all ¢ in K and w in W.
To the system (3.3) one attaches the module

W =K", V(y)=0(y) — By.

Conversely, if (W, V) is a module with a connection and e, ..., €, is a basis of W,
then

Viej) = bijes,
=1

and we associate to it the system (3.3) with B = —(b;;). If é1, ..., €, is another basis
of the same module and
n
ej =Y i,
i=1

then the matrix giving V in the new basis is — B where
B=PBP ' 4+9P-P7.

We call a pair of matrices B,E related as above gauge equivalent. The above
procedure establishes a bijection between systems (3.3), up to gauge equivalence,
and modules with a connection (W, V), up to isomorphism.

A trivial 0-module is a module isomorphic to (K™,9). The module associated
to (3.3) is trivial if and only if B is gauge equivalent to the zero matrix.

3.2.2. Base change and solutions set. If (R,0) is a O-ring extension of (K, d) and
(W, V) is a 9-module over K, then we may consider its base change

(Wr,VR) = (R@g W,001+1@ V).

Note that Wg is free of rank n = dimg W over R. Let Cr = R? be the ring of
O-constants of R. If R is a 0-simple O-ring (does not have any non-trivial d-ideal),
and in particular if it is a field, then Cg is a field. Assume from now on that R is
O-simple, and recall that d-simple rings are domains (have no zero divisors).

The kernel of V in Wg, denoted ng , is a vector space over Cr. The Wronskian
Lemma asserts that

(3.4) R®c, WY < Roxg W

is injective, and in particular dimc, Wg < dimg W, as can be seen by calculating
the R-ranks of the two sides.
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If (W,V) = (K™,0 — B) is the 9-module attached to the system (3.3), then
Ur = WY are the solutions of the system over R. For this reason we sometimes call
it the solution set. We say that the system (3.3) attains a full set of solutions over a
0-simple O-ring R if dime, Ur = n. This is equivalent to the existence of a matrix
U € GL,(R) satisfying 9(U) = BU. Such a matrix is called a fundamental matriz
over R, and its columns span Ur = UCR. If U’ is another fundamental matrix over
R then

U =0T
with T' € GL,,(CRr). Yet another way to say that (3.3) attains a full set of solutions
over R is that (Wg, Vg) is trivial: the embedding (3.4) is an isomorphism.

Assume that W attains a full set of solutions over the 0-simple d-ring R and
R’ is a O-ring extension of R (not necessarily 0-simple) such that Cr = Cg. If
U € GL,(R) is a fundamental matrix and v € W}, then U~ 1v is killed by 8, hence
v € UCE = Ug. Thus the space of solutions does not grow when R grows, as long
as the ring of J-constants stays the same.

3.3. Systems of linear (¢, d)-equations and (¢, 9)-modules.

3.3.1. (¢,0)-fields. Consider a triplet (K, ¢,d) where K is a field of characteristic
zero, ¢ is an automorphism, and 0 a derivation satisfying

o =qpod.

We assume that ¢ € K¢ N K?. Such a triplet will be called a (¢, d)-field. The
main examples considered in this work are:

e K, ¢ and 0 are as in § 2.1.

e The same example, where K is replaced by the field M of meromorphic
functions on C, or by the field F' = C((2)).

e K isreplaced by K/ = K(z) C M or by F, ¢ is the same, but 9 is replaced
by the derivation 6 = z0. In this example § o ¢ = ¢ 0§, so the g appearing
in the commutation relation is not the ¢ defining ¢, but 1.

We let C be the field of ¢-constants in K. In the examples mentioned above C' = C.
It coincides with the field K2 = {f|9(f) = 0} of O-constants, so we simply call
it the field of constants. However, we shall have to consider later on an extension
(K',¢,0) of (K(z),$,8), in which the d-field(K")? = C is a differential closure
of C. The differential closure C of C is a d-field extension of C, unique up to
d-isomorphism, characterized by the following two properties:

o C is differentially closed: Every finite system of polynomial differential
equations in several variables in the operator §, with coeflicients from 5,
which has a solution in some J-field extension of C , already has a solution
inC.

e If (¢,0) is another differentially closed field containing C then there exists
a d-embedding of C in € over C.

See [M-MTDF] for a survey, including proofs of the existence and uniqueness of
C. The existence is due to Kolchin and (with a simpler characterization than the
one given here) to Blum. The uniqueness is due to Shelah. Blum and Shelah’s
approaches are proved by model theoretic means; differentially closed fields do not
show up “naturally” in algebra, and are considered “huge”. Despite the analogy with
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the algebraic closure of a field, caution must be exercised. For example, C fails to
satisfy minimality: it has proper subfields §-isomorphic to it over C.

It is proven in Proposition 2.11 of loc.cit. that the d-constants of a J-closure C
of C are just C. Proposition 1.1 of [M-RDCF] proves that the group Auts(C/C) of
§-automorphisms of C /C is rich: the only elements of C fixed by Aut(;(CN' /C) are
the elements of C. Both these facts will play a role later on.

3.3.2. Systems and modules. Given a (¢,0)-field K, we consider the double system
of equations

{ $y) = Ay
d(y) = By

where A € GL,,(K) and B € gl,,(K). One seeks solutions in (¢, d)-ring extensions
R of K. It is readily checked that a necessary condition for the existence of a U €
GL,,(R), for some extension R, satisfying both sets of equations, is the consistency
relation

(3.5) q$(B) = ABA™' +0A- A7

If this relation holds we call the above system of equations consistent.
A (¢,0)-module over K is a triple (W, ®,V) such that (W, ®) is a ¢-module,
(W, V) is a 0-module and

Vod=qdoV.

The (¢, d)-module associated to a consistent system as above is (K", ®,V) where
d(y) = A t¢(y) and V(y) = d(y) — By. The consistency relation (3.5) between
A and B is equivalent to the commutation relation between ® and V. Conversely,
if (W, ®,V) is a (¢,0)-module, ey, ..., e, is a basis of W over K and A and B are
constructed as in the previous sections, then we get a consistent system of equations.

If we change the basis as before, the new pair of matrices that we obtain, with
respect to the new basis, is

(A,B) = (¢(P)AP~', PBP~' + 9P - P~ 1).

We call two pairs (g, £~3) and (A, B) related in this way gauge equivalent. As be-
fore, this establishes a bijection between consistent systems as above, up to gauge
equivalence, and isomorphism classes of (¢, d)-modules.

The module (W, ®, V) is called trivial if it is isomorphic to the module (K™, ¢, 9).
In terms of the associated systems, this means that (A, B) is gauge equivalent to
(1,0). It may happen that (W, ®) or (W, V) are trivial but (W, ®, V) is not. In such
a case we use the terminology ¢-trivial or J-trivial.

A particular case of gauge equivalence occurs when we take the transition matrix
between the bases to be P = A. In this case we get, thanks to the consistency
relation, the pair

(4, B) = (¢(A), q6(B)).

3.3.3. Base change and solution sets. It is tempting to look for a (¢, d)-ring ex-
tension R over which the (¢, d)-system above attains a full set of solutions. While
the definitions can be immitated, at this point we take a different path. We shall
be primarily interested in the difference Picard Vessiot theory, i.e., the construc-
tion of a “minimal” ring over which (W, ®) alone is trivialized. We shall show that
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if W carries a consistent O-structure, i.e., can be extended to become a (¢, d)-
module, this imposes serious restrictions on the difference Galois group of the sys-
tem ¢(y) = Ay. Similarly, we might be interested in a d-module (W, V), its differen-
tial Picard Vessiot theory, and the restrictions that a consistent ¢-structure imposes
on its differential Galois group. This leads us to the notions of J-integrability and
¢-isomonodromy? discussed below.

3.4. O-integrable ¢-modules. Let K be a (¢, 0)-field. Let (W, ®) be a ¢-module
over K and ¢(y) = Ay the associated system of difference equations, in some basis
of W. Concretely, we may take (W, ®) = (K™, A~1¢).

Let K[e] be the ring of dual numbers over K (¢2 = 0). Extend the automorphism
¢ to K[e] as ¢p(a + be) = ¢(a) + gop(b)e, and define a ring homomorphism hy : K —
K|[e] by hs(a) = a+ 0(a)e. Both the inclusion K — KJe| and hy commute with ¢.
Consider the two ¢-modules

W.=Kl[e]@g W, P =9 P
and
W = Kle] @n,x W, 9 =¢x .

One can thereby construct an endofunctor of the category of ¢-modules over K
which attaches to any module W the module Ws(a). Such a functor is called the
prolongation functor and has been introduced by Ovchinnikov [Ov] and Kamen-

sky [Kam| when defining differential Tannakian categories. The ¢-module wi?
is an extension of W by itself in the category of ¢-modules over K. Moreover, if

¢(y) = Ay is a system associated to W then ¢(y) = <61 8814)) y is a system

associated to Ws(a) .

Definition 11. The ¢-module W is called 0-integrable if there exists an isomor-
phism of ¢-modules (W,,®.) ~ ( 5(6),<I>§6)) over K|e|, reducing to the identity
modulo €.

It is easily seen that a module W is 0-integrable if and only if the extension of
W by itself corresponding to W;._-(a) splits. Moreover, we can interpret the notion of
O-integrability in the following terms.

Lemma 12. Let (W, ®) be a ¢p-module over K. Then W is O-integrable if and only
if it carries a structure of a (¢, 0)-module extending the given ¢-module structure.
Explicitly, this means that there exists a 0-connection

V:W->W

such that q® oV = V o ®. In terms of the matriz A, the module W (or system
(3.1)) is O-integrable if and only if there exists a matriz B € gl,,(K) such that

9(A) = q¢p(B)A — AB.
Proof. Let ¢ : ( {9 q>§”) ~ (W, ®.) be an isomorphism of ¢-modules over K|e],

reducing to the identity modulo . Write Ws(a) =1® W + ¢ ® W. Note that only
the second summand is a K-subspace, as

AQw =1 w—-90Ne@w (A€ K, weW)

2Some authors use ¢-integrability, to stress the analogy with O-integrability. However, as there
are no differential equations involved with ¢, we prefer the term ¢-isomonodromy.
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need not lie in 1® W. Nevertheless, as ¢ is K|[e]-linear, it is determined by the values
1(1 ® w). Since ¢ reduces to the identity modulo £ we can define V by
(lew)—1® w=¢e@ V().
To avoid confusion we used ®’ for the tensor product in W.. We then have
e®' VOw) =1(1@Aw) — 1@ Mw=1(A@w+IN)e@w) — A Q" w.
This equals Ae @ V(w) + d(A)e @ w. It follows that
V(Aw) = AV(w) + d(Nw,

so V is indeed a O-connection. That it satisfies ¢® o V = V o & follows from
Lo <1>§)> = &, 0¢. These arguments can be reversed, proving the Lemma. ([

Note that any difference system ¢(y) = Ay with A € GL, (K?) is O-integrable
(take B = 0).

3.5. ¢-isomonodromic 9-modules. Still assuming that K is a (¢, 9)-field, let
(W, V) be a module with a connection, and 9(y) = By the associated system of
differential equations, in some basis of W. Concretely, we may take (W,V) =
(K™, 0 — B).

The module (W(®) V() is defined as

W@ =K@y W, V(@@ w) =da®w+qa® V.
It is again a d-module.

Definition 13. A 9-module W is called ¢-isomonodromic (or ¢-integrable) if W ~
W),

Lemma 14. Let (W,V) be a 0-module over K. Then W is ¢-isomonodromic if
and only if it carries a structure of a ($,0)-module extending the given 0-module
structure. In terms of the matrix B the module W (or the system (3.3)) is ¢-
isomonodromic if and only if there exists an A € GL,(K) such that

q¢(B) = ABA ' +9A- A7
i.e., if and only if B and q¢(B) are gauge equivalent.

Proof. Tf 1 : W(#) ~ W is an isomorphism of d-modules, put ®(w) = ¢(1®@w). Then
®(aw) = ¢(a) - ®(w) and the relation Vo & = q® o V follows from 1o V(®) = Vo..
Conversely, given ® define ¢(a ® w) = a®(w). O

Example 15. Let K be asin § 2.1. If f € F' = C((z)) satisfies a linear differential
equation of degree n with coefficients from K, as well as a ¢-difference equation
of degree m over K, then W = Spang{¢d’f|[0 <i<m,0<j<n}C Fisa
(¢, 9)-module over K, when we let V =0 and ® = ¢.

If f only satisfied a differential equation and we take N = Spang{9’(f)} then
(N,V) = (N,9) is a d-module, and a : 1 ® g — ¢(g) yields a : (N@) V() ~
(¢(N), 0) (as a subspace of F'). Indeed, for g € N

a0V (1@ g) = alq© dg) = 4d(d(g)) = Ad(9)) = Do a(l @ g).

If N = ¢(N) then clearly N ~ ¢(N) and N = W has the structure of a (¢, d)-
module.
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4. PICARD-VESSIOT AND PARAMETRIZED PICARD-VESSIOT THEORY

4.1. Picard Vessiot theory of difference equations. A classical exposition of
Picard-Vessiot theory for difference equations is [S-vdP97]| whereas parametrized
Picard-Vessiot theory is introduced in [H-S08]. The articles [O-W], [dV-H] and
[Wil2] contain some schematic approaches.

4.1.1. The Picard Vessiot extension and the Picard Vessiot ring. Let (K, ¢) be
a ¢-field of characteristic 0, with an algebraically closed field of constants C' =
K?. Consider the system of equations (3.1). One is interested in constructing a
minimal ¢-extension (L, ¢) in which it attains a full set of solutions, much like the
construction of a splitting field of a polynomial in Galois theory. Easy examples
show that L can not always be a field. The next best option works.

Definition 16. (i) A ¢-pseudofield L is a direct product of finitely many fields
L=Lix--XL,,

together with an automorphism ¢, permuting the L; cyclically: ¢(L;) = Lit1 mod r-
(ii) A Picard Vessiot (PV) extension of K for (3.1) is a ¢-pseudofield (L, ¢)
containing (K, ¢), satisfying:
e There exists a fundamental matrix U € GL,, (L) for (3.1), and L = K(U),
i.e., L is generated, as a pseudofield, by the entries of U.
o [?=0C.

Picard Vessiot extensions exist, and are unique up to K-¢-isomorphism [O-W,
Prop.2.14 and Theorem 2.16]. If L is a PV extension for (3.1) as above then L; is
a PV extension of the system

0" (y) = ATy, AV = ¢ (A) - 6(A)A,
over the difference field (K, ¢"). The projection of U to L; is a fundamental matrix
for this new system. In many cases, depending on the desired conclusion, it is
harmless to replace the original system by this new one, ¢ by ¢", reducing the
situation to the case where L is a field.

Since the fundamental matrix is unique up to multiplication on the right by a
matrix from GL, (C), the subring

R = K[U,det(U)™Y]

of L is canonical, and is invariant under ¢ as well. It turns out to be ¢-simple.
A ¢-simple K-algebra generated by a fundamental matrix U and the inverse of its
determinant (thus making U € GL,(R)) is called a PV ring for (3.1). It is again
unique up to isomorphism, and its total ring of fractions (its localization in the set
of non zero divisors) is a PV extension [O-W, Proposition 2.14].

If (L,¢) is a PV extension of (K,¢) for the system (3.1) and (K’,¢) is an
intermediate ¢-extension, K C K’ C L, then (L, ¢) is a PV extension of the same
system over K’ as well.

Remark 17. Let (F, ¢) be a ¢-field extension of (K, ¢) containing the coordinates
of a solution 0 # u € F™ of ¢(u) = Au. Assume F'® = C. Then we may assume,
without loss of generality, that the PV extension L contains the subfield K (u) of F.
Indeed, replace (K, ¢) by (K(u), @) and look for a PV extension L for the original
system over K (u). Then L will satisfy the requirements to become a PV extension
of the same system also over K.
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4.1.2. The ring S as a Picard-Vessiot ring. In the notation of § 2, the automorphism
¢ also extends to Sy and S. The following holds.

Lemma 18. The ring S is a Picard-Vessiot ring over K and thereby is ¢-simple.

Proof. One can give a proof along the lines of Lemma 6. However, we give a slicker
proof, that will be useful later. Consider the system of ¢-difference equations

o= (4 KGNy

where f¢(z,A) = ((gz,A) — ¢¢(z,A) € K. The matrix
_ (% (=40
o= (5 )

is a fundamental matrix, and its determinant is z. The field E = K(z,{(z,A)) is
a Picard-Vessiot extension for the system over K because it is generated by the
entries of U, and its field of ¢-constants is C. The last point is most easily seen if
we embed E in F' = C((z)) and use the fact that F* = C. The subring S C E is
generated by the entries of U and det(U)™!, hence is the Picard-Vessiot ring for
the system. But Picard-Vessiot rings are known to be ¢-simple [O-W, Prop. 2.14]
by general principles. O

The ring Sy is not ¢-simple. The proper ideal (z) is ¢-invariant. The ¢-simplicity
of S has the following useful consequence.

Corollary 19. Let E be the field of fractions of S. The following properties relative
to an f € E are equivalent:

e f€S5;

e the K -vector space

My = Spang{¢'(f)|i > 0} CE
is finite dimensional.

Proof. Assume that dimgx My < co. We first claim that ¢(M;) = M. Indeed,
since ¢(My) = Spang{¢*(f)|i > 1}, it is sufficient to prove that f belongs to
$(My). Let

Y aid'(f) =0
1=0

(a; € K) be a nontrivial linear relation between the ¢(f) with smallest possible
m. Then ag # 0, for otherwise applying ¢! to the relation would give a sim-
ilar one with m — 1 replacing m. It follows that a¢f, and hence f, belongs to
Spang{¢'(f)|i > 1} = ¢(My). This concludes the proof of our claim.

Let

I={a€ SlaM; C S}.

Since My is spanned by ¢(f) for 0 <i < m — 1, a common denominator of these
m generators belongs to I, so I # 0. The set I is clearly an ideal in S, and it is
¢-invariant because if @ € I then ¢(a) My = ¢(a)d(My) = ¢(aMy) C S, s0 ¢p(a) € I.
By the ¢-simplicity of S we must have 1 € I, and in particular f € S.

For the converse, note that the set of f’s for which dimg M is finite is a K-
algebra. As it contains z, 27! and ((z,A), it contains the ring S. d
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4.1.3. The difference Galois group and its standard representation. Let (L, ¢) be a
PV extension of (3.1).

Definition 20. The group

G = Auty(L/K)
of ¢-automorphisms of L leaving K pointwise fixed is called the (difference) Galois
group of (3.1).

Fix a fundamental matrix U of (3.1) so that L = K(U) and every o € G is
determined by its effect on U. Since o and ¢ commute, o(U) is another fundamental
matrix, so

o(U) = UV,
for V, € GL,(C). [S-vdP97, Theorem 1.13] shows that ¢ — V is an embedding
of G as a Zariski closed subgroup of GL,,(C). A different choice of U changes the
embedding by conjugation.

Another look at G is given by the ¢-module (W, ®) = (K", A~1¢) associated
with (3.1), and the solution set

U=wg=uvcn.
The G-action on Wy, = W ®k L (o acting like 1 ® o) commutes with @, so induces
an action on Y. If o € G and Uv (v € C™) is a vector in U, then o(Uv) = UV, v.
It follows that the representation o +— V, is nothing but the matrix representation

afforded by U, in the basis consisting of the columns of U. We call U the standard
representation of G.

4.1.4. The Galois correspondence theorem. Since the characteristic is 0, the alge-
braic group G must be reduced, but need not be connected. [S-vdP97, Lemma 1.28|
proves that

LY = K.
The last fact is the basis for the Galois correspondence between ¢-pseudofields
K C FE C L and Zariski closed subgroups {e} C H C G. With E we associate

H(E) = Auty(L/E).
With H we associate its fixed field
E(H)=L".

The Galois correspondence theorem asserts that these two assignments are inverse
to each other, and set the family of all intermediate ¢-pseudofields and the family of
all Zariski closed subgroups of G in an order-reversing bijection [S-vdP97, Theorem
1.29].

An intermediate ¢-pseudofield FE is called normal if it is the PV extension of a
system ¢(y) = Ary for some A; € GL,,,(K) over K. [An, Théoréme 3.5.2.2] yields
that an intermediate ¢-pseudofield E is normal if and only if the corresponding
group H = H(F) is normal in G, and in this case

Auty(E/K) = G/H.

As in classical Galois theory, when it comes to showing that normal subextensions of
a Galois extension are splitting fields of suitable polynomials, the system ¢(y) = A1y
corresponding to the fixed field of a normal subgroup of G is neither unique, nor
related in any canonical way to the original system used to define L.
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An important normal subgroup of G is its connected component G, the smallest
Zariski closed subgroup H of finite index in G. Its fixed field E(GY) is therefore
the largest finite ¢-extension of K in L. If L is a field, this is the algebraic closure
of K in L. Thus, if L happens to be a field, G is connected if and only if K is
algebraically closed in L. In this case, if K does not admit any finite field extension
to which ¢ extends as an automorphism, G will be connected. The K of § 2.1 is
such an example, see Lemma 2.

4.1.5. A special case of the Tannakian correspondence. As C' is algebraically closed
of characteristic 0, the algebraic group G may be identified, as we did, with its
C-points G(C). It can be defined also as a functor on the category of C-algebras
by
G(D) = Auty(D ®c R/D ®¢ K)

where ¢ is extended to D ®c R as 1 ® ¢. One proves then that this functor is
representable by a linear algebraic group over C, and the standard Yoneda Lemma
shows that it determines G uniquely. A more sophisticated approach is to consider
the abelian category of ¢-modules, the tensor subcategory {W} generated by the
¢-module W attached to our system, and use the Tannakian formalism to obtain
G as its Tannakian fundamental group (see [An, Théoréme 3.4.2.3] for a discussion
on the notions of fiber functors on {W} and Picard-Vessiot extensions for W).

We shall need the following special case of the Tannakian correspondence, which
can be proven directly. We assume that C' is algebraically closed.

Proposition 21. Let the notation be as above. The applications
VCUr—=V i=VRcL)CCWandV CWr—=V:=(VexgL)®*cu

are bijections between G-submodules V of U, and ¢-submodules V' of W, which are
inverse to each other. We have dimg V = dim¢ V. In particular W is an irreducible
¢-module if and only if U is an irreducible representation of G.

Here G acts on V ®¢ L diagonally, and the operator ® on V is derived from
1 ® ¢. Similarly, ® acts on V ®x L diagonally, and the G-action on V is derived
from its action on L.

In the next section we review the d-parametrized Picard Vessiot theory. There
too, the three approaches (Picard-Vessiot, schematic and Tannakian) coexist. The
last two, however, have not been fully developed in the literature®, so we adopt the
Picard-Vessiot approach. As we shall explain, the J-parametrized Galois group is a
linear differential algebraic group, which is not determined by its points in C, but
rather in a differential closure C of C. This forces us to extend scalars from C' to
C , and then use descent arguments to go back.

4.2. )-parametrized Picard Vessiot theory of difference equations.

4.2.1. LDAG’s. Linear differential algebraic groups (LDAG’s) have been defined
and studied by Kolchin [Kol|] and Cassidy [Cas72|. For a quick introduction see, for
example, the summary in §2 of [Mi-Ov].

Let C be an algebraically closed field of characteristic 0, equipped with a deriva-
tion 4, which may be trivial. We fix a differential closure (6, 0) of C. Let

C{X,;,det(X)}s

3Despite partial results of Buium, Kamensky, Kovacic and Ovchinnikov.



HYPERTRANSCENDENCE AND ¢-DIFFERENCE EQUATIONS 20

denote the ring of differential polynomials in the variables X;; (1 <1,j < n), with
det(X) inverted. A LDAG G is a subgroup of GLn(é) that is the zero set of some
radical d-ideal Z of C{X,;,det(X)1}s. We call Z the ideal of definition of G. It
is a radical Hopf d-ideal and by the Ritt-Raudenbusch theorem, is the radical of a
finitely generated d-ideal.

If the generators of 7 as a d-ideal can be taken to be differential polynomials with
coeflicients from C, we say that G is defined over C. For such a LDAG, we attach
a differential group scheme G over C' as follows. We define the ideal of definition
of G as T = TN C{Xy;,det(X) Y5 and we let C{G} = C{X,;,det(X) '}/ be
the differential coordinate ring of G over C. Then, we define the points of G in any
d-ring extension D of C' as

G(D) = Homs(C{G}, D).

As T is d-generated by Z, we see that g(é) = G, T is a radical Hopf é-ideal in
C{X;j,det(X)"}5, and G(D) is a subgroup of GLy (D).

Though G(C) = G, we caution that the group of C-points G(C) tells us little
about the nature of G. For example, the single equation
0X
X
is easily seen to define a differential subgroup G of GL1(C). If C is the field of
complex numbers, equipped with the trivial derivation, then G(C) = C*. If ¢ is
extended to C(z) so that 6(z) = 1 we still have G(C(z)) = C*. However, over the
field of meromorphic functions on C (with § = d/dz) we find new points, namely
the solutions X = e®* for any a € C.

The Zariski closure G of G is a linear algebraic group defined over C. Tts ideal
of definition as a linear algebraic group over Cis

I =7ZNC[X,;,det(X)71].

5y =0

Every linear algebraic group G C GL, (C) may be considered also a LDAG, which
we denote [6],G. If G is a linear algebraic group defined over C, then G(C) is a
LDAG defined over C. Abusing notation, we denote by [§].G the differential group
scheme over C' associated with G(a) The Zariski closure G of G is characterized
by the property that G C [5]*6, and for no proper Zariski closed subgroup H - G
do we have G C [5]*ﬁ

If G is a connected differential group scheme over C, i.e., C{G} is a domain, then
its field of fractions C(G) is a d-field. Its d-transcendence degree over C, denoted
by dtr.deg.(C(G)/C), is the maximal number of elements of C(G) which are J-
algebraically independent over C, 1i.e., do not satisfy any differential polynomial
with coefficients from C. It coincides with the d-dimension of G, as defined by

Kolchin ([Kol], IV.3, p.148):
§dim G = dtr.deg.(C(G)/C).

In general §dim G is equal to the d-dimension of its connected component (in the
Kolchin topology). For example, the d-dimension of the example given above is 0.
A LDAG G is called d-constant if its ideal of definition Z contains §(X;;), or

equivalently G C GL,,(C?). The following theorem of Cassidy ([Cas89], Theorem
19) is instrumental to our work.



HYPERTRANSCENDENCE AND ¢-DIFFERENCE EQUATIONS 21

Theorem 22. Suppose that G is a LDAG, Zariski dense in a simple linear algebraic
group G C GL,,(C). If G G [0].G, then G is conjugate, in GL,(C), to a §-constant
LDAG.

4.2.2. The d-parametrized Picard Vessiot extension and Picard Vessiot ring. Let
(K, $,0) be a (¢,0)-field of characteristic 0, where ¢ is an automorphism and § a
derivation commuting with ¢:
pod=100¢.
We assume that the field C' = K? of ¢-constants is algebraically closed. Since §
and ¢ commute, it is a d-field, and we denote by C , as before, a differential closure,
on which we let ¢ act trivially.
Let (3.1) be a linear system of difference equations over K.

Definition 23. A §-parametrized Picard Vessiot (PPV) extension of K is a (¢, d)-
pseudofield L, i.e.,

L=L X XL,
where the £; are d-field extensions of K permuted cyclically by ¢, satisfying:

o L =K (U) is 6-generated as a pseudofield by the entries of a fundamental
matrix U for the system.
o L?=C.
By [Wil2], Corollary 10, a d-parametrized Picard Vessiot extension exists. By
Proposition 6.16 of [H-S08], if C' = C~’, it is also unique up to K-(¢, §)-isomorphism.
The subring R = K{U,det(U)~'}s of £ that is 6-generated over K (as a §-ring)
by U and the inverse of its determinant, does not depend on the choice of U and
is ¢-simple [O-W, Prop.2.14]. Such a ring is called a d-parametrized Picard Vessiot
ring for the system®. The subring R = K[U,det(U)™!] of R is an (ordinary) PV
ring then, and its total ring of fractions L C £ an (ordinary) PV extension.

4.2.3. The §-parametrized Galois group. Let (K, ¢,d) be a (¢, d)-field of character-
istic zero with algebraically closed field of ¢-constants C'.

For £ a PPV extension of (3.1) over K and R C L the PPV-ring, we define the
d-parametrized Galois group scheme of L over K as the functor which associates
to any é-ring extension D of C, the group

G(D) = Autys(D ®c R/D ®¢ K).
This functor is indeed representable by a differential group scheme over C, which
is unique up to isomorphism by the Yoneda Lemma.

If C is a differential closure of C, one can consider K = Frac(C’ ®c K), the
base-changed ground field (C ®c K is a domain because C is C- regular), and
S = C®c K — {0} (a multiplicative set). Let R = C ®¢ R[67!] = K ®x R.
We claim that R is a PPV ring over K. For that we only have to show that it is
¢-simple, and as it is obtained by localization from C ®c R it is enough to check
that the latter is ¢-simple. But this is clear, since the action of ¢ on C is trivial
and R is ¢-simple [S-vdP97, Lemma 1.11]. Let L be the total ring of fractions of
R. It is a a PPV extension over K with £¢ = C [H-S08, Cor. 6.15].

4n [H-S08] one only asks that R be (¢,d)-simple, a weaker condition, but it is shown in
Corollary 6.22 that if C is differentially closed, R is then actually ¢-simple. See the discussion
in [Wil2] why, when C is only algebraically closed, it makes better sense to impose the stronger
condition of being ¢-simple.
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Since any (¢, §)-automorphism o of L over K is determined by its effect on U,
and o(U) = UV, where V, has entries in £¢ = C, such a o actually induces an
automorphism of C ®c R over C ®c K. The converse is equally clear. We define the
§-parametrized Galois group of L over K as Aut¢ 5(5/ K ). Since C is d-closed, this
group can be embedded as a LDAG G in GL, (C) via its action on a fundamental
matrix in GL, (R ) and it is independent, up to conjugation in GL, (C) of the choice

of the PPV extension over K or of U [H-S08, Proposition 6.18]. Finally, [dV-H,
Proposition 1.20] yields

G = Auty5(L/K) = G(C).

Let G = Auty(L/K) be the (ordinary) difference Galois group of (3.1) over K.
Then the group G is Zariski dense in G, see [H-S08], Proposition 6.21.
Finally, the torsor theorem yields the following equality

0dim G = dtr.deg.(L/K),

where dtrdeg(L/K) is the differential transcendence degree of £ over K in the
notation of §4.2.2. This result was proved for the d-parametrized Galois group G
in [H-S08, Proposition 6.26]. For the d-parametrized Galois group scheme G, the
proof of the above equation is entirely analogous to the proof of [DVHW, Lemma
2.7] in the symmetric context of differential equations with a difference parameter.

4.2.4. The §-parametrized Galois correspondence. We shall need the following re-
sult. The proof of Lemma 6.19 in [H-S08|, although set in a different context,
applies here as well, without any change.

Proposition 24. Let the notation be as in the previous section. For every x €
L — K there exists a 0 € G with o(x) # x, ie.,

[9=K
This is the key to the d-parametrized Galois correspondence, analogous to what

we described in the non-parametrized framework. See [H-S08] and note that since
we do not work schematically, we must extend scalars to C.

4.3. ¢-algebraic solutions. Notation as in section 4.2.3, let (W, ®) = (K", A~1¢)
be the ¢-module associated with the linear system ¢(y) = Ay, L a PV extension
over K and L a é-parametrized PV extension over K containing L. Let

U=Wwg=wg=ucr

be the solution space, where U € GL, (L) is a fundamental matrix. As above, we
denote by C a differential closure of €, and add a tilde to denote the same objects
over K. Since £® = C we have U = C RcU.

Let £, C L be the set of elements that are J-algebraic over K. Since x € L, if
and only if

tr.deg. K (z, 0z, 6%z, ...) | K < oo,
it is clear that £, is a d-invariant subfield of L. Since ¢ and § commute, it is also
¢-invariant. Let
U, =UNLY
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be the C-subspace of U consisting of solutions all of whose coordinates are 6-
algebraic. Similarly, define L, C L to be the field of elements that are d-algebraic
over K, and U, =UN Zg

If 0 € G = G(C) = Autys(L/K) and & € L,, then o(x) € L, because o
commutes with 8. Thus G preserves Ea, and in its standard representation on u ,
ﬁa becomes an invariant subspace.

Lemma 25. We have L~{a =C ®Rc Uy

Proof. Let R be the d-parametrized PV ring in £. AsU C R"™, UcC®cR" and
it is enough to prove that

(4.1) (é ®c R)a = é ®c Ra.

The proof of (4.1) is done precisely as in [A-D-H-W], Lemma A.15, where the
same statement is proved if the derivation ¢ is replaced by a difference operator (i.e.
a field automorphism, denoted there o). The only non-formal fact used in the proof

of that Lemma would be, in our context, the statement that for any x € C — C

there exists a d-automorphism of C over C not fixing x. For this, see the proof of
Proposition 1.1 in [M-RDCF]. O

Corollary 26. The C-subspace U, C U is G-invariant.

Proof. As ZZZ is QN—invariant and QN is Zariski dense in é, ZZZ is G-invariant. But
the subspace U, and the algebraic group G C GL(U) are defined over C, U, is
nothing but the C-points of U, (by the last lemma) and G = G(C). Thus U, is
G-invariant. O

5. A GALOISIAN CRITERION FOR J-INTEGRABILITY

Let (K, ,0) be as above (¢ and § commuting with each other, C = K¢ alge-
braically closed). Recall that (3.1) is called d-integrable if the associated ¢-module
(W, ®) carries a compatible connection V making (W, ®,V) a (¢, d)-module over
K. Equivalently, integrability means that there exists a matrix B € gl,,(K) such
that

(5.1) §5(A) = ¢(B)A — AB.

Proposition 27. The system (3.1) is §-integrable if and only if there exists a matriz
D € gl,,(C) such that

(5.2) 0(Vy) =V,D — DV,
for every o € G.

To be precise, the meaning of the criterion is the following. Fix a fundamental
solution matrix U with coefficients in R. For any 4-ring extension C' C C’, and
for any o € G(C"), the matrix V,, € GL,(C’) such that o(U) = UV, satisfies (5.2)
in gl,,(C"). Alternatively, if Z C C{X;;,det(X)~'}s is the ideal of definition of G,
then for any 1 <i,j <n

5(Xij) — ZXMD@]‘ + ZDingj el
4 4
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Proof. Suppose A and B satisfy (5.1). Let R C £ be the J-parametrized PV ring
and extension, and U € GL,(R) a fundamental matrix. Then
H(8(U) — BU) = (AU) — 9(B)AU = A(3(U) — BU),
0
D:=U"Y(§(U) - BU) € gl,(C),
as it is fixed by ¢ and £? = C. Calculating §(cU) = o(8U) for o € G(C"), C’ as
above, we find
(U)W +USV,) =6(UV,) =8(cU) =0(6U) =0(BU +UD) = BUV, + UV, D,
or
0(Vy) =VoD — DV,
Conversely, if D € gl,,(C) satisfies the last equation, define

B:=56(U)U'—UDU " € gl,(R) C gl, (L) C al, (L).
Then, for o € g(é)
o(B) =86(UV,)V,'U™ ~UV, DV, 'U ! =
=6(U) U™ + U(V,D — DV,)V,'U™ = UV, DV;'U™" = B,

so B e g[n(f( ) by the d-parametrized Galois correspondence: £9 = K.But RNK =
K so we can descend the field of ¢-scalars and deduce that B € gl,, (K). We compute

#(B)A — AB = §(AU) U — AUDU~! — AB
=3(A)+ AS(U)U + AB - 6(U)U™) — AB = §(A).
Thus A satisfies the condition for §-integrability. O
Remark. i) The above Proposition does not require K¢ = C' to be differentially
closed.
ii) Compare [H-S08|, Proposition 2.9. Assuming C is differentially closed, the
relation §(V,,) = [V5, D] is integrated there to conclude that G is conjugate to
a d-constant group (see Section 4.2.1). If C is not differentially closed, such a
conjugation exists only over a suitable non-trivial d-extension of C, as we need
to find an invertible matrix F solving §FE = —DE, i.e., a fundamental matrix
for )y = —Dy. Having such an F at hand,
§(E~'V,E)=-E"'S(E)E"'V,E+ E'5(V,)E + E'V,6(E)
=E YDV, -V,D +4(V,))E =0.

6. O-MODULES OVER M AND MONODROMY

6.1. Triviality of J-modules over M. From now on:

K =Upce Kn, 0f(2) = f(qz) and 0f(2) = f'(2) are as in § 2.1.

M = #(C) is the field of meromorphic functions on C, with the same 9,¢.
F =C((2)), O = CJ[[z]], same 9, ¢.

K C M C F, as (¢, 0)-fields.

Let B € gl,(M). For any ¢ € C let M¢ be the field of germs of meromorphic
functions at ¢, and O its valuation ring. Consider the system

(6.1) OJy = By

and the associated 9-module W = M™ V(y) = 0y — By.
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Lemma 28. The following are equivalent:

i) The system (6.1) has a full set of solutions in M.
i) The 0-module Wy = M¢ @ W is trivial.
iii) B has an apparent singularity at ¢, i.e., there exists a gauge transformation

B=9P-P '+ PBP!
with P € GL,,(M¢) such that B is regular (holomorphic) at C.

Proof. (i) is equivalent to dimc WCV = n. If this is the case then by the Wronskian
Lemma W, = VVCV ®c M. This proves that (i) implies (ii). If (ii) holds then
there exists even a P with B = 0, whence (iii). Note that in this case, since
o(P~1) = —P719(P)P~! we have 9(P~!) = BP~! so P! is a fundamental matrix
of solutions in M¢. Finally, if (iii) holds then to get (i) we may assume, by a change
of coordinates, that B was regular at  to begin with. By the basic existence and
uniqueness theorem for linear systems of ordinary differential equations, we can
find a full set of solutions in M. O

According to the above lemma, we say that a d-module W has apparent singu-
larities if all the singularities of an associated differential system are apparent.

Corollary 29. A 0-module W over M has apparent singularities if and only if it
is trivial.

Proof. Since all the singularities are apparent, one can continue solutions mero-
morphically along paths indefinitely. Since C is simply connected, this yields a
single-valued solution for any initial conditions at 0. O

6.2. Periodicity and monodromy. Suppose now that B € gl, (K,) and all the
singularities of (6.1) are apparent. Let U be a fundamental matrix for (6.1) in M.
If w € A then U(z +w) also satisfies (6.1) so there exists a matrix M (w) € GLy,(C)
such that

(6.2) U(z4+w) =U(z)M(w).

The map w — M (w) is a homomorphism A — GL,,(C), the monodromy represen-
tation. Since A is abelian, its image, the monodromy group, is an abelian subgroup
of GL,,(C).

If we replace U(z) by another fundamental matrix U(z)T, with T € GL,(C),
then the monodromy representation undergoes conjugation: w + T~*M (w)T. Thus
intrinsically, the monodromy representation is well-defined only up to conjugation.

Lemma 30. Let Z € GL, (M) be another matriz of meromorphic functions sat-
isfying (6.2). Then U(z) = Q(2)Z(z) for a matriz Q(z) € GL,(Kp). If S is a
K -subalgebra of M containing the entries of Z then the entries of U are in S as
well.

Proof. Q(z) = U(2)Z(z)~! is invariant under translation by A. It follows that its
entries are A-elliptic. O

6.3. Consequences of ¢-isomonodromy. Assume that W is a (¢, d)-module
over K, so that W is a ¢-isomonodromic d-module. Fix a basis of W over K and
identify it with K", where ® and V are given by matrices A and B as above.
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Lemma 31. All the singularities of (W, V) are apparent, hence W becomes O-trivial
over M.

Proof. W is defined over some K. Since W(#) and W are isomorphic, if ¢ is a
regular point of W (i.e. an apparent singularity of the system (6.1)), so is ¢¢. For
some ¢ > 0, every ( in the punctured disk 0 < || < ¢ is regular, so we deduce that
every ¢ # 0 is regular. But then ¢ = 0 is regular too, because any 0 # w € A is
regular and B is A-periodic. The Lemma follows from Corollary 29. O

By the discussion in the previous subsection we may associate with W a mon-
odromy representation w — M (w) of A, well-defined up to conjugation by GL,,(C).

Proposition 32. The monodromy representation w — M (w) is potentially unipo-
tent: there exists a sublattice A’ C A such that M (w) is unipotent for every w € A'.

Proof. Let U(z) € GL,,(M) be a fundamental matrix for (Wy;, V) and U(®)(2) =
U(gz) the corresponding fundamental matrix for (W$)=V(¢))- Let ¢ : W) ~ W
be an isomorphism of d-modules, explicitly

Wy) =A""y
where A € GL,, (K) satisfies the consistency condition q¢(B) = ABA™'+9(A)A~L.

Since 1o V(®) = Vo4, the homomorphism ¢ maps U(?) to a fundamental matrix for
W, so for some C' € GL,,(C) we have

A(2) U (qz) = U(2)C.

Let A be a lattice of periodicity for A and B. Substituting z + w (w € A) for z we
get
A(2) MU (q2)M(w)? = U(2)M (w)C = A(z) " 'U(qz)C~* M (w)C.
It follows that
M(w) = CM(w)1C™*

and that the set of eigenvalues of M (w) is invariant under raising to power ¢. Since
there are only finitely many eigenvalues, these eigenvalues must be roots of unity, so
M (w) is potentially unipotent. Since the monodromy representation is determined
by the (commuting) matrices M (wy) and M (ws), the Proposition follows. O

7. O-INTEGRABILITY AND SOLVABILITY

The last Proposition has a consequence for the solvability of the difference Galois
group of a O-integrable system

(7.1) P(y) = Ay.

Definition 33. A ¢-module (W, ®) over K is solvable if there exists a filtration
O=WocWrcWycC---CcW,=W

by ¢-submodules such that dimzxgW; = 1.

If (W, ®@) is associated to the system (3.1) then it is solvable if and only if A is
gauge equivalent to an upper-triangular matrix.

Theorem 34. If (W, ®) is O-integrable, it is solvable. In fact, if V is a compatible
0-connection on W, a filtration as above exists where each W; is a (¢, 9)-submodule.
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Proof. Tt is enough to find Wi, because then we can apply induction on the di-
mension to W/Wi and lift the filtration found there to complete the filtration of
wW.

Let (W, ®,V) be a (¢, 9)-module structure on W as in Lemma 12. Fix matrices
A and B as above, with respect to some basis of W over K. Let A be a lattice so
that all the entries of A and B lie in Ky, i.e., are A-elliptic. Regarding (W, V) as
a ¢-isomonodromic d-module, and replacing A by a smaller lattice if necessary, we
conclude, by the previous section, that the monodromy representation

A — GL,(C), w~— M(w),

attached to (W, V) is unipotent, and that (W, V) has a fundamental matrix U €
GL,,(M). Let T € GL,(C) be such that TM(w)T~! are all upper-triangular with
1’s along the diagonal. Replacing the fundamental matrix U € GL,, (M) by UT 1,
M (w) is replaced by TM(w)T~!. We may therefore assume, without loss of gen-
erality, that M (w) are already upper-triangular unipotent. In particular, the first
column of U is a column vector

ue Ky cM”,

because it satisfies u(z +w) = u(z) for all w € A. But the column vectors of U form
a basis of WAYI, and the first column is, as we have just seen, in W. It follows that
WV is non-zero.

The relation ¢® o V = V o ® implies that the C-space WV is ®-invariant, hence
there exists an eigenvector e; € WYV for ®. The 1-dimensional subspace Wi = Ke;
is the desired (®, V)-submodule. O

Corollary 35. Let G be the difference Galois group of the system

Ply) = Ay
over K. Assume that (W, ®) is O-integrable. Then G is solvable.
Proof. This is a direct consequence of the Tannakian correspondence, Proposition
21, see also [S-vdP97], Theorem 1.1.21. Since W is a solvable ¢-module, the stan-

dard representation of G on the solution space U is solvable too, and G is contained
in the Borel subgroup of upper triangular matrices. (I

8. O-TRIVIALITY OVER THE RING Sy

Let A € GL,(K4a), B € gl,,(KA) be a consistent pair of matrices, and W the
corresponding (¢, 9)-module. As we have seen, the system

d(y) = By
has only apparent singularities and, hence, it has a complete set of solutions over
M. Let U € GL, (M) be a fundamental matrix of solutions, and w — M (w) its
monodromy representation. As we have also seen, replacing A by a sublattice, we

may assume that M (w) are unipotent for all w. Let wy, w2 be an oriented basis of
A and Mz = M(wz)

Theorem 36. The entries of U(z) are in the ring So = K|z, {(z, A)].

Proof. According to Lemma 30 we only have to exhibit a matrix Z(z) € GL,,(So)
with the same monodromy as U(z), i.e., satisfying

(8.1) Z(z +w;) = Z(2)M;.
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Without loss of generality we may assume that wo = 1 and w; = 7 € § (the
upper half plane). Since Ms is unipotent,
n 1 k— 1
log MQ = Z 2 — 1)
k=1
is a nilpotent matrix satisfying exp(No) = Ms. Note that Ny commutes with M,
because My and My commute. The matrix Z(z) satisfies (8.1) if and only if Z(z) =
Z(z) exp(—2zNa) satisfies

(8.2) Z(z+1)=Z(2), Z(z+7)=Z(2)V

with V' = Mj exp(—7Nz). Since the entries of exp(—zN3) are polynomials, hence
lie in Sp, it is enough to find Z(z) € GLy,(S,) satisfying (8.2). Note that V is also
unipotent, because M; and Ny commute, so log(V') is nilpotent.

Let ¢ € Sy satisty £(z+ 1) = £(z) and ¢(z +7) = £(2) + 1. By Lemma 3, such an
¢ can be taken to be a C-linear combination of z and {(z, A). We now set

Z(2) = exp(£(2) log(V)).

We have Z € GL,(S,), because its entries are polynomials in ¢(z). In addition,
(8.2) is satisfied. This concludes the proof. O

Corollary 37. Suppose f € F satisfies a linear homogeneous diferential equation
with coefficients from K, as well as a linear homogeneous ¢-difference equation over

K. Then f € Sp.

Proof. Let W C F be the (¢, d)-module spanned by f, as in Example 15, and let
e1,...,e, be a basis of W over K, with e; = f. Let A* = (a;;) € GL,(K) and
B* = (b;;) € gl,,(K) be defined by

(bel-: E ai;€5, 861': E bijej.
J J

These are not the matrices A and B that were associated to W before, but rather
tA=1 and — !B, and they define the dual (¢, d)-module W*. It is easily checked that
A* and B* are consistent. This follows formally from the consistency of (4, B), or
by duality if we think of the pair (A*, B*) as the pair associated with W*. The last
Theorem, applied to (A*, B*), shows that the equation dy = B*y has a full set of
solutions in Sy, i.e., there exists a matrix U € GL,(Sp) satisfying OU = B*U. In
any O-field extension of Sy, whose constants are still C, we find the same solution
set for the last system, namely the C-linear combinations of the columns of U.
Since u = *(eq,...,e,) € F™ is such a solution, the e;, and in particular f = ey, lie
in So. (I

9. GALOIS THEORY AND ALGEBRAIC INDEPENDENCE, RANK ONE

9.1. The desired theorems. Our ultimate goal is to prove the following stength-
ening of Corollary 37. Recall that f € F is called 0-algebraic over K if it satisfies
an equation

P(fv 8(f)7 82(f)a s aT(f)) =0
for some non-zero P € K[Xy, X1,...,X,;]. If f is not d-algebraic, it is called O-
transcendental, or hypertranscendental.
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Theorem 38 (Main Theorem). Assume that f € F satisfies a linear homogeneous
o-difference equation over K. If f is 0-algebraic over K, then f € S.

In the rank one case, we can be more precise.
Theorem 39. Assume that f € F satisfies

o(f) =af
with a € K. If f is 0-algebraic over K, then z="f € K for some r € Z.
We shall deduce the rank one case from the following Proposition, whose proof

is postponed to Section 9.3, and which holds for an arbitrary (¢, d)-field F with
algebraically closed field of ¢-constants, in lieu of F'.

Proposition 40. Let F be a (¢, 9)-field containing K' = K(z) with $od = o ¢
and F® = C. Let f € F* satisfy ¢(f) = af with a € K*. Then f is 6-algebraic
over K’ if and only if

for some c € C* and b € K*.

Proof. (That Proposition 40 implies Theorem 39). First, note that

e f is J-algebraic over K if and only if

o tr.deg.K(f,0f,0%f,...)/ K < oo, if and only if

o tr.deg.K(z, f,0f,6%f,...)/K' < oo, if and only if

e [ is d-algebraic over K’.
Assume that we have proved the Proposition and f is as in Theorem 39. Assume
that f is O-algebraic over K, hence d-algebraic over K’. By the Proposition a =
cp(b) /b for some ¢ € C* and b € K*. It follows that g = f/b € F satisfies

o(g) = cg.

Since g is a power series in z with constant coefficients, this forces ¢ = Cz" for

CeCandreZ (and c = ¢"). Thus z7"f = Cb € K as desired. Note that the
fact that F' = C((z)) enters the proof only at the last step. O

9.2. Some properties of divisors. For an abelian group R let
Da(R) = Div(C/A; R)

be the group of A-periodic divisors with values in R. We write D € Dj(R) either
as a finite linear combination
D= %" rel¢

£eC/A

or as a A-periodic, discretely supported function D : C — R, D(§) = r¢. The
support supp(D) is the set of & € C where D(§) # 0.
We let DY (R) be the subgroup of divisors of degree 0, where

degy : Da(R) = R, degy(D)= > re.
£eC/A
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We let Py C DY(Z) be the subgroup of principal divisors, i.e., of divisors of the
shape div(f) for f € K. By the Abel-Jacobi theorem a Z-valued divisor D =
>_¢ecya rel§] is principal if and only if deg, (D) = 0 and

sa(D) = Z re§ =0 € C/A.
£eC/A
We let ¢ € End(Dp) be defined as ¢(D)(€) = D(¢€); alternatively, if D =
> cec/a relé], then
oD) = > rele].
£eC/A

Note:

o div($(f)) = Bldiv(f) for [ € K.

o degy (¢(D)) = g*deg, (D).

o 4s7(¢(D)) = ¢*sa (D).
To prove the last point, let D = Ese@//\ re[¢]. Then

gsa(@(D) =q > ree€= > reea=q" > rn=q’sa(D)
¢eC/A ¢eC/A neC/A
because for every 7 there are ¢? values of & with ¢¢ = 7.
Lemma 41. (i) For any abelian group R, ¢ — 1 € End(Da(R)) is injective.

(it) If D € DA(R) and (¢ — 1)(D) € DA(Z), then D € Dy (Z).
(i1i) If D € DA(R) and (¢ — 1)(D) € Pa, then D € Pps for A = q(q — 1)A.

Proof. (i) If D is A-periodic and non-zero, choose 0 # £ € supp(D). If D = ¢(D) =
®*(D) = --- then &,£/q,€/q?, ... are all in the support of D, contradicting the fact
that the support is discrete.
(ii) If the claim is false, the image of D in Dj(R/Z) is annihilated by ¢ — 1 and
non-zero, contradicting (i).
(ili) Assume that (¢ —1)(D) € Pa. By (ii), D € Da(Z). Since
0 = deg,((¢ — 1)(D)) = (¢° — 1)degy (D)

we must have D € DY (Z). Now
q(q — 1)sa(D) = gsa((¢ — 1)(D)) = 0.

Let II be a fundamental parallelogram for A, and m = q(¢—1). If D = 3"y ne[€a]
where {4 = £ mod A, then

m—1m—1

sn (D) = Z i an(f +iwy 4 jws) mod A’ = m? anﬁ mod A/,

=0 j=0 ¢€ll gell

where w1 and wy span II (recall 3 ne =0). But m3 . ynel € A, so

m? an{ emA=AN.
£ell

9.3. Proof of Proposition 40.
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9.3.1. First steps. Assume that f € F satisfies

o(f) =af.
If a = cp(b)/b for ¢ € C* and b € K*, then replacing f by f/b we may assume

that @ € C*. Then
5f, _d(e(f) _of
¢(_) - - T
f o(f) f
so 6f/f € F* =C and f is d-algebraic over K.
Conversely, assume that f is d-algebraic over K'. Let u = ‘%f € F, so that

o(u) =u+ -

Since u, like f, is also é-algebraic over K’, Theorem C.8 of [D-H21]® shows that
there exists a monic operator . € C[d] and a v € K’ such that

%9y _ 40 —v.

a
Embed K(z) in K((z)) via the completion at 0, where we regard K as the field
of constants. Extend ¢ to K((z)) so that ¢(z) = gz. Then the embedding is ¢-
compatible. (Warning: K ((z)) can not be regarded as a subfield of F' = C((z)),
despite the fact that K C F.) Write

v = Zvizi € K((2))

i>s

Z(

with v; € K. Since a € K, Z(%‘l) in fact lies in K[z] C K(z) and as a polynomial
in z with coeflicients from K it looks like

2% = o2

£+1
a a )Z

+ lower terms.

Here ¢ = deg(.Z). Comparing the expansions we see that
Oa

a

(9.1) (=) = ¢ p(ves1) — veyr.

9.3.2. Completion of the proof. We shall deduce Proposition 40 from equation (9.1).
Quite generally, if h € Ky and zg € C, and if

h(z) = Z an(h,20)(z — z0)"
n>>-—oo
is the Laurent expansion of h at zg, we let for £ > 1,
a_g(h)= > a_s(h, z0)[z0] € Da(C).
z0€C/A

We call it the degree —¢ polar divisor of h. Note that ay,(h,z9) are A-periodic in
zp, so this divisor is well-defined. Since for z near zo we have

$h(z) =h(gz) = Y anlh.qz0)(@z —gqz0)" = Y q"an(h,qz0)(z = 20)",

we get
(079 (¢h7 ZO) = qnan(hu qZO)7

5See also the proof of Lemma 48 below, where the same argument appears again.
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hence
a_g(¢h) =q " D as(h,qz0)[20] = ¢ “dlae(h)).
20€C/A
Now, (9.1) yields

a?@fl(af(%)) = ¢ a_i-1(d(ve11)) — a—e—1(veg1) = (¢ — 1) (a—e—1(ves1))-

On the other hand
) ) .
a_g_l(af(z“)) = (—1)%!@_1(;“) = (—1)*0\div(a).

It follows that

div(a) = (¢ — 1)(D)
where D = (—1)%a_y_1(ves1)/¢!. By part (iii) of Lemma 41 we deduce that there
exists b € K3, A" = q(q — 1)A, such that D = div(b). In particular

div(a) = div@7
SO

for some ¢ € C*, as desired.

10. SIMPLE (GALOIS GROUP

10.1. Comparison of the Galois groups over K and K(z). Consider the sys-
tem (3.1), with A € GL,,(K), and its Galois group G. We want to compare G with
the Galois group H of the same system over K’.

In order to compare H and G, we adapt the proof of [DHR, Proposition 1.6]
which was written for Mahler difference systems. Let R’ be a Picard-Vessiot ring
for ¢(y) = Ay over K’ and let L’ be the associated PV-extension. For U € GL,,(R’)
a fundamental solution matrix, it is easily seen that R = K[U,det(U)~!] is a PV-
ring for ¢(y) = Ay over K and we denote by L the associated PV-extension. The
inclusion R C R’ yields a closed immersion ¢ : H < G. Identifying H with its image
in G, we can consider L¥ = L'"'NL=K'NL. Since LY /K is a sub-¢-extension of
K'/K, it is easily seen that there exists an integer N such that L = K(2V). Now
the Galois correspondence yields that H is normal in G and that G/H is isomorphic
to Aut,(L¥ /K) which is trivial if N equals zero and G,,, otherwise.

Lemma 42. Assume (by replacing ¢ by some ¢ ) that L is a field. Then:

i) G is connected.
ii) If G is simple®, then H = G.
iti) G is solvable if and only if H is solvable.

Proof. i) If G is the connected component of G, then it is normal, and the finite
group G/GP is, by the Galois correspondence, the Galois group of a finite
extension of K contained in L to which ¢ extends as an automorphism. But
such an extension must be K itself by Lemma 2, so G = GV.

ii) If the normal subgroup H is trivial, G would be G,,, so by the simplicity of G
we must have H = G.

6By “G is simple”’, we mean that it is noncommutative and has no proper nontrivial normal
closed subgroup.
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iii) This follows from the fact that G/H is either trivial or Gy,.
O

Note that the group H need not be connected. For example, let (M, N) = 1,
y=aM z=2VN and g =¢lV. If A = (¢M) and A’ = (¢}) @ (¢}¥) then L = K(y)
with ¢(y) = ¢My, K’ = K(z) with ¢(2) = ¢z and L' = K(z) with ¢(z) = q1 7.
We would then have H ~ uy C G = Gyy,.

10.2. The G simple case. Consider now the §-parametrized PV extension
L'=K'(U),
and the J-parametrized Galois group scheme H of £’ over K.
As explained before, H is a Zariski-dense differential subgroup scheme of H =
Auty(L'/K'), in the sense that its points H(C') in a d-closure C of C form a Zariski

dense subset of H(C'). We continue to assume that L, L’ and £ are fields.

Proposition 43. Under the assumption that G = Autg(L/K) is simple, we have
H = [0].H.

Consequently, tr.deg.(L/K) = tr.deg.(L'/K') = dtr.deg.(L'/K').

This Proposition seems identical to Lemma 5.1 of [Arr-S| and similar to Propo-
sition 4.11 of [A-D-H-W]. However, because of the need to descend, first from a
differentially closed field of ¢-constants to C, and then from K’ to K, we are forced
to go through some of the arguments with care.

Proof. As we have seen in Lemma 42, when G is simple, so is H, and H ~ G.

Let K/ be a (¢, 8)-extension of K’ whose field of ¢-constants, C' = (I?’)“" is a
differential closure of C. It is known that C? is just C ([M-MTDF], Lemma 2.11).
Let L’ be the PV extension over K’ , and L' the d-parametrized PV extension. See
§ 4.2.3 for the construction of K’ , L’ and L' , starting from a differential closure C
of C, and their relation to K’', L’ and L.

Let H and H be the difference Galois group and the J-parametrized difference
Galois group over K’. We regard them as subgroups of GLn(a), having fixed a
fundamental matrix U. Since H = H(C) and H = H(C) (see § 4.2.3) we only need
to show that 7 = [6]. H.

Since the field of ¢-constants Cis differentially closed and His simple, Theorem
22 implies that if # C [6], H, there exists a matrix E € GL,(C) such that

H C E-GL,(C)-E~".
Letting D = §(E)E~! € gl,,(C) this implies that for any o € H,
8(V,) = DV, — V, D.

As in Proposition 27 this implies that the system ¢(y) = Ay is d-integrable over
K'. In fact, the matrix

B=6{U)U ' -UDU!
which gives the d-integrability relation

(10.1) 5(A) = ¢(B)A — AB
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lies in gl, (C ®c R’) by construction, as U, U~" and §(U) have entries in R’ C £’
and D has entries in C. It is shown, in Proposition 27, to be invariant under every

By a refinement of the parametrized Galois correspondence, the matrix B therefore
lies in gl,(C ®c K') and not just in gl, (K’) (see Proposition 53 in Appendix 14).
Now let {w,} be a basis of C as a vector space over C and write B =) wo ® B,
with B, € gl,,(K’). We may assume that w,, = 1. Since ¢(ws) = wq, and since A
has entries in K’, decomposing the d-integrability relation to its a-components we
get
6("4) = ¢(BQD)A - ABOLO'
Thus without loss of generality we may assume that B € gl (K'). In other words,
we have descended the integrability of the system over K' to the integrability of
the same system over K’.
Equivalently, (10.1) may be written

(10.2) 0A =qp(z 'B)A— A(z'B).

Consider the field K((z)), to which ¢ is extended as an automorphism so that
¢(z) = qz. Embedding K(z) in K((z)) via the completion at 0, we expand

Z'B= Y B, 6(z7'B)= Y d'é(B)?,
—oo< </t —oco< </t

where By € gl,,(K). Substituting into (10.2) and comparing the £ = 0 terms we get
(as A € GL,,(K))
DA = q¢(By)A — AB,.

It follows that the system (3.1), proven to be d-integrable over K’, is also 0-
integrable over K.

We may now apply Corollary 35 to conclude that G is solvable. This contradicts
the assumption that G is simple.

The assertion on the transcendence degrees follows from

tr.deg.(L/K) = dim G, tr.deg.(L’'/K') = dim H, &tr.deg.(L'/K') = §dimH,
(the first two equalities are well-known consequences of the torsor theorem; for

the last one, a consequence of the same theorem in the d-parametrized setup, see
[H-S08], Proposition 6.26), and § dim[d]. H = dim H by [Kol, Prop. 10 p.200]. O

11. THE MAIN THEOREM IN THE IRREDUCIBLE CASE

11.1. Reduction steps. To prove Theorem 38 it is enough to prove the following
theorem.

Theorem 44. Let A € GL,,(K) and consider the system (3.1). Letu = (uy, ..., u,) €
F" be a solution of

o(u) = Au,
such that the u; are d-algebraic over K. Then every u; € S = K[z, 271,{(z,\)].

Indeed, suppose this is proven, and f € F' is a solution of the linear homogenous
¢-difference equation

" (y) +a1d" ' (y) + -+ an_10(y) + any =0
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(a; € K). We may assume that a,, # 0, otherwise f satisfies a similar equation of
order n — 1. The companion matriz

0 1
0 1
A = )
0 1
—Qn —Ap-—1 -+ —AQ2 —@

therefore lies in GL, (K), and

w="(f,0(f), s 0" (f))

is a solution of ¢(u) = Au. If f is d-algebraic over K, then so is every ¢(f), and
we may conclude that the entries of u, and in particular f, lie in S.

We recall that the u; are d-algebraic over K if and only if they are §-algebraic
over K = K(z).

Lemma 45 (Reduction Lemma). Without loss of generality, we may assume in
Theorem 44:

(1) The PV extension L (respectively L') of (3.1) over K (sesp. K'), and the
0-parametrized PV extension L' are fields and we have L C L' C L'.

(2) The field K' (u)s = K(z,u;,0(u;),6*(u;), ...) C F is embedded as a subfield
of L.

(8) The difference Galois group G = Auty(L/K) is connected.

Proof. A-priori, a PPV extension £’ has the form
L =L xxL]

where the £} are fields, ¢(L}) = L] | .04, and 6(£") C L]. Replacing ¢ by ¢" and
Aby A = ¢"=1(A)...p(A)A , keeping u unchanged, £’ gets replaced by £/ (see
§ 4.2.2). We may therefore assume that £’ is a field, and as L’ C £', the ordinary
PV extension L' is a field too. Moreover, for U € GL,(L’) a fundamental solution
matrix, the subfield L = K (U) of L' satisfies L? = L'® = C and is thereby a PV
extension for (3.1) over K. This settles (1). Point (2), the embedding of K’'(u) in
L', and of K’ (u), in L', is proven in [A-D-H|, Proposition 4.10. See also Remark
17. The vector u becomes then a linear combination, with constant coefficients,
of the columns of the fundamental matrix U. Point (3) has already been observed
before, as a consequence of the fact that K does not admit non-trivial finite ¢-field
extensions. (]

11.2. The Main Theorem in the irreducible case.

Proposition 46. Assume that the ¢p-module W associated with (3.1) over K is irre-
ducible. If U, # 0, i.e., if there exists a non-zero solution u all of whose coordinates
are 0-algebraic over K, then the rank n must be equal to 1.

Furthermore, if the given 0-algebraic solution u lies in F™, then Theorem /4
holds true.

Proof. Assume that W is irreducible. By Lemma 9, Wy is an irreducible (K’ ¢)-
module. By the Tannakian correspondence, Proposition 21, the solution space

U=UC" =W, =W2 CcWe =L"
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is an irreducible representation of H = Autg(L'/K’).

By Corollary 26, the vector space U, of differentially algebraic over K solutions
is H-invariant. If U, # 0, we must have U = U, all the entries of U are d-algebraic,
and the field £’, formed by the differentially algebraic over K elements coincides
with £'.

We claim that this forces H to be solvable, contradicting the irreducibility of i,
unless n = 1.

Suppose, therefore, that H is not solvable. Then G is not solvable either by
Lemma 42 and as it is connected, it must have a simple quotient G; with 0 <
dim(G1) (indeed, the quotient of G by its radical is non-trivial, connected and
semi-simple, so admits a simple connected quotient). By the Galois correspondence
theorem this quotient is the difference Galois group of a normal subextension M; C
L, a PV extension of another system ¢(y) = Ayy over K. Since My C L C L' C L/,
the d-parametrized PV extension of ¢(y) = A1y over K’ is a subfield M| C L. Tt
follows from the equality £/, = L’ that

dtr.deg.(Mj/K') = 0.

Proposition 43, applied to the system ¢(y) = Ay and the simple Galois group G,
yields the contradiction

0 < dim(G1) = tr.deg.(M;/K) = dtr.deg.(M}/K') = 0.

This shows that H must be solvable, and concludes the proof that n = 1.
Finally, if in addition u € F, by Theorem 39 it belongs to S. O

12. CONCLUSION OF THE PROOF

12.1. Reduction to the case of an inhomogeneous rank 1 equation. Keeping
the notation as above, we can now complete the proof of Theorem 44, and with it
the proof of Theorem 38.

If W is irreducible, we have just proved the theorem. Assume that it is reducible,
and let W7 C W be an irreducible ¢-submodule of dimension 1 < n; < n. In an
appropriate basis, our system of equations and the solution u look like

u A A u
¢<u//>—<01 Af)(u”)’

where A; € GL,, (K), u’ is a vector of length ny and u” is a vector of length n —n;.
By induction on n, and since the coordinates of u” are all d-algebraic over K and
lie in F, we deduce that u” € S™~ ™1,

As in [A-D-H], §5.3 (see also [A-D-H-W]|, §4.1), we are going to show that ny = 1.
Let

E = Frac(S) = K(z,((z,A)) C F
be the field of fractions of S. The equation (3.1) shows that the coordinates of u
span a finite dimensional ¢-invariant K-subspace of F. If they belong to E, then
by Corollary 19, they must lie in S, and we are done.

Assume therefore that one of the coordinates of u’ does not belong to E. Consider
the system of equations (3.1) over F, and let Ly = E(U) C Lg be its PV and PPV
extensions over E. As in Lemma 45, we can consider an iterate of the system
¢(y) = Ay in order to assume that Lg is a field and FE(u') is a subfield of Lp.
Since the ¢-module W is irreducible, its Galois group G is irreducible. It is also
connected as a quotient of the connected group Auty(L/K). Thus, for any positive
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integer r, the ¢"-module (W7, ®") is still irreducible. Indeed, its Galois group is
G1 by [S-vdP97, Cor. 1.17] and it acts irreducibly on the space of solution of
o (y) = AY)y, which coincides with the space of solution of ¢(y) = Ayy. The
Tannakian equivalence yields the irreducibility of (W7, ®") as ¢"-module for any 7.
Finally, one can easily consider the PV extension L’ over K’ as a subfield of Lg
and the PPV extension £’ as a subfield of Lg. Since v’ ¢ E™ | there exists a

T E Aut¢(LE/E) C Aut¢(L'/K’) =H

with v = 7(v') — ' # 0. Furthermore, by Corollary 26, and the assumption that
the coordinates of u are d-algebraic over K’, the coordinates of v are d-algebraic
over K’ as well. By Lemma 9, the ¢-module Wy g is irreducible over K'. As 7
fixes Ajou”, our v satisfies

¢(v) = Alva

so the system corresponding to Wi g+ admits a non-zero d-algebraic solution. It
follows now from Proposition 46 that n; = 1.

12.2. Rank 1 inhomogeneous equations.

12.2.1. Reduction to the case a € C*. We have arrived at the equation
(12.1) o(w) =aw+b

where a = a11 € K, b = ajpus + -+ + a1pu, € S. We assume that w = vy € F
satisfies it, and is J-algebraic over K. To conclude the proof of the Main Theorem
we must show that w € S. By Corollary 19, it is enough to show that w € F.

We continue to work over E as a ground field. Let Lg and Lg be respectively
the PV and the PPV extensions of (12.1) over E and let us consider the associated
difference Galois group Gg = Autg(Lg/FE) and the J-parametrized Galois group
scheme Gg of L over E. If w € E, we are done. Thus we can assume that this is
not the case. Our first goal is to show that we may assume a € C*. Since w ¢ E,
by the Galois correspondence theorem there exists a 7 € Gg such that 7(w) # w.
Letting v = 7(w) — w we arrive at

o(v) = av.

Since w is d-algebraic over K’ Corollary 26 shows that 7(w) is §-algebraic as well,
hence v is d-algebraic over K’. Proposition 40 (with F = L) implies that

a= c—¢(ﬁ)
B
for some ¢ € C* and 8 € K*. The original equation becomes equivalent to
w w b
o(3) =

—V=c— +
Bo B (B)

and b/¢(5) still lies in S. If we show w/f8 € S, then w € S as desired. This allows
us to assume, from the beginning, that a € C*.
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12.2.2. The proof when a € C*. Recall that v € Lg is the fundamental matrix of
the rank-1 equation ¢(v) = av. Contrary to
Es := E(w) C F,

and unless a is a power of ¢, the field £y := E(v) C Lg can not be embedded
¢-equivariantly in the Laurent power series field F'. A-priori, we only know that

d(v) € L.
Lemma 47. We have 6(v) = cv for some ¢ € C. Thus Ey is a (¢,90)-field.

Proof. If §(v) = 0 this is clear. Otherwise, one has
¢(0v) _ d(¢v) _ d(av) _

v Sv v
since ¢ € C. But ¢5}U) = a as well, so §(v)/v, being fixed by ¢, must belong to
L% =C. O
a b
0 1

voow

: ! __
Consider U’ = < 0 1

> S GLQ(LE) and A’ = <
o(U") = AU,

and E(v,w) = E1Ey C Lg is the PV extension of the linear system ¢(y) = A’y
over E. Let £ = E(v,w); C Lg be the d-parametrized PV extension of this last
system over F.

The proof of the following Key Lemma resembles the proof of [H-S08], Propo-
sition 3.8. See also the proof, in the case of two difference operators, in [dS23],
§5.4.

Lemma 48. After possibly replacing w by z"w, a by q"a and b by ¢"z"b for some
positive integer r, there exists a monic operator £ € C[d], and a function f € Sy,
such that

(12.2) Z(b) = (¢ —a)(f).
Remark. We do not rule out f = .Z(b) = 0. In fact, this may well be the solution

if b is annihilated by some operator from C[d], a condition which is easily verified
to hold if and only if b is a Laurent polynomial in z.

) € GLo(E), so that

Proof. The é-parametrized Galois group scheme G’ of the system ¢(y) = A’y over

E is a linear differential subgroup scheme {( ((j; [13 > € GLQ} , defined over C.

0 1
d-parametrized Galois group scheme of Lg over the (¢, d)-field
El = E(’U)

This G, is a linear differential subgroup scheme of the additive group [d].G, over C.
Since w is d-algebraic, the torsor theorem for the parametrized Galois correspon-
dence yields that dtr.deg.(£/E1) = 0 = d dime(G),), so, by [CasT2], Proposition 11,
there must be a non-trivial linear operator .#; € C[d] such that

fl(ﬂf) =0

for every 7 = ( (1) 617 ) € G,(C), for any d-ring extension C' of C.

Its intersection with the unipotent radical 1 f > € GLQ}, denoted G}, is the
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v vooav
and b/av € Eq, € is a PPV extension for the equation

¢(y) =y +b/av
over Ej. The action of 7 € G (C) is given by

It follows that for any 7 € G, (C') we have, in the base-changed PPV ring
Er[w,6(w),....,w ] @c C
the equation

(A() = A+ 8r) = A,

By the Galois correspondence in the d-parametrized framework, Z1 (%) € E;. Leib-
nitz’ formula and the equation 6(v) = cv imply

k
k S W
—15k k—
v (w) = I (—).
w0 =3 (5)ers%)
Jj=0
Since a linear combination, with constant coefficients, of the §7 (%), lies in Ey, so
).

does a linear combination, with constant coefficients, of v=16%(w). As v € Ey, we

find that for some non-trivial .2 € C|[d],
f = Z(’LU) e F.

Since . commutes with ¢, this f satisfies (12.2), but may not be in E.

By Lemma 4.7 of [A-D-H-W] (with E in the role of L and K, v in the role of =,
and Lg in the role of L4) we conclude that there exists an f € E (possibly different
than Z(w)) satisfying (12.2). By Corollary 19, f € S.

We have arrived at the two equations

(¢ —a)(f) = Z(b).
Let Z be the operator of multiplication by z. We have the relations
Zo(p—a)=q Y p—qa)oZ, ZoZL(B)=ZL0—-1)oZ.

Multiplying the two equations by 2", replacing a by ¢"a, b by ¢"2"b, £(J) by
L6 —r1), wby z"w and f by 2" f, we get a similar pair of equations, but we may
assume now that f € Sp, not only in S. O

Corollary 8 implies now that for some h € S and d € C we have
(6 — a)w—h) = d=",

with d = 0 unless a = ¢". As w — h € F, it is easily verified that w — h must be
of the form ez™ (with e € C and e = 0 unless a = ¢™). It follows that w € S, as
desired.
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13. APPENDIX A: PROOF OF PROPOSITION 7

We recall the proposition whose proof we give here, with a slight change in
notation.

Proposition. Let f,g € Sa = Ka[z,{(z,A)], a,c € C and p € C[z] be such that

(13.1) (0 —c)g) = (6 —a)(f) +p

Then g = (¢ — a)(u) + p for some u € Sy and p € C[z]. Furthermore, if a = q" for
some r > 0 we can take p = dz", d € C, and otherwise we can take p = 0.

We start with some lemmas. To ease notation, write from now on ¢ := ((z, A).
Note that

o(¢) = qC + f¢

where fe = ((gz,A) — q((z,A) € K, is elliptic.
Recall that ( is transcendental over K, consider the polynomial ring K4 [(], and
write K[(]<q for the polynomials of degree < d in (.

Lemma 49. Let a € C. If a # q", the operator (¢ — a) is injective on F = C((z)),
while ker(¢ — ¢") = Cz". A-fortiori, the same applies to Sx. If a # 1, the operator
(¢ — a) is injective on K[(], while ker(¢ — 1) = C.

Proof. The first statement is clear, since ¢(>_ a,2™) = Y a,q"z". The second fol-
lows from the fact that for r # 0, 2" ¢ K [¢]. See Lemma 5. O

Lemma 50. Let f = E?:o fiCt € KAlC] (fi € Ka, fa#0). Let a € C*. Then:

i) If a # q?, or a=q? and fq ¢ C, then (¢ — a)(f) has degree d as a polynomial
in ¢ and the coefficient of (* is ¢?¢(fa) — afa.
i) Ifd=0,a=1 and fo € C then (¢ —1)(f) =0.
i) If d > 1, a = q and fq € C then (¢ — q?)(f) has degree d — 1 in ( and the
coefficient of ¢~ is

dfaq® " fo + o — @) (fa—1)-

Proof. We have ¢(f) = E?:o B(fi)(gC + fe)i, so the coefficient of ¢¢ in (¢ — a)(f)
is ¢?¢(fq) — afy. If f; is non-constant, it must have a pole at some zg # 0. If we
take zo to be a non-zero pole with minimal absolute value, then ¢?¢(f4) —afs has a
pole at zp/q, and in particular can not vanish. If f; is constant, the coefficient of (¢
vanishes only if a = ¢?. This proves i), and ii) is obvious. In case iii) the coefficient
of ¢¢ vanishes and the next coefficient, of (¢~!, comes out as stated from the same
computation. If it vanished, there would be an elliptic function A such that

(0= a)(C) = fc = (¢ — ) (h).
This contradicts the injectivity of (¢ — ¢) on K, [(]. O

The next Lemma says that a function of the form u + r{ where w is elliptic, can
not have a global meromorphic primitive, unless r = 0.

Lemma 51. If u € Kp, w is globally meromorphic, r € C and u+ r{ = w' then
r=0.
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Proof. For w € A write x(z,w) = w(z + w) — w(z). Differentiating with respect to
z we get that x/(z,w) = rn(w) where 7 is the Legendre n-function of the lattice A.
Thus x(z,w) = rn(w)z + p(w) for some p(w) € C. We get

X(z, w1 +ws) = X(2+wi, wa) + x(2, w1) = ry(w2)(z +wi) +rn(wi)z + plwr) + plws),
SO

pwr +wz2) = ry(wz)wr + p(wr) + plws).
If r # 0 this is absurd, since the left hand side is symmetric in wy and ws, but for an

oriented basis (w1, ws) of A the Legendre relation gives n(ws)w; — n(wr)ws = 274,
so the right hand side is not symmetric. (I

Lemma 52. Consider g, f € Ka[(] and a,y € C such that

9 =(g¢—a)(f) + -
Then there exists a uw € KA[C] and 8 € C such that

9= (¢—a)(u)+B.
Furthermore, if a # 1, we may take 5 = 0.

Proof. The last statement is clear, because if a # 1, the operator (¢p—a) is surjective
on the constants, so 8 = (¢ — a)(ug) for some ug € C, and replacing u by u + ug
we may assume 3 = 0.

We shall prove the lemma by induction on ¢, the degree of g as a polynomial in
¢. Write

9=>_9iC", =Y fiC" (gi fi € Kp).

Case ¢ = 0. Assume that g € Kx and ¢’ = (g — a)(f) + for f € Kx[¢],y € C.
By Lemma 50 we are in one of the following two sub-cases:

e f=fo€ Kxand g = (q¢—a)(fo) +,

e a=¢ f=fo+ fi¢ with0# f1 € Cand ¢’ = q(¢ — q)(fo) + af1fc + -
Quite generally, if £ € C and h(z) is meromorphic at &, let us say that ¢ is a residual
point of h(z) if

Res¢h(z)dz # 0.
If € is a residual point of h(z), then £/q is a residual point of h(gz). A globally mero-
morphic function h admits a primitive, i.e.,. h = w’ for some globally meromorphic
w, if and only if A has no residual points.

In the first sub-case, we claim that fy has no residual points. Otherwise, thanks
to the periodicity of fy, there would be a residual point £ # 0, and we can take it
to be of minimal absolute value. The function (q¢ — a)(fo) + 7 then has £/q as a
residual point, conradicting the fact that it has a meromorphic primitive g.

It follows that there exists a globally meromorphic primitive w with w' = fo.
Since fy is A-periodic,

X(w) = w(z +w) —w(z)
(w € A) does not depend on z, and is a homomorphism A — C. But every such
homomorphism is supplied by a linear combination of z and ( as well. It follows
that for some r,s € C and u € K, we have

w=u+r¢+ sz.
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Integrating the given expression for ¢’ we find that g = (¢ — a)(w) + vz + S for
some (3 € C, or

g=(¢—a)ut+rQ)+(sq—sa+7y)z+p.
As g is elliptic, the term with z must vanish (and in fact 7 = 0 unless a = ¢),
proving the Lemma in this case.

We claim that the second sub-case never occurs. We can assume, dividing g by
qf1 to ease notation, that

g =(—a(fo+)+n.
Now, fo + ¢ is not A-periodic, but its polar part is, so had there been a residual
point ¢ for it, so would be £ + w for any w € A, and we could assume that & # 0.
The same argument as before shows that fo + ¢ has no residual points at all, hence
fo+C=w

for some meromorphic w. This contradicts Lemma 51.

Induction step. Let £ > 1, and assume that the lemma had been proved up to
degree ¢ — 1.
Case g, € C and a # ¢*. In this case

g=@—-a)v)+g

where v = g(¢° — a)71¢* € Ka[¢] and § € KA[¢]<¢ (has degree smaller than ¢
in ¢). Clearly g satisfies the assumption of the lemma on §’, so by the induction
hypothesis is of the form g = (¢ — a)(@) + ~, with @ € Kx[¢] and v € C. Tt follows
that so is g, with u = u + v.

Case g, € C and a = ¢*. We claim that this case does not occur. We have

g = (g9et¢" + gp_1)¢"" mod Kx[(ler—

and f must be, according to Lemma 50, of degree ¢ — 1. Comparing coefficients of
¢! we arrive at

9ol + oy = 4 (¢ = 1)(fe-1) +m
where 73 = v if £ = 1 and 3 = 0 otherwise. By the same argument as above, on
residual points, f;_; = w’ for some meromorphic function w, and w = u + r{ + sz
for u € Ky, r,s € C. Integrating we get that
9ol + 901 =4 (0 —(w) +nz+B=¢""(¢—q)(w) +rd" fe+mz+ 5

(8 € C). This contradicts Lemma 5, as ¢ does not show up on the right hand side.

Case g; ¢ C and a # ¢“*1, ¢"*2. In this case ¢’ = g,¢* mod K[(]<¢. Since a #
¢“*t2, Lemma 50 shows that f must be of degree ¢ in ¢ and, comparing coefficients
of ¢*,

g0 = (q" o —a)(fo).
As before, this implies that f, = w’ for some meromorphic w, and that w =
v+1(+ sz for v e Ky, r,s € C. Integrating this gives

ge = (q€¢—a)(v+r<—|—sz)+a
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(a € C). As a # ¢! we must have r = s = 0, since the left hand side is

elliptic, ¢(z) = gz and $(C) = ¢ mod Ky. Note (¢ — a)(v?) = (¢6 — a) ()"
mod Kj[C]<¢. Letting

4
G=9—(0—a)(w¢") =) G
=0

we see that (a) §' satisfies the hypothesis of the Lemma, with f = f — (v¢) (b)
g¢ = a € C, hence we are in a case studied before. Thus § = (¢ — a)(w) + 8 (for
some u € KA[¢], B € C), and u = u + v’ solves our problem.

Case g/ ¢ C and a = ¢**!

9e= ("6 = a)(v +7¢ +52) +a
the proof is as in the previous case. Furthermore, we may assume that s = 0 since
(¢°¢ — a)(z) = 0, and that o = 0 because it is of the form (¢°¢ — a)(ap) for ag € C
so can be “swallowed” in v. Dividing by ¢ we may write

ge = (¢ — q)(h + eC)
with h € K and e € C. A direct computation shows that

£+1
gt = 46 — (et + £

041 )
As before, letting § = g — ¢ (¢ — ¢V (R¢* + egfll) € Ka[(]<e, this g satisfies the
hypothesis of the Lemma, so by the induction hypothesis is of the form (¢p—q‘*')(u),
with some u € K, [(]. It follows that g = (¢—q"*!)(u) for an appropriate u € K[(].

. Up to the point where

mod KA[C]<Z'

Case gy ¢ C and a = ¢**2. By Lemma 50 f has degree £ or /+1 in ¢, and in the
second case fyy1 € C. Assume first that we are in this second case, so 0 # fy41 € C.
Comparing coefficients of ¢ in ¢’ we get

90 =a (¢ — ) {fera(C+ 1)+ fo}.

As argued before, h = fo11(¢ + 1) + fe, though not periodic, has a periodic polar
part, so if £ is a residual point for it, so is £ +w for w € A. Had there been a residual
point for h, we could therefore take such a point 0 # £ of minimal absolute value,
and then £/q would be a residual point for the right hand side. We conclude that h
has no residual points at all, hence has a meromorphic primitive. This contradicts,
however, Lemma 51. Thus we can not have fyy; # 0, and f has degree ¢.
It follows that
9o =d" (¢~ ) (fo).

As before, this implies that f, has no residual points, hence admits a primitive:
fe=w',and w=v+1r( + sz with v € Ky, r,s € C. Thus

9¢=4"(¢ = ¢*) (v + ¢+ 52) + B,
(8 € €), but we can “swallow” 8 in v, so we may assume 3 = 0. As the left hand
side is elliptic, this forces r = s = 0, and g, = ¢*(¢ — ¢*)(v). This yields
96" = (6 — ") (v¢")  mod K[¢]<s.
Replacing g by § = g — (¢ — ¢"T2)(v¢*) € Ka[¢]<¢ we may apply induction to
conclude that § = (¢ — ¢**2)(1), for u € K[(], hence g = (¢ — ¢**2)(u) with
u = u + v¢*. This concludes the proof of the Lemma. O
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We can now finish the proof of Proposition 7.

Proof. Set

Mo Mo Mo
9=> gz, f=Y_F2 p=) 2’
i=0 =0 i=0

where g;, fi € Kx[¢] and p; € C. For i ¢ [0, M] let g; = f; = p; = 0. Equating the
coefficients of 2% in (13.1) we get

(13.2) gio1+ (i —c)gi=(q'¢— a)(fi) + pi-
For i = M + 1 this gives gy € C, so
gnr = (¢ ¢ —a)(uar) + Bur

with ups € Ka[¢] and By € C trivially (e.g. ups =0, By = gumr)-
For i = M, substituting the latter expression for gps in (13.2) we find that

g1 = (@ o —a)(fu-1) + v
for some fNM,1 € K,[¢] and yp—1 € C. Lemma 52 ensures that

gri—1 = (@71 — a)(unr—1) + Bu—1

with upr—1 € Ka[C] and Bp—1 € C. Tterating, using the recursion formula (13.2)
and Lemma 52, we solve succesively for

g9i = (¢'0 — a)(ui) + Bi,
with u; € KA[(] and ; € C, giving the desired equation

M . M .
g=(¢—a) (Z Uizz> + Z Biz".
i=0 i=0

The final reduction of p = Ei]\io Biz" to a monomial dz" (if a = ¢") or 0 (otherwise),
by a suitable modification of the u;, is obvious, as (¢ — a)(z?) = (¢ — a)z". O

14. APPENDIX B: GALOIS INVARIANTS

We want to prove a technical result, for which we could not find a reference.
Let K be a (¢, d)-field with K¢ = C algebraically closed. Let C be a differential
closure of C'. It is unique up to isomorphism. Let
K'=Cw®c K

(a domain, but in general not a field).
Let ¢(y) = Ay be a difference system with A € GL,(K) and let £ = K(U)s be
a PPV extension for this system over K. We assume that £ is a field. We consider
R = K[U,det(U)™'], R =K{U,det(U) '}s
the PV ring and the d-parametrized PV ring inside £. Note that R? = R? = C.
Let
R'=C®c¢ R=K'U,det(U)™Y], Rt =C®cR=K{U, det(U) '}s.

Let G = Auty s(RT/KT). This is the d-parametrized Galois group over C and we
view it as a subgroup of GL, (C). If G is the d-parametrized Galois group scheme
attached to R, then G = G(C).
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Proposition 53. Ifa € Rt — KT, then there exists a g € G with g(a) # a.

The Proposition is usually phrased when KT is replaced by Frac(K') and R'
by Frac(R'), the é-parametrized PV extension. However, it is not a-priori clear
that RT N Frac(K') = K.

Proof. We have adapted slightly the arguments of [DVHW, Lemma 3.1] to our
context. Consider

d=a®1-10acR @ R =C ®c (RoKk R).

Since a ¢ KT, d # 0. This is clear if RT and K are replaced by R and K, since K
is a field. Expanding a = Y wa ® aq with {w,} a basis of C over C, we see that
d=>Y wa® (aa ®1—1® a,). Since a ¢ KT, there is some a,, € R — K so that
Gy ® 1 —1® ag, is a nonzero element in R @k R.

The torsor theorem is equivalent to the fact that the inclusion (R ®x R)¢ —
R ®k R extends to a R-(¢, §)-isomorphism

0: (RoxR)”®cR— ROk R.

The C-6-algebra C{G} = (R @k R)? represents the functor G (see Proposition 6.18
in [H-S08] for the case where C' is differentially closed and the discussion after its
proof to see how it can be adapted to our situation where Frac(R)¢ =C.) An
element g € G (5) thereby corresponds to a C-d-algebra morphism ¢ from C{G} to
C whose kernel is a prime d-ideal my. Its action on an element 1 ® b € C®cRis
given by (1 ® id) 0 ©~1(b® 1) (see for instance the discussion in [DVHW, Lemma
3.1] in the analogous context where the roles of § and ¢ are interchanged). A
nonzero element 1 ® b of C ®¢ R is G(C)-invariant if ©~1(b® 1 — 1 ® b) belongs

to Nyeg@ Mg @c R. Now, we claim that N ;& my is the zero ideal in C{G}.

Indeed, since C{G} is reduced, differentially finitely generated over C' and C is
differentially closed, this is a direct consequence of the differential Nullstellensatz
(see [M-MTDF]). To conclude, we have proved that if a nonzero element 1®b € Rf
is invariant under G(C) then b® 1 —1®b=0in R ®x R.

Therefore, there exists an element g in G(C) such that g(wa, @ Gag) # Wag @ Gag-
This yields g(a) # a and concludes the proof. O
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